MODULE 1'
'PROBABILITY AND RANDOM VARIABLESI
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Probability Space

e A PROBABILITY SPACE is made up of a sample space, a
set of events, and a probability measure.

e Central to the concept of probability space is an EXPER-
IMENT, the outcome of which cannot be known a priori
with certainty.

e The SAMPLE SPACE 8 is the set of all possible outcomes
of the experiment.

» Ex: If the experiment is the single throwing of a fair
~die, then 8 consists of the six possible outcomes:

» Ex: If the experiment is to measure the temperature in
Norman at 2:00 in the afternoon, then & = R, the set
of real numbers.

e Note: the elements of & must be disjoint. That is, for any
trial of the experiment, the outcome can be one and only
one element of S.
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e The SET OF EVENTS G is a set whose members are all
possible subsets of S.

» The empty set @ and the set § itself are both members

EXZ

Ex:

of G.

Members of G can generally be constructed by taking
unions, intersections, and complements of members of

S.

Formally, & is known as a o-algebra, but we will not
concern ourselves with the details of this.

The event “the temperature in Norman at 2:00 is in the
interval [72,96) could be an event in & (temperature
experiment).

The event NOT( (one dot) OR (two dots) ) could be
an event in G (die experiment).

Two events A,B € & are mutually exclusive if
ANB=0.
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e The PROBABILITY MEASURE P is a function with
domain is & and range [0, 1].

» Intuitively, we think of the number P(A) as the
probability that the event A occurs as the outcome of
a random trial of the experiment.

e P must satisfy the following three axioms:

1. P(A)>0V A€ 6.

2. P(§) =1.

3. If {A;} is a countable collection of mutually exclusive
sets in &, then

P(U A,-) = > P(A).

e The following three properties are among the consequences
of the three axioms:

1. P(A°) =1- P(A).
2. P(Q)=0.
3. PLAUB) = P(A)+ P(B) — P(AN B).
e Together, 8, &, and P makeup the PROBABILITY SPACE
(8,8, P).
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Notes

e For the temperature experiment, suppose that T is the
measured temperature and that, on a given day, all
temperatures between 75°F and 95°F are equally likely.

» If Ais the event T' = 80° then P(A) = 0, since there
are an infinite number of possible temperatures in the
range [75,95].

» For the event A = {T € [75,85)}, however, the
probability is nonzero. In fact, P(A) = 0.5 in this case.

e For the die experiment, suppose that the die is fair, so that
P(one dot) = P(two dots) = ... = P(six dots) = &.
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Compmonal. TRoramILITY

- P(BIA) = ?rogawy of B qiven A"
- CBQA}
CPCA)

Baves! Theorem

P(AIB)PCB)
T PCN)

et $A5 de exhavstue (ya - g ) ol wartually
exclusive . The

P(8)= 2 P(BIAI) P(ni)




—CoROLLARY!
P(BlA) PCAR)

= P(RIA ) PCA:)

P(AIR) =

DEF: Events A ad B afe called ndeeendent 1¢
| PCANB) = PN PCR)

s implies  +hat

P(AB)= P A)
CCela) = P(B) .

e vt independedt ore aalkd depandput

= EV%{‘,’S ﬂm{l'

waou\ VAR\ABL,;;S

= A randowm Vericble  (Rv) s o function with domwin
& and ra-é\je R,

= An Ry “wmaps the exMimewfa,Q out comes o
real humke«f%-
=X.

R
[ 5 ‘
C‘Qg%

Phe b



one twe correspence betueen experiwmenta\ outcomes
*QM real v\?'vw\su< has been weude usng an RV, the
originel cample <pace can ofken be iquored

N ) _\,
> Ths ques ue o consistent way 1o treat 4 variety

ok Cxperiments with 4 commen wmgthematical
£rame work.

—An RV for 4 Sample space with 4 Linite number of
SXPENMentn) outeomes i alled o Jdicprete RV.

R sample SPAE with qn

Utinvous R U
Cutmaladive Diskeibgtign, PUretion (ede) doe Couinuous RV
—F&r an RV Xy the € (s defined as &

Fx (x) = PCXs%)

~The cdf i< qlso referred to Simply ac the probablity

lcd\‘s“'v‘rbu‘hfn N Lun ction. |
Pr@er'hes g
2" : .
Ai -
2. 7(,-;:0 E( (%) = 1

3. Fx(x) 'S 'V\!a"mdecreasimg N X.
4, P(%;< Xés Xu.) = r—; (%) - FX C’C/),
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Probabili)ry Demil—y Functien (M@S for Continuous RV
~The pa€ | or probability “density” ic defined by

7Cx(z‘) :f;c F;( (X-)
Froperﬁes:
x
L Rz [ Kle)de

Xa
2. Plrui<xex) = Rbu)-Fou)= § “H(e)de
|

00
3. | fw o1
4. Hy(x) > 0.
Expectad \jalue (mean) for a Continvous RV

“The tean of an RU X s writen X, ELX], EX, <x), My arp.
- By C(eﬁmi“'ia/\,

ELx] = J:eﬁ () do .

Functns of 4 Continuous RV

- Suppose 9:"2-9@ s a Lfunction.

] Tke'\ [ - y
RV ;e can consider J: 9()()) a Function of the

= The RV X maps an experimental outeome 4ed

Géenuw\ber XER. The Lunction g then maps x To 4
COI\A '\umber yEIR.
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~In Symbols:
A\_Zg_a%\—*a"’.)‘

" The expected valie, or mean, of q(X) is given by
Elat0] = {Ta(0)4 (s) 0.

- Qo

Note: Sice the expec tution legral is Q linear  operartor]

we  have that, with b(,ﬁei?)

(%900 +49, 0] = «E[5,6) +4 E[3.00]
Mowments of 4 (ontinuous RV

~The “kth Mowxe,vd'ﬂ of an RV X s defined by
E[xt] = [ ok6(s) do

- The 2zeroth moment s alwoys equal to 1.
- The first Mowment 15 \dewtical 1o the mean.
S@’ﬁm‘ Mowents of a Ca«ﬁ'nuaus RV

- The “k™ central moment of the RV X i +he expected value
ot the function qQx) = Cx—?)k;

ELe-%)%] = gw(e-‘i)"& (6)de

- 00
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No¥es:
Noves:

~The zepsth central woment s always egual To 1.
— The £irst centvul moment is Aweys egual To Zevo,

— The second centra) moment \s called +he Nariance” oxt
Ox* = E\:C""@zj = S (e~X )4 (6)do

= g(x] - (eLx])°.

- The Sqare tiot o€ the variance is called +tue
[tS‘\'aw\Aard deviction V Oy °

Ox = /-C_T? = \/E[(X-'X)"T

- The third centra woment divided by the cube of the
Standerd deviation ¢ ca led the “Skeymess of X:

EL(x-%)*]
- | O-X3
I":\: \-fou.‘r‘l'\r\ Ca\,/\‘i'm‘Q Mow\e‘V\‘f d‘.v;d@_& b)e 'H\e saeqawe O'f“
ariance g Called the (¢ k“r_bs‘,s V) of X :
El(x-xr)*)

oy 4

skewnesg =

k U\T‘l'osis =

PAGE 11O




Characteristic Function of a Continuous RV

~The Chatackeristic Puncrion of an RU X 1S given by
Bl) = [T et 4y o g [emwX]

- Mo+e:

() = 3’{'&(%3% ) @(x)= }"EL&CW)E
- The PAf can be recoyered frm Vi (x) by
= _—TL( b ) ¥,

MO\MQV\‘" @&Y\era'\W\j Hv\chm o‘G a COV\"’MMOUS RV

~We can expand He cly
Char
Power corios aracteristic function n a

% (w) = E[kz (ye x) (A“’) E[X]

= Fur‘ﬁ\erw\ore)
LB G
- [a“k i ﬁ(r—)e‘“"‘ax}
wzpo

= [ e &(x)e*“"dz] .
:'}5 g X flx)dx,
= E[xk]

dwk % (w)
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“moment
-The Funckion @y (w) = 7&( ) s called Hhe “momen
Qenerating Lonction" o¢ -t\Ae RV X

~The momends of X can be oﬁ'\'&'\v\ed) from the momept
Aeherating Lunetion by

g[xk] =[j,——; AMLO

Gaussian ot “Norﬂil ) Rm\c\uw\ Voviﬁkb

— The Gaugsian distribution i used o ffep becayse + approxmf‘?’/ |

describes o lavae  Clage of naturaily OCCUrring randusm
P'ﬂewome.nq

- The terwmg “Gaussccm“ end “Normel”

are used
iv\tcrc\«amgea.b l y

—h Gaussian vapiable e descrihed by +uo 'Pamwe—‘ers
= The wmean M.

~ The Variance 0%,
- The PAf of a Gaussioin variable X is qiven \’Y

()= = exp [*HE‘%-A)Z]




-The df of q Gaussin variakle is given {37

R0 = | f)aw

=0

- e[ ] s

- 00

(%-p)/
Swﬁ 0'-\/'2‘-‘“—\'6"?[-—"’-921 e

- 6 (22)

)

where (El(x) S the cdl o8 o Gau ssian Vt"‘f‘&l)h
with ZET mean and unit Variaence.

~The Luncion @) Cannot be expressed in terms of
elewentary funetions. To evaluate W) e wyd use
Numerica | Wegration or +,bleg

-Be Very Cacefu) whewn Using tables. Sowmetrimas T\Aa)( are.
hovwalized (o strange  ways or Spetified i Yerws of
“the closely  re\ated “ercor funetin B, (1),

= The shorthand rotation X~ N(,0%) ic ofhen used to
indicete Haud e RV X 1 v\oma\\y diskributed wita
Meawn M and veviance o,

-~ The characterishe 'C\AV\C‘{‘(M £ a N(,/A, d"') vwi‘a‘o[e
¢ ’ \> ‘
\S SN@’\ Y %CW);EXP[}/Aw-%Usz]
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Discrete Randowr Voyiables &

- Let C&,’G) P) be 4 Probabi‘i“’\/ spacé

- Suppose that Hhe number of elements in & is £in ite. The RV X maps

the outromes B o Cinte set of numbers L%,

hove X")““‘Jx‘hgj
wWhere % <, < ..

—Then [ X is g discrete RV.
—~ Let PCLK) = Pk .
— T'/\ey\ i Pk - i .

K= |

— The cdf £ 3':\:&1/\ Ey

(? , X< %y
o
E((x): 4‘§T’PK ) X,iSX.<')C|'+,
1 ) X > Up
F (%) — 1
Pn
[ ] . ‘O
pa(
—lg
B
r—0Q
P\§ _ A \ -> X
— t t ! |
\Ll )67_ Xo3 ’ ’Xay\—] Ym



—Taking the derivative of the cdf), we obtein aq sum ot

weiqlited Dirae deltag for +he pd €

fi(x) = gcj;cﬁ(x) = i?kﬂx"‘k)

= |
£ ()
Pa
O IS PTM P
I
%y ) 7% %y Xn-) X,

— The weaw 1S qiven 571
60 N
Elx] = S rh(®x)dy = 2 PeXk
- K=

-Tkew\/a\riance 'S a‘tue,v\ by

-3 2

oo n
o= f (x- ELT Y L () Ax = kz_(”‘«' E[XDzFK
y

— 00

= The charaeteristic Lunchion ic given by

N :
frlwy = 2 Pl

k=)
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~The expected valye of the Lunction qx) is given Ey
Elaw] = ( 3xy 4y (%) dp = ZA_ 9 py
| =0 k=)

Mixed Rawdowmt  Vaviables

~ Suppese X 1s an RV That =akes
XER, bul +thot 4 fivite set

{x'ix“l) e ’X"\i eaC[’\

"Tl«ev\ X S a ¢

coun‘ral:\/ wiany values
of these values

occur with nonzgevo Froba‘bi'i*'f

wixed Rv. Twe 48 and Pd{ have

continuous and  discrede RV ¥
-let P(xe) = pe,

~“Mote that Pex)=o fer XEXe kz21,2,-.., n.
- In Hhig Coce; the cdf Fr(n) \wag a step d\‘scam+mu?+y
ot \r\e{3\t Pe at %, :

() Pk{?//

— The pd{ has @ Dirac delta o ¢ weght Py at Xy ¢

e

k
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Condirional Dewsi'\'\/

~The conditional dickribution Lo +he BV X qiven that
evemt A \ag occurred ¢ qrven by

Fa 0 = P(xsx|[A)
= The Coﬂ“é-sPov\de Condi Fiona] c\emsi‘k/ IS grven

by
3
VIROE 3% Fxia (2)

- The Corresmndmj e,ve,w\’—an*c‘ems;"'y COV\AI'HCMQ' Prol:abf’i‘(y
S qiven &:7

P(A] Xzx ) =¢§Q):.M-?o F(AI%SX < ’)c-rA?b)
~The Bayes' -Cormu.lq r

&la‘HMj the cond \Fiona| demfi""y aud
conditional Probabi|;

ty g
PCAIX=2) £ (x)
7CXIA () = P(A)x <
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MuH’fFle Rendown Varia.E ‘eg

V) . . .
- “Biyariate refers to a situation \v\\/o'vax3 two

Ry s/

- “Multivariate ¥

reters 45 a Situction 'W\Volu:’;ﬂj two o
more RV S/
Joint Diskribution :
“The Joint edf o0& the n py¥ Xiy Xa) ooy X {5

Jiven by

/c;“...))(“ (%;,.-'J 764) = P<X|\< x; N XZS')G; N N an%u) !

~ Properties:
I.iw\
X, ... -
'x’i)x;)u')'%v\_)-gg xl)“‘} Xn (' U )x") o
Liw
'X,,...l‘x_“—bm F)'(,),u))(,‘ (M}’C'}xn) = i

Jowt Dev\si{'y .

= The joint pad of the n RUY x,, X2y o0y X S
given by

9'\

X')uc) x" (X‘l) ree xh) - ax&a-;:\“ é;—; Fx‘)“.}x“ ('xdj) Ry xt&)
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~The joint cdf can be reccusred Lrow Hio joirt pde by

M’(’cgra&vw
Y

X %
F)(u"‘)x.n Lx“)“'l‘x‘") = ( g ...g J[;‘u"‘) Xn (9”"') 9-“>AQ\‘--~AO\Q

-0 e - 0O

- The joint pdf ‘w\'{eﬁrq'fe.s t 1
) s0
‘Sﬁ.‘._,g -pxl)"',)xn (9'1"'/ 9“) dgg“'dgy‘ = i

- T‘\e w\avﬁfha‘ A‘emg}-"y ot ‘Hr\e V“NQUB XK WMey Ae
OHF“E“GC( Eom e joiut pdé Ey ([fﬂ‘*ef;mﬁ'ﬂj out?
the other variables:

o N =)

R 0= [ s due d, di
e~ \——-—W
n-| “axed e
M*&SMIS d K WnSSmj

~The Marﬁ‘w«( cdf Lo Ke 1 then ox’*‘“‘“e‘p Ey

L
Rz (f (oyap
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“The variables K. o Xu are called mutually
independent £

B Gy = TEE G

Xiyee) Xn K=
- Thig s e%u.\'va.fem"" to

)

jc&n"‘axvs Ut’"""%") = —\z;r;- 7€<k (,7(.,‘)

Note: For A

screde R\ 9’) al) of the akeve Mu|+\va¢fq+e
‘Ct)(w\udag \V\\jo\viv\j ‘\v\‘['earqlg r\?AMCQ +D Sum§s,

Functions of Multiple RS/

- SuppoSe ﬂ ) (R'\_% [R is a *CUW\C“{”!OV\ ’

- Le:t X' cr XV‘ ba n RvVY w'm”«\ Joiu'{' COLQ F;( X Cx")'")“‘)
- ) t)ee)Xa
QV\A \)‘Hhﬁ’ ‘Pd-‘\ ‘CXU‘Q-) XV\ ("x—}) OﬁJXI»\)_
- —”’\QV\ 6CXI)'"')Xn> IS a ~Cuu(+.‘m ot ’ﬁae n RUS/

that 4alkes Scalar ualues n [R.
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—~ The e,xPec—\’e& \)aluue. o(: gC_qu-) Xn) s
E—[‘SCXU ;Xn>] ﬁ(%u ))On)'(:x, X (x,.. ,’)Cq)d’x, J‘KM

-I{ the Ry ave mutually lv\Aepe,v\cﬁenf and g s Separahle
o that  q(x,,.. )><)—K .3‘ %), then

=Lsosx] = T o)
EX:

=27 Suppose 9%, ey X0 ) = ZﬁKxK and  Xi.r Xn
k=1

indepanda, . Then
EL30x0] = E 2 x|

are mMutuell y

K=t
©
o Faem
-3 _S:o KZZo ‘ K:("‘u“'/Xn ('x'“'”/x")ol”t"'c(xn
N po I,
] kZ“'lQ(\< g S XKﬁxU.,.)x,\ ('x")"') xh)dx.‘“'d)ﬁu
-

_ i' g & (3‘*5’—[7%2_{'_ f %, (ta) dx,
k=] - g
" Ak \/-W

¢ g"k\cxk Ce)dy, -

_ Z_Q(K E[Xk]

K= PAGE \2)

N ———




- We can also COV\Q(ALLI’ A vec-\'ar— \mlu,eA @MV\C‘HM
4 RN = M

-In this case, (K., Xy ) s the vecter

T | B ﬂlcx‘)’“/)(n) —\
30(..,..., Xa) = [)’,...ym‘] = Fa (e, X))

l, 310« (.,X'QJ"‘,XV\)‘/

- To (»\\‘nc‘ 'H\e expe(-{—gJ value cf 30&,'«-/%«)) we -hke

the expectytion on an e'emen‘f—by-— element basis, and
E[_g(x')"vxn)] 15 the vecto,

[_- -
_ a\(—xu'" Xh)
L-'_‘ [jcj (,XUOH) Xq)] = E 91(& ""j xn)

a'\'\ (,qu -Xn)
-

| E [3\ Cx,, "’)"Xw)] |
E [32 (—x!)""/xu)]

L

'

E[ﬁm (%, Xm)] J

.
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Jowt Mowments

$
-The joint moment o€ ordes liy..., kn of the n RY
X()"')xu\ (RS g iven b‘j

Pl = (]
= SIR" jﬁnﬂc,, VSN LN ) dy, ..
\Jo‘w\'\’ Cew+ra9~ N\omev\‘\'g

du,

“The joint central mowment of order Kl Bn of Hha
NRV¥ XX s Jiven By

- x |
| ‘-'-S W(%" “) A\Cx., Xty Xn) diy nodrg,
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Covoriane and Corvelation £ T RV S

:—(:ej' Xt and X, be two RVY with \)‘oifﬁ' Pd{
‘LX”XZ (Xl) Xz ),

- The Covariance

of Xi and X, i +he J‘m‘n'f' central wament
CO\ICX.I)K;) = g

PRI T ) () drd,
R ’
~ WUing the Cauckyfgchww-[-z Meguality -t is easy 1 Shoy
that |

| cov (x, Xe ) ) € & 0y,
— The Corkg‘a'hcv\ Coe€€|'cg‘en'{ be‘f'weem Xl and Xz (< 3;\19’1\ !:7/

| Cov(Xl)X.z)

/OX“X; O:(, U}(z

~ Note ot l/)x,,x;‘ <4

. - H |
= \f [* ,) then Xi=dXa with o> o. (Peﬁcci;rr’gldfd) )
- {-F P:...U -t-l\en Xl:°<x2 w,-’—h X <0, Iﬂ "Hf\f\‘s Case,

X1 and K, are Said 1o be anti corre(q‘fet],
— iF P:O/ "Pke,m X, anJ XZ cve said +C) ()Q

uncovrel ated .
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Notes:

= 32\1\&(«\) C0V CXUK‘L) = ED‘\ X,_] - Er—x'j ED(Z]
- \"C )({ awd X;

are \v\depemdm'f) Hhein

E[)(\ij = g k‘lxl'Fx“xz (76.11;) d?ﬁli%z
R’L

gp——
-

ngpm, S0 () dotr d,

=~

= gkx. Lx. (%)) AXJQ §K%z %ﬂ; (2,) Cl?Cz_

= Y‘-)-(—z
= S ‘mAepechv\ce wplies ¢, CX.,K;)-‘*O

=> Thig \mplieg p)(u)(z =0

=2 S inde pendence

wplies uncowe_lqﬂl—ed ¢

—>K The overse i not true.

tEE___EZ F E[)QX?.]‘-‘O/ Then Xi and X, are

ce\\led oY -\-\noso'\al -

-I4 X and XK, ave Or‘HAojaV\a' M- ¢ £ ~3-(::"“"’-‘)
or X;‘:O/ +\A‘3V\ )([ G\V\A XZ oNe Uﬁtﬂﬂ&l&{‘ed‘
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Covaviance *er Qavdaw\ \Jrec*wr

_> )
~ Suppose X and Y are Candom veeters  (vecters

ok QVVQ’> with

iztx.---x,,]T and —\?=[7’. Ym]T.

-TL\Q Covariance of >_2 end -\? S ‘H@v\ a
meatert e fLd by

Coveviancf

)

T vy, G 0)%,) v e v (X, ¥n)

L Cov (Xz)\f..) CO\I CX'Z)‘{L) PR Cov (Xz'/Ym)
Cc;v C_X) Y ) = : ‘

4

LCavC.Xh)Y|> Cov CX’\,YZ.) b Q'V(Xh}Yw\)J
3 SIN\T
_ E[C’?' e[x]) CY-el[¥D) ]

— C(;VCSZ,)-Z> IS called He Cova‘r(‘ance matirix of

the. random vecteyr 53.5 C‘eh(ﬁec] COV(?)/
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Note

2
0;(, ' /OXUXZ 0;!0?2, e /0)9)/(’\0207%
- ol 2
Cov CX) sz)f(l O'K; 0’7‘, G;(Z . e '/OXz)XZJKz d;(,,,,
P Xn X1 Crn O :
X1 Oxn O, /Oxh/xzdi.,o/xz ¢ o Ox

always Posivhive SemideCinate fur any

-

X
Q27 - =
a'vlR)a 2 o

—> The Q-‘d@n\zalues ot C(ov(R) areall N NegqT1 Ve,

Mo%e', The ‘Joi\/\‘f' cl«wac‘l'em‘s—((c ‘C’A

V_\f"l'fm AHA mweﬂ‘?_

C\‘%wwt‘x’“»g Enetian ‘(lbr a W!MJ‘—W\ Ve‘/é“‘ ake_;
Ca S;‘y 5%%+€J uS\‘\Aj +1/\9. W\M1+‘$CI-"M%§’1‘W¢Q/
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Conditional _Deh€2+y G Twe RV

—_ Le’f X C«V\A Y be 'huo RV S¢ Wl.‘H\ jo{ﬂ dews'{'b/
f

%y (X14) and metginal densid

e L5 0x) and & (),
— Then

o = Da
><|Y=y (%) Ayso X‘I{Y‘YS)’-!-AyS ()

'cx,y Cey)
(:Y Cy)

~ This lag meaning only (£ ‘(’\Y ly) #0-

im of Two _Tndepe/\dé!f\'f RV >

~Let X and Y be 4o ihAePe/nAem‘f RVY with
MeTqinal  dengitiec £ (x) and £, 0y).

—Let Z be a thrd RV defined Ey 2= X+ Y.
- Then (:Z(z) = f ‘Fx'(Z—G)CY(B) d6

- 0

= s *pxle)'FY (2‘630'9

o0
o

= -Fx( Z) ¥ fY (z), (Convo'who"')

PAGE 1.2%



—Ta the Eook) this result is obtained g a Shnc\ara(
Ocquwent

- Here, we wil toke a diffecent approac‘t\ basad on
the characteristic funcdion

- Since X and Y are inclependent, we have Hhat
f W= Ele?]
=g [ ]
- E [e'aw)( e"aw\(]

1

= ¢X(“)¢Y(“)
- So “/’;(—w) = ‘ILXC‘“) ¢Y (-w)

- Takinj +he inverse Fourier Trans for v +

NOE 3 { “&('w)g
- ] Kew K () §
= @+ L)
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Tw\sﬁormoc\ions ot an RV

-Let X be an RV and ﬂ‘l’R*ﬂR be a Cunction .

—Then we cap de fin
e a pew RV by +he
'\'WV\S forwation W ' !

, ) |
- TIf 9 is a “one-to-one” Lunction (a kiJ‘ec-h'an)J

-l»»\'e'\ ’\'\— 8 \V\Ve’(‘\':hh aV'\A 6-| 1S alSo a ‘C\Ah[‘h‘m.
E_)S: |
y= g(x)= Sx+ 3

| , \ -3
Y = ﬁ"'(}’) = }-)-—Sf'
- I£ g s one-fo-ome and Y= g(X), tuen the
density of Y is qiven by

fps Rl (50)
= A derivation and C)(&'MP\ES are ﬂ(ve,v\ LN the book..

= I$ gis not one-to-ome, it s 36nera“y hecessary

o recort 4o fundamental Fr"b“b"ﬁy concepts
+0 L\‘hd -(\Y (j)

= An e\xaw[,o)e multivarate. trancfprmation is also
Aven 1 the book. PAGE 130




:)'O‘W\'i'}}/ GJUSS‘\OV\ VOV;Q\D‘Q S

_,Le‘\' Xu)VXz).“') XV\ '3@ n RVS/.
- Lef X be e random vecYor

}2: [X\ Ly ...X“]T

—Lef ﬁ)—; be the expected value of 2, .
—W'ii:E[)-z] = [E[XJ E’-[Xz] E[Xn]]
= EM‘ Mo o W‘v\—JT
-
- Le+ Ci be The Covorionce VV\d‘\Tf)( of X
S0 % T T
Ci: COV(Q)X): E [(X_M>(x )]

— Let lC;(\ = c\e‘\'C?
— The. multivariate normal density Ts given by

,ll —— exp {—-‘i (R-%)'C3' (R~ "—"\‘iﬁ
(2m)2 | Cy| ™

€)-z Li) =

Note: ‘G))( (i) = £7( (anXZ)"‘) 'X-n) L mﬂ—? [Ol w>

PAGE \3)




-Tn the bivanate case,
X=[%) z2=[%], A L=
0“} POC,
Ci: [/’O‘.az o2 }
where p=z= Covr (%)X, )

|Gil= oo, L\-—p‘)

~

e
L (I-p*)o (\-p*)o o
Cr = —p |
(1-p*)oica  (1-p2)0y°
— So
‘Ff (i): £(4) Xz (XI’Y'2'>
I - | ( 2
- ex Xem)r2p (Gm ) (- )
B 2To, 0, VI=p* P {7‘("/01)[ ox = o o

.‘. (XZ-Mz)Z ] }
a;?.
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- Suppose X and X, are uncorrelated

Note: ths s a weaker assumpPtion Hun independent

— Thewn /():’O qv\c\ Cx‘: d;o% ( 0,2 o2 ) .

— %o 2
_ \ = (X wy) (*z"‘”“?—)z
Com (m) = g e (-4 [ + S
\ _ (xl_m‘ )Z/ZO’I: | e"’ (Xrm 3,)7'/2[)'27—

-t \/E?Y-;'.? C VT2 J

the prod\u-f‘ of the vv\arg‘wxa\ c\evxs“\’(eS.
Cfor X, Ko uncovve lated )

@Tkus, for Gaussion VM"“‘DIQS/

uncorrelated €= iv\c\epewdem"'
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Linear Transformation o€ Joind !y (raussian Vavia bles

—Let X=L% X,... xh]T be a vector of n jo""ﬂy
Gaussion Rvs/

— The mu\tiyariate er\Ag'\‘\'f of ? 15
£,(2) = (2m) # g |2 @_xp@g (- #x)’ Ci (- M
- DQC‘\V\Q o} raY\CbW\ V€C‘\'0r :? - [ Y| \(1_ e YV\] T -H'\QT iS

linearly velated to X by
Y=-AX+b
-

where K 1S an nxn invertible matrix o€ constants

—

and & is an nxl vector o € constants.
'—WQW\‘\\ ae\/\é‘\’e the inwvevse ‘l’MM‘@orm'\'«'uA E‘/
R(H= A'T-A'E
- The wmu ltivariaTe de ns«‘*\'y of '\A’ is then 35\/@\ ‘:)«
- =S Y
f@ = £ (“7)) ‘ J(%)

W hece \J(%‘)\ s the magnitude of the Jacobian

J(tfg—) - ‘leT(A—l,) see book, paje 5%
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~Thus, the devxs‘()ﬁ/ o _\—(\ IS given by

. \det A |
()= *r

XEKP{ LNy -K '} - M3 )TCX'(A"j-f\"f- g )S

Note: E[Y—}' E[AX"L] ArTr\‘ th = Ff\?

|
No*'e'. lde*A’" = ‘ - !

—

— Then the de’v\st\y of Y may be written as

U= @) [hew | exp {45 #) e ¢7-40)

:> Y s a multivariate novmal Veetor Loith mMmea n

. S
W\Y):- AW‘\R""b

and Covarian(e.

[ bt —J |
‘:37 Gl"e"\ q Jom’r’y Aorma' Vector )( i+ is of nteregd 'fo

-(\\V\A a lmear +r61V\S-Corw\a’\lOV\ \/ A)(-\—b sqc,\/\ ‘Hﬂtf"
The \)DN\'H)/ éaus{mm \Mmqlales Y,,\(z) .,Y.\ ave. w\v@fw““}'

Uncorrelated, and Hreredore mutual ly wdependatt
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= We say tht such a transformghien Uo\ecoup les )
the veriakles Y, Xe, -y Xn -

= I N4 ) Y oace Mmutually wneorrelgted, then
-H\e covoriance MA*F\)( CY ' S cl\aaova(

, 2 2
Cy = o’uag (O-YZ"UYH ) 6‘;’.« ) )

( .
—Tkus) a cg(eCoup'inj\) ‘hmv\s@orman‘\m ["\C 't+
exists ) diaﬁonaliies the covarianced watrix ,

Noke: 4 mateix A is Sositive definite if, VB2,
L"AL > 0,

ang \bos}-h‘v& se,mc\eCcv\‘u*e ’\\C) Y E# 5\)
HNER-

FACT: Any covariance wmatrix i positive semidefinite.
FACT: I4 the M’ajmhdes' 0% all the correlation
coe#‘.‘c;ep\fs between the variahls Xiy Xey - X
are strietly less +jun uhi+y, the
Cz 15 positive dedinido,
FACT: z¢ CR 15 positive cefinite, then a “decoupling !
r ”ohaaonalaz.'nj D trungformation exis+s.
PAGE 1.36




Facks About JoMﬂy Gavssien Varicbles

Note, The lisk at the bottom ¢ paqe 56 of the
boock nNeeds two miner corrections +»
point  (2.).

|, T}e A&V\Si*’y ot a wul-{';\,ar[aLTe v\orwml Vector
X 1S Cow\p\e‘\‘e\y specified Ey The WMean
Vector anwd  covarian ce wat iy .

2. Cg is positive semidelinate. All of the
corceldtion coefficients are less than or
equal 1o one.

3. For \So‘m*\y h ovma | varia“esl

unco rre(q‘fecl & | V\Aep en devft'

4‘. A lnea +mr\s-PorMa‘|"aA ot a M\AH‘.varfaﬁ. V\orma‘
Vector olways yrelds ancther wultivoriate
hormal yecter A Aewuplx‘wj trans formation
exists i Cg 15 positive definite.

S. The 'V\“Vji'\a\ dengties for X, Kiy oo X4 are
all Univayiate wormal dewnsities.
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Types of  Con vergemce

— Suppose we have a sequence of RV¥ AR AR

,For BM\\MP\e/ le‘\’ X‘)X‘L} \)(3)'
co\lection o & iid RV
Sehuence o0& RV \

n

. be an infmite
we can defipe a

by
\

X,
\{7,: t(. \+X'2.)

{1

Yoz R (Xt ¥atet X ),

— The 5€fb\xev\(e Ya 1S said o Converﬂe ‘fo © n
Mmean ‘(.c

R E[(Yn ]»: O.
h-=> %

O culd be deterwinistc of stochest

- The sequence Ya is <aid +o conve
Froba\a'.lany F

Note:

qe to O in
v £> 0O
Liw PUIY,-8]%¢) =

= K Yn tonyey jes 1) Mmeawn, +hen i+ convetqes LN
Probaki |-\>/

= The converse 15 Nt Hrae.
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Note : & X, X, .-- is an infinite collection of
HA RVY with E[x] =my
and Var (Xk) = 0-—%2-)

and 14 Y\: X,

+hen

ELYw )

i i
—— m
S\ .
\\)\5 st—
U |
L g
>< ><
5 =
I \____J

= " ¢
£> If\ ‘Hr\‘\S CafSe ) we Say ‘H\q'\' \]/.,\ is

O |
Note: Var (,\’v\) = ‘T:"’ (Skbu ‘Hﬁs)
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