MODULE 2'
|§ TOCHASTIC PROCESSESI
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. ((
— The teyms “Stochastic proceg " and random
proess? gre  Synonyme.

- We use Lunctions to wodel deterministic
SIC\)V\a\S-

EX: w&) = cosw,t
— We yge stochashic processes o W\Ode—\

Fandow signals ... a.k.a Statishice Slﬁhal&

- /\gso’cia‘teA witHh a

fandowm process is an
iV\AG)(ivlﬂ set {0,

— The ‘nv\Aexu‘nj set+ can be uncountable, countable,
or finite,

EX: A=R, L=Z, L= [-2-400125

“We usually Fhink of the indlex/ng  set as
CorresPOV\Aij +o +?Me,

- A S‘bcl\as—h‘Q process IS aq Co”cc-ylfo/\ o€ RVS/) one

For tach element of v Q.

—> Since the im\exinj seT is ordered, +he RVY 4sre
also ordered  (in time)
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- I\/\Jru?%'vdy/ the Stochactic process X(t) has
an RV at every T elR.

— Likewise, the stochastic process XK has an
RV at evexy ke Z.

— A of the RVY assoeciated NH‘IA Q S+0C,Aas+fc

ProCess have the same underlying setr of
experimental outcomes §,

— Tkey also ‘\a\le He same Ucloma\'t'\n)(ff-a‘ﬁe,bmj) |
or Usod o4 cvents) S for thac probabilily mesuce. E
— HoweVévj ‘H\ey may lwe O'f'@o@f@w’”/'bm[)“é"/"é/ '
Measures Py gemera/,
= For each trial of the experiment, each RV
maps +he experimentsl outcome de S o a
tea)l Number

— Thas, for experimen‘h) outcome d, The stychestic
Process i« a  function *

X
Ex: (t)
- \W t

| )
= The aéo@ve -pun(‘}/‘m IS Ca//éal a {(gawm’e ‘\CMY‘[‘)?O"‘)
or 'f‘eal:'za%/m“ ot the Process X (+] CDrreSW'Vy.

1 ’H\E Cxpé’rima/r‘fa/ outcome _4.
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- T\MA'), We <ée€ ‘H’\«b\- A Q'{’DC\MLS'HC PFDC&S‘S \S
qcha\\y a W‘“?Pi“ﬁ Lrom E,QXS wTo [R.

- A Stechaskic process X () with indexing  set
R=R ¢ called a “ontinuous - time" Stochasti ¢
pProcéss.

— A stochastic process with i‘mdex.‘mj set A=Z
\S Ca\\cA a discrete {'iw\e‘) v"m\dam Proce/s.

- T describe o randow process completely,
b iJ( \3 i\EC&JS‘ary +o Sped-{’y the \}oimL devm‘—fy
| Or pl(‘s‘*ri[ob\ﬁm 0-@ i!_" 6{ +t1& “’\V@’VE&’ R(/S/:

NOTE Wé hove  Lriten X (t) to C‘eV\G‘(’e a
Continuoys—time Pprocess.

ThiS i¢ slahtly misleading because the
Process X(t) is not q funckion of €
In the usual <Sense .
= However, any siv\ﬁ'e sample Lunction
(rea)n‘iaﬁov\) ot the precess 1S

a Lunction of t.

g
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- We will cometimes use the alternative
hotat o Ap 1o dewste the process X(t).

—> Thig 6%\1&3 us bLelrer Cal\sis-\-emcy w\+\/\
e discrefe-Yime notution i .

10 mt Dencities for 2 PFOCQSSE_S,

- ngFOSC X‘ ang Yt ave oo continuaxs - ere

Cu V\dUW\ processes .
[

- Le+ t') tz) ") tM)t\;'\:‘l)--o)'!’—,,\ be a 5€+ 0'@
ZM discrete  time nctants,

- Then we can consider the joint c\evxsib«

function F)( (
b X, Yo, Yyr o Y e X ) Yeh oo Yf:.)‘

— This s o-€‘\'ev\ ahbrcvm‘fed

S SR C IR TR TN T AR T

m

-p%‘;" XMJ %H“‘IYM (Y‘,"‘,yMS

= Xive) Xm L'Y'“N,'XM) .t\f\su‘)vn (-\.‘U ‘%) })"‘ )
'FOr any cloice of £y tn, tul fv/\ : PACE 2»4




0\ )
Derecmnistic R, ujom Process

——

~Twis tevrm S an OXY wovown .l

~The book usec i+ 5 describe a Prac&&é like
‘ X(t> = 9) wheee O is « N(M,U"-) QV
Y(t) = 9(2‘* svm“’wof) & an RV.

— or cmy rea\(&d'how} kv\odeA e of H\e Valuﬁ Olc
X(Jf) a+ avx)z speaﬁc. ‘t 31\:85 us kv\awledfje of
the entire reali zation .

Note - T, both caces alwuej there (S Vea

Hy
0V\l>/ a Sv‘uj,e RV iavolued .

'\l?i@? Tn Lo'H/\ cases aLéue the corr 8’44/01/\
oefhic ent Eemeen Xt\ ond th hes
maqnitude LV &4, ¢ [R.

:) i.e.) ‘Hu‘s [ V\o‘(’ a \/e.ry w\'ftjres-(»f'mj
Clafs 0‘@\ Ffp(@s;eg'

))
= The term “ deferminishic random process

'S '\o‘\" S“'avxo! a‘rc( p
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Cortelation and  Covariane fur Diserete- Time Processes
- LQ."' XK dM\ YK

be discrete - +ime proce ssés .

— The ”Cmss Corre\a"hav\“ (luvxt‘l'(ol\ ot XK and vlg
ig de?meA E)/

Ryy Cig) = E ,_X‘ YJ]
= The "Crosls Covoriance)) Lunction \S
CXIY (IJJ = COV CX‘) )
= E[(x;— e[x:])m—etm)]
= E[nY;] - eDaIEDY ]
Note ; Ry (hi) = Cov (%) ¥ ) + E[%) ELY; ).

\ \
—"Tlh.eﬁ (¢ A\A‘\'OCDFTCla't'(UV\ ) 0'(‘ X‘K (K3 "H«e cmSS—CDrre'a"’!M
OoFf Xp with idself;

Ryin)) = Ry (1) = ELXi% .

Nore © R, (i,j)= Covxi,X;) +ELXJELR] .
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Dote « When X s a shochuctic  process,
Cov (Xi, XJ‘\ 1§ often called the
C(Au*ocovam‘an(e_“ o€ )(K ’

Corcelation and Covariance L Continuous- Time Processes

- Let X'C and \ft be conttnuaus- fime  Stoce hoctic
Proce sces .

ey 5t be real variablers.

~ The Cruse Corre\aJﬁcV\\) Lfunction of X¢ and Ve

1S qiven by
RX/Y CthB - E [XS Yt] )

~Twe “Cross Covariance® Lunction s q ven Ly
Cx,y (s,-t) = Cov C\(SJYt>
- E[CXS- EEXA)(Y{,"‘ E[\f{rj)‘) ‘

Px‘\) (S,t) < COV (Xs; Yt ) -+ E[KSCX E[Yf-} .
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"T\/\Q aA\fVowrre\q‘\iO»/\“ ‘Guv\c’\’(m o-(' Xt \< "HA&
Css-corveladion ok Xy with itcelf:

Rx(.sit\) = lex (.S,‘t)
= E[X; X‘t_)
= COV (7\5, Xy ) + E[XS—-S E[X‘t—} :

-~ When X(: s a stochashic pfocess, Cov (XS)xtX
S obten called Hhe Aytpcovariance" Lunctiem
oF twe P loce $S.

STATIONARY  PROCESSE S

— A stochastic process € called “strict sence
Stationary” £ the pint density of any

Number of the nvolved RY¥ 5 Wyarionl
under Yime teanclation .

SX %(‘tnxtz (2, ) Y, ) 2 {

(‘x't. rd) xtl*ﬁ)

= For  <hrict Sence S}(a'h‘or\arl"’}’) or agsg”)
thic muct be frue £or all J‘oivx’r dengties of
al ovder and VY AeRr.

(V A€EZ if discrete- time ) PNE 2.8

X‘t,m > Xt-,_-PA
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- A S{'oc\/\as—\\‘c ?rocess S CQ\\e& ‘““wide Sense
S{'OC\im\ary“ (WSS) £ the mean ard

owtocorrelation are nvariant under +wme
Translgtion

1) ElX = ELX */E b
Liv\{*mzwsi [ t‘] [ % ]A X Vt.)tz,f elR
Ry (t,8:) = Ry (ti+t, tyet)

disrete (g [xy) = E[XHQ]

A
‘ime DN B RN V"JJKEZ
R, () = Ry ik, 3+£)

- For WSS processes, the wean is constant

and the autocorrelation depends only on

the “okret e T 'Il:, o R lf;i,‘;“;”ﬁf,‘l_
— We write

Ry (t1,t.) = Ry (t) = R (H;z*t\‘)
b, (i,3) = Ry (k)= Re(li-il)

\COr WSS pfocesses,
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Twtuwition -

-_— FW an Ssg PTDC& Sg) -a_‘_l io.lﬂ-\' W\D‘M‘e/lﬂ't‘s

AYe ‘wyaypiant under Hme tranclatien

- For o WSS Plocess, the st and gecw\d’

O\\o\e)r wmowments ofe iwaﬁaw‘!' U\v\de—r Hme
‘{’\rav\s\aﬁw\o

NOTE ;

———S—

. 5SS iwmplies WSS,

2. The converse is "':ALSE -

Ergodfcfji\/

~ The amcept of ergadt‘c[*y s related ‘(*‘a but
Aistinet  Lom Yt of S‘*a‘('lko’l‘”"‘y'

— Let )(Ct) be a randem  process with the
wdedlying cet ot experimentsl outeomes S
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~A'V\>' 9‘\,% ‘{"V\"a, Of ‘HA£ e)(PﬂrtMCVn‘— ﬁf’fa/(‘s
na speciic outcome 4 S, whick

the {vrbce% wmaps  tg a Smp(e -Cun(—-'*f’m

Crealization) %y )- :
Xyl

A t“»f

- We ¢cap Caw\pujc. the wmoments of X4 (t):

- = Firek voment (cample wean):

. T
Ky= 2 L%, ) At

_ -T
— g@(ov\A CQV\"'V\A.,' VV\U\N\'?A/\ 1_ .

-£i7/w z—rs [X,J(t) X.A-J dt

— These mements are uSuaNy rew[errcdﬁ
as Ctime averaleg’),

- [aw\PwMj 'H«em nvolves ‘P“X"”ﬁ the
uexpawwﬁl outcowme and OMaﬁ"”j
over “ime. PGeE 2.1\



,A\+erna+ive’7‘) we  conld \t()( 'hme and
avexse9ge oveld %Perimev\’\‘a\ ood’mw\es.
_Let t o be fixed at t, .

- First Mwemf (Meav\ o@ X(t,) ) .
E[:X(tc)]: ju @’Cx(tdzé) dB

—> Second Central Moment ;

= f( X(to)- ECx(e)])?]
= _fj {g-el x(to)ﬁzwox( , (B)do

= The aEava are

" iMMer‘q‘fa'y r‘eCojM&eJ as +I"~

an ond variance ot tha Ry X (te).
= Tn the emterd of Sochegt:c
‘M()Mewb cawapu'fw/
experimental

processeS,
67/ averaj/‘nj Jgver
outtomes Lo q Qixed Hwg
are  called “enfeml:?e ov@rageg”.

PaGe (1L



— An C(@V\scm\:le,\X is the collection of

Sqw\()le .@,\v\chmf 569\94\5{(24 93 ‘HMZ
experimental

al  of Q.
- Thus:

ocutcome 4 varies over

= Time averaging : fix <
X, )

— Ensemhle averajc‘nj: Pix t -

e

n

S

e

“ \W\f—r\
\

\

e

A é—fba,ng -w(‘b<'9j L}
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-I¢ al Time auera\jes afe eﬁua,( 1D

their corres(wv\dmj ensemble averages,
thom ‘g Process X)) 1 ca“ed
| Bf‘ﬂodic ’

— For an @rjod(c” process, all of the wowments

-- ir\cludzkg} auto correlation ond aulocovariance - -

an e calculated Lo a single sample
funcdion .

E_)_(_l For a4 WSs ergod ¢ process X(t), the
au'foCor‘r‘e)a"’fm @uV\.c?f'i’m Can Be
COMPWth Hrom a S‘Male Fea/’azq‘lL/‘ar)
Xa (t) accaro(Mj ta |

| 7"
=Jm _L ~
Px (1) .—_ﬁ?“ 3+ X (8 Xy (+T) A E
=T
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— SUPPLEMENT TO
PAGES 2.10-2.14: Evqodicity.

~Ergodicity is Aiscussed 1n Section 2.4 of 4he brok.
—> The beok is CBui‘\'& i formal anh vaque:
| “n P&W\C\D’W\ Procecs 'S Safc! 1o be “eraod.‘c_”

& , f +\Me av&raamj (S Q%uiua\e,y\'l' to
encemble a\lﬁrmjmj

-~ The -Co\\owuﬂj is chw\ A. PaPOW\'S 'Prabal: \+Y/
Randow Voriables, and Stpchactic Frocessesj McGraw- H~|)
New Yerk, 984

~ —Let {410 be an ndered set of experimental outeomes,

where each A4 & 8

the Sample ﬁtmf’r\ obtuined when 4; 1s the
experimenial| outecome,

Suppose we wish fo find the mean of the.
process T (L),

- Given N Sawq:\e functions X‘di (t}, we caWn
approximate The mean by the ensemble

ﬂ\)e/\raﬂe
T+ =M, 1) = R'TZ"».H
- I the dimit as N,

L, 1)< N4,

N 2%
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- Given a S{vvj\e Sawple Lune tren Xd;(ﬂ, we  can
also Cawxpud’e, the tiwme averaqye (a v\umber)

— } \ T
X = 15w 2r | l)dt.

-

- - If X s et stghionary, so +hat M) veries with t,
7 dhen 1 Cearly e poor estimate of NH). Tn
This case, the process X(t) is _v_\_g;_\'e,rgod«“c.

- — I the process s shalionary, o that M) = “/) (« num&e()/
then it may be that %X=7. |

—> Ergedicity describes the conditions under which
time aveveges are equal Ho the Corresponding

ensewmble averages.

PEF : Aprocess X(t) is called “erjodfc” i€ its
ensemble cLverages equal the appropriate
time averages.

—=> This means thel, wth Pm’)"k"h*}/ L) wny
ctadisdic of X(t) can be determined Lrown
A Single  gample Lunctian X, (t).

T — Often, we ave interected orly in q gpecific set
Ot statistics. This leads o legs \'&SW:‘H'PAJ
secialized Types o ergoo‘t‘cﬂ}/.
| ~ PAGE 2.142




N

DEF © Given 4 process X(t) with constant
Mean E[XM] =N and Hhe time average

M= g‘_T—ij(t) at,
T

“+he process is  called mcan—&rﬁodfc £

Lim 7= 7

Toe

with orobability 1.

Noter My is an RV Wwether X[t) 15 mean ergodic
of not, we have that

E¢n.S = %:EZWK at = 1.

~> Thes, B9 =7 i net a sutficient test
fur wmean ergodicity.

—> The veriance Verf?13= 075, however, does
Pwvide a Sufficient teg+

— X[{t) s mean ergoedic £
X K 1{{& oz= 0.




Theotem © A process Xit) with constant wiean ]
'S mean era\\odic £ s autocovariance C)((t,)tz)
Satis fieg o TT

ﬂfw\ Sy p—r S S Cx(futz)At\ Atz = O,

T 4TS
ST it

Coro\\“\Li A WSS process X(t) with constent
mean M 15 mean erqedic i€ 18 autocovariance

C,KLT-) = T&Lt\ -N? 2T3a+\‘s Cies

m -l _
'{'Q-awé‘ 27T g Cx(t)o 27 )d\? = 0.

Sudlicient Condition: TH X(t) is WSS and 4
_S:leCt)lalt “‘°°)
‘then X(t) is mean ercjadtc.
Sutficient Condition; T4 X(t) s WSS, 1f Gl0)<w,
and if dim Cx[t)=0) +hen  X(t) s mean

1T\

e(*awdf‘c .

e 244




’D\S)(nb.d\m \:Tﬁod\c Processe s

~Let X&) be a 5SS process. Then all the RVY it
W\CA\LQ up XU') L\A\Je ‘H«é Samé d»S‘H‘fLud‘iao‘\ (¢¢“\')

Fag= Pixle)gxs.

= We wish to de‘\’exvv\\v\e Fex) -(:row\ oy S{'nf)(e SaW\P’Q

‘PL&V\C‘\'\”CV\ X,d (¢ ) .

" _ For each value %, we Lform the new process
() s %
g 18) = 1, X&)
o0, X@Ey>x .

Note:  p{yw=1{ = pgxwy sy = FOU
( P%y({; IO} - OZX“)7X'§ = |- Fix)

o £{yw] s Piym=1T.1 + Piyi=05:0

= Pylt)=17
= Fu).

— The question is: can we time average a sample
'("wv\(—l’c‘mr\ od y) to deteymine F(x) ?

5> The answer is YES, provided yl(t) is
me an erﬂodfc ry -Hm‘s case Wwe Say w‘Aa‘f

+|"e process X(t) lS‘(’("bL{'(’IM ergooltc .

PGE 2145




— More Porw\a\ly) for a Sowple Cunctian of X)) let
T, G,y T be the lengths of +he +ime
N fexvals wheve +he Sample fanction (s € x.

- DQGMQ +he ‘F\‘w\,e_ averq3¢

: —‘-ST YAt =
yT‘ Y -‘\'\/(t 27T

PE’ t4 -‘\g_:';,y-r :’F(-Xv)) then we say that X (t) is
( da‘s-\f\*‘n bution ergod.‘c ‘_)

Tke,ore,m,, Let F(’L.,)LZJ' T) = F{X(tﬂ—)f% ) X(t)s)%}

Then an SSS process K(t) ic distribution ergodic
\§ €
H;\ _
—r-m 21- <| FLML;U-F"L’L)] dT=0.
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Co rre\w\\‘m Erﬂod,‘(_ Pro ce<ses

~Let XU) be Wwss.

- Given q SMs\e comple funcrion of X(t), we want
to Hind the awYocor reletion

Ry(T) = E{x)X(+T)§
—For ecachvalue T, we Lormm The new process
2() = X(t) X(t+T).
Note: E{%M = Efx®xt+T)] =Ry (T).
— The question 1S can we Time average a Sawple
Luncxion o€ Z(t) 1o determing RycT) 7

—> The answeyr is YES/ Prov?ded Z('ﬂ 1S mean e,rjoA(\C.
Inthis case we say Hat the process x(t)
g correlation ergod e’

- More @orwm“” deline +he time avereq &

T T
R: = z‘ﬂ 2(t) dt = 5‘{-3 X(t) x(ttT) At .

=T T
BET+ ¢ Tﬂ'g Ry = Ry (T), then we say +at X(t)

A N 'Y \
‘s Correlation e\rgoo\‘c..’
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Note: Ra()) = Eiz(t)z(t*k)g
= Ei’\&)*(‘t‘*t) xEEX) X (t+ X*T—)-g '

—7 THE Muwcovaricmre o Z(E) s

Ca (M) Ry (1) = Ri(T)

= X&) is correlation ersodic 1 £€ Cz ()

atrsbes the corollary on PAcS 2,044,
That fS

2 27

P S <, O) )&D‘ o

-27

Note: R4 X 15 correJA't‘cn ergod(c then

Ain ZTS X 4t - [zx’%tﬁ

T o
7

;
TL;“Q > §T | x(uc)mt)gzdt: ZERX o)+ E,(Ct)]




5{'53‘\'0“6%}’ Auto Corrc[a(’{m Fu w»(‘,‘o/\

~let X(*) be a WSS process with
antocorrelation Ry (T).

(oémmu‘faw
0 “&‘ .
L R o) = L[x£] 7/0 wattiplication

/
2. Re(-t) = E [Xﬁ Xtét__} = £ [Xt-’c xf]

= E[X’cytﬂ:’] = R;( L'C)
T

Uss$

3 R | € R, (o).

Férlﬁws Lrom Cauvchy - Schwortd
meguality ard the Loct

et | | €4
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Crecs - Correlation Lor wsS Processes

——

.,\,eﬁ"( Xt CMA Y‘t lbe ‘\‘wo

WSS processes,
-\ the crocs-correlation Cunctien

Rx,y(g;f) s 1nvariant <p 'l’!'me, Slm‘é‘%s/

‘H\CV\ s Qa @unc-h‘aw o ¢ ‘S——‘t' = T.

=T Hhis case, e write |
Rurle) = Ry g (sit) = Ry y Lis-¢1)
=2 The 'Pouou,'nj Preperties then hold
. Ry (0) = Ry x (o)
2. Ry, T) =Ry (-T)
3. |Ryy (T) ] & [ Ry o) Q,za)]//z

. '}
called ¢ Jo{#vH}f wide sense 5““"'0"”/ .
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Power  Spectral DevxgHy

- For o WSS m"r\num&—ﬁme 1 focess X(JC)/ the
“power speciral Ae,vxs‘r“y‘? IS the Fouvier Tyavsforwa
of the autocorrelation R, (T):

RO -‘L\)U
Sxlw) = }[Rx(t)] = § Ry (D ol
=~ 00
-~ The \book writeg Sx(b‘*‘) iV\QJ(f;aot O@- SK(W),

— The Power Spec—hfa' clewsHy 18 also knon as:
Pc)vuef' 5 pectrumna
S'Pec-h'a) cfey\sf")/

PsD
[ |- Bebauda Rx (t)"
9 Sy (w) s

~ The ocwbwrre,la'hm can be rewvered €ram the PQD
‘*5"\3 the inverse Fouriey +rans foruna

R, (<) = [sxcw)j (stwJ& ©
—Pluggng i T=0, we obtuin
Re(0)= 5] Gty do = £[ W),
the mean power of the process. |

—> Thus, §x (w) adwits an iv\\'crpre‘h"'(a/\ as power
per unit «Fre,c()uemcy for Hhe pYocess X (t).

=S nen-negative 'S Shywn e section 2.7 of +he begk.
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| - Squse 'H'\ere ;S a S‘\’Va\Aﬂ Corre\a'h’cﬂ\ be-ﬁuee A
The RVY  X(t) and X(to+To) for some fived
‘to and Vp. |

—RBecquse X(*) 1< Wsg, this wplies +hat there is 9’”“’9
Corcelation between X (t) and X (t+To) € any t-

- In particuler, there s S+rw\5 correlation betuween
X((t+1‘,)> and X((tn},)i—u): X(t*’Zto).

*667\8¢a\i%ihj} we see that the collection of voriables
X(t+kG) , keZ

are all highly corcelated with one onother

- This iwplies that the Process X (+) Pofseség QH sort
o “pseudo- periodicty” W a S#ah‘s%fc«\ senge:

All ‘hf’k

mrremm -
\./ g VV -} t

4 _l
1 1

— Indhis case, the OLuLTowrr&lme\ R,L (t) witl
3&\!\6\@1”)! exhihi+t 'PCQ\QS at Rx(\(to)} ke Z.

- The power Spectrum Sx(w) will 3w&mlly a’!o

e & peak at w,= ZF
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~IF the WSS proeess X)) vares rmeia\\/) f.e.) there

S ovcelation between the RYS X (%) av\ol X(t‘f"—)
ov\ly for T Swa\l

—">Tl~‘,V\ Rx(‘lﬁ) ‘CO\\Q,O(:'F fap(ﬂ\y auay Cmv\
the oricjm: R, (c)

4

—> By Hhe reciprocal Sp‘rcad‘.my Prindﬁlef this
vwplies that SXCw) fulle of€ Slowly away
‘@MM the omj (n .

Sx(W)

» LJ

— Taterpretationt the rapidly vavying process
X(‘L’) o Sif,h}-G{chf ‘\(3\!\ -Prcgaency me‘e}/ft

— We »ny that this Pfacés‘s hee a
“Sho+ covrelation le,m,thﬂ.
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,L.'ke,wise) 'F the WSS process X(t) varies S(awly)
Hhen +here s appreciable correlation between

X(t) and X@E+T) Lo |TI \arge.

= Then Ry (T) falls of€ slowly cuusy o The
ergwe Ru ()

M~

= This \wmpkes that  Sy(w) Lalls o mpfdly
away From Yhe or‘\ﬁi'\‘. |

Sx (J\-—‘)

—

— Intuidively, this means thet the yrocecs X(t)
has Sustmm‘rq\ low £reguency comtent.

— We gay Hat this process bhas a long
correlation leng b
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- Let X(-t) be a WSS Process,

- TFUW\C&LT& KUZ) o a Time ]v\‘l'arua‘ 0—€ [eng ﬂl T
ang d\em*e, +he Truncated process Xp(t).

—let X, () be a porticulor realization (Sawple
Lonction) of X (t).

— Then X, () s a Function in the weual
detorinisdie  sense,

— The pem‘oo\ojram of XA,T(t) s given by
[0
-The ensewmble auerage ot the pericdoqram is given by
el 30wt |
*i’r\ the bpok, 1+ic Shown That

Lim E[‘%[?{XT&);/ZJ = E}-((Rxlt)}-'- Sy lw),

TS0

- It sometimes wsedu] 1o define +Huo PSD in terms
Ot the LaP,ace +'A4V\5\Corw\:

s, (s) = Z[R@] = [ R@eET T

5 Sxlw) and Sk(s) are both called “power spectral
c\ewsi+y“,
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—Let A Yo a WSS discrete-time process with
owoco vrelation Ry (k).

— hs n the Costinuons- time Case; the PSD s the
Fourier tTransform of the auto cortelaton:

Sel®)= T Rele) €775

k:-—o“

L (T e ek
Relk) s 3w Sele)e™ " dus

-T
— The \v\'\'er(a(‘e"('a*‘\ow o'G Qx,(k) ig analojaUS ‘/'a
‘H\a“}oﬁ QxCC),

‘I'{' 'S Sometimes use#d o define ‘H\e PSD of a
Aiscrete - +ime WSS Pfocess ia terme of the
Z"’"Tans@orm

Se(2) = 2 Relk)zk
K=”’°°

- Sx(e*) and Sx (2) are both refecred to 25
the “‘power spectra Aevu.‘-\-y v oood X

—The symmetry ofF Sx(2) is

SX (%) = S;( (Ji)
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Crocs Powe ¢ gpec*ruw\

-let X&) and V(1) ke Jointly WSS processes _wn"l'lw
cross correlation Lunctions Ryy (T) and Ryy (T).
NoT€:  Ryy(t) = Ryy (-T).
~The cross power spectra of X(t) and Y(t) are
qiven by -
Seyle) = ﬂ%“’] g wax,, () e dc

() = Ry 0] = (R (re AT
—The rela'hov\sl«q: Ee-hueen Sy (w) and Svx (w) 1§
| Sx\{(w) = S’P (o).

_A"q,oﬂaug T the correlation e tlicient of e EVV |
we define the “Cal«ereme_ Punction?  of +he
WSS proce sses X(t) and Y(t) accc:/\almf, “to

| | [Sxy () |
Z —
XXY( )" SX(W)chw)

- The ¢oherence $unction wuy be m+erpre+e0( as

a «Creﬁuemy C’ow\ml/\ COFF&'&"'!W\ Coe\f'pr“e""‘f'
L X(t) and V().
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—The wa%v\i—hde of the coherence function s always
less than of egual to 4.

_ Tn the WAy mum corcelation C&!e) we have

YZ (w\ - \SXX (w) \:
RX Sx (‘0) Sx (w)

= The minimum correlation occurs when X(t) and Y(t)
have o Zero cross- correlation dunction. Tn +ats

case; Yy, (w) = O

?—SD EXQMPJ%" S‘*FPDSQ XH’) and \{('t) G(C Zero Wean
Jontly WSS processes and Zl) = X (t)+ Y(t).

Thewn Sz. (W) = Sxlw) + Sx\( (w) + SYX Cw) + S‘( (w)

— TF X)) and Y(t) have o zero Cross- correlation
‘L““th‘”"/ Hen This redues o

Sy(w)= Sxlw)+ Sylw).
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- For two Jowtly WSS discrete - time processes
Xic and Yy, the crecs spectral densi ty

Sy (e¥)= F [va (k)]

= ZRY\Y (kB €~8uk
k=~
o
Sev(2)7 2 [ Ry () |
= 5 Ryle®
Kz-ne
Wl«i*e Noise

= A Continuous-time WSS procecs X(t) i called
a {white npise process” it
R (T) = &d(T) , o comstant.
- Inthis Case; He PSD s constant -
Sx(w)= .

- Light containing all freguencies in eﬁu“/ amounts IS
white = A process comtaining all freguencies 1V

ec()ual awwﬁg IR a e white Aoisef),
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~The RVY +hat make up a white woice Rrocess are
mutually uncorrelated €or Jiff event times 5 e.q-)

Ry (T) = AJ(T).
—> For fhis reasom, o white wngise process IS alse
called an “uncorrelated Pro(.e.ss“,

NotE A process +hat 15 mot  white g called
“colored noise
— lightT containing different amounts of
different @fecéuewc{es hes  color.
— If a white noise 1s input +o a linear

filter,  then the Lilter 3eneraﬂy
Causes cocrelation iw the output process.

Tn ﬂiS Sense/- S'A(/L\ aQ -F‘H"P/(' S O‘P"'EV\

i’e(lered ‘fo as a “Colorim«j P(H’er“ ol
eplpration Ei\ter M,

— Bor a white noise X(t), i€ the Marji”ﬂ‘
FmLabiM}l c)emH'y ot each time i Gauesian, thew
X“') (RS Cal\eA a e Gauss\‘an w\«'&e v\oise_”'
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~ IF the WSS iscrefe-time process X is «
equence  of zero mean vvu,d\mlly w\wrrela‘fec‘
RVS’/ then X 15 called a ,Cdtxre#e~+:‘me)
white noise process.

- T thig case,

Re(k) = *dLK]
- S (e) = oL

Rand LiW\H'eA Whide Noise

“IF X(H) i a WSS process with auto correlaf ion

then +the PSD s constant in ﬂ\e'basef:an&/ “

inferval wWel-wo, wyl] | and zero outside
This Wwteryal ¢
R, Ox(e) |

-’(0( Wp

—> In this case, X(t) i (alled “band limited white v\oise“.
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@a\(\AP%S White Noise

-If XM) is a WSS process with aufscorrelation

~ SINWwpT
Re(0)= Zw,, o K Suy T

Then the PSD S, (w) is constant n @
poic of Taassbovds Symmc{'n\cally (ocq"ecl
a‘:a.d‘ | ‘\f“\/\e 'PrE%uey\cy Q(‘ES\V\ P

ASKU)

T

.[t,{‘ 7

h i ] 7 Q)
TWrwy T We  -wptu bwy  weo  Wotuy,

5 Th Hhis cose, the process X&) s called
Ray\dPaSS wW(e Noise .
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TTITD Process

- 18 the RVY comprising the process X(t) or Xe

ore oll mulually independent and all have
'Wg same FO\@, “+hen the procecs s called

(«.
an (mdependen'f) ;clevffica//y d:‘s%r;bufed”?m(e/y
or “IIDY process.

> 2D implies zero mean; Other wise there
would be npnzero corre/af/'m’) beelweem H\Q
RVY ot different times.

—5 rID |‘mp'ies thot The procfss 1S o white *\OiS@.

SN IID‘ .‘Mplies g+r_ic+ Sen¢e SwLmLf‘mm"\ly CSSS)-

Gausscan Frocegg

- A Candomw 'PV\OC&SS “tS Ca\\eA (‘,GQUSSTQAB)
f any Lwite sed o€ RVY selected Frm

the Frvcess  are Jo{n‘Hy Gaugg.'ay\,

—> The J‘oMT 49:/\5{1‘)« is then comple ’{’e')’ spea“ﬁ«‘ea’
by the collection ot Hirst and second
maler W\OMQW'T.
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Marksy Process

- Lel X¢ be a shodnachic process.

-Pick a Dinke number of ordered time indicies
From the 'mo\exinﬂ set =R

t| <t1< e £ tn*l
— Associated with Fhi set of Fimes is a £inite
tolteetion, of RVY X, X¢ - - e,

— The Pmcess Xe is called “Markovian” por «
“Markoy Process® | f

Yt Xt,):’ -Fx Gc'twﬂ)y‘fn).

o X X, s

— This means thaT the conditional dev\gH—y of
Xt\*\ conditioned on o ceries of prior realizations

Xy =%, o) Ky, =%y, IS the same as the
conditiona density of K, conditioned on

th =Yy, alone.

— Al of the information about Xf“ﬂ that is contained
N Xt.)‘“) th \S cqp+urcc/ hy Xt.\ IHtse |£.
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- For o Far-\"\cm\av Sample ﬁw\c‘h‘m, et the
realizations of the RVY be Ki, 7 %1, ) 00 Kt = Ytinr

= We ofden say that the process is in the (syate
%, at tme te. We call the change

Fom X =%, To xfkﬂ T o, &

( ,
Stedle transition” of the process.

— A N\arkou Prpcejs s c:ow\P|e-’ra‘)/ C\v\arac-l*e,rilaﬁl
5}' an ‘tM"‘Hq\ Marjiv\c:g\ deus.‘-lry

Fxt (%,)
dV\A the 59’{' 6F “'W‘amsrhom PW)\'DOL‘)D ’n‘lL(QS

I

xt,\xtk. (x";\‘%tm ) ) ty. <Tyy -
k1

~ The "H‘M\SH‘\M pwbab\h'hes are Al ‘hov\a' \
pdf’s that mueh sa‘hs@)/ He “Chapman- kolwmgorov

e q)uo:hcm

o Galm) = ) B Bt b,

<t & Ts.
— Thic s a sort of Fransitivity property .

29
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~The defintion 0 a Aiceree- Hiwme Mar ko v
process s completely am\oaoug,

Gauss- Morkov Process

— A Gauss- Markov  process s both Gaussian and Markovian .

- A Gavssian process is GGauss - Markov (| F anA ov\’y i$
e covariances of the involved RVY all satis Py
the Separalili ty condi +ten

Cov(xts.) xtz) Cov CX»'L;) Xt‘)

O-’z
Xg,

CO\/(Xt3) Xt‘B -
V t <t 21,

-.‘_”\Q boo k. wr\sic\ers ov\\y WSS Gauss-Morkov
Processes . |
—> In this cuge, +he autpcorrelation s expc)nemﬁq)‘-
Rylt)= o™
—5 The PSD takes the form

. 200p , 207
Sk (w) = v L rovE

where O and @ aré Parame*he-rs “+hat
completely specify ‘the process,
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—-S—\—uAY ~H\e Gawfs—l\/*ﬂfkm/ OV\A N\alr\LDV exa,mPlGS
wn Ex. 2.1\ and Section 2.1 o § the book -

- Study the harrowband Guaussian process example A
Section 2.12 o€ the beok-

-S‘\'w}\/ e RBrownian - Motion Process AQSCr\'bed
W Section 2.13 o £ the book.

— Experimental derermination of the autocorrehiion
and PSD 1¢ discusced in gection 2.16 of the book.

CYockastie Dif ferentiation

— et Xlt) be a  <lpchactic process and
X.d(-f\) A e SD, he a sample function.

~ Clearly, Xolt) has @ derivative in the usual sense:

X, (£) = ft—XA (1) = /é»_;/\o X4(t+a)£— Xy (t)

- We }Car\ a[go C[epme -/-he c[eril/q'f'fVQ )i(t) O\C +L\Q_
process X(t) itself, TH ic +he stochastrc
process Y (t) satis Fring

| 2
i E{[Wﬁ’m‘) - k00 } -

L ) R . o
—> This 1S |<v\own as i Mean—gﬁuarc\ d(@(er@m'hqbll 4)/,




—FmP@r’\'ieS ot 'H\Q M. S. deﬁwﬁivet

eElx)] = E [ x))

aR t,, 4.
Ry (bt) = ";il te)
Ryx ), 4,) = anxa(‘:"J‘«)
R)’(;( ("C,, tz) = B-l RXX (.tl) tz._)_
atlétl

J" -
3"tm Rxx (tutz)
ot" 9t
-Fuor o WSS process, these reduce tp

Rex (T) = ";‘A_—C R, (T)

R,zm: L Ry (T) = —w R, (T)

Ryw (t)= (-1)" 4 R, (7)

R)(() (rn\( .) 1) =

clx0] = 5 E[xtt)] =0
- .é'.ﬂ.v‘ X(-(; = _A_‘ﬁ. =
c[x] = 22 e(xe] =0
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~1& XI) and Y() ore shochackic processes, then

ér\i'm

RKWYLM\ (ti,t2) = m;n Rx-y (tta)

—> Tn the case where X(t) and Y(t) are jointly
\NS§) this reduces 1o

Ah‘fM )
- m =~ T).
Rxm ch) Ll) = (- ) T X Y (

Stochastic TInte q ratioN

- Ag w'l‘H/\ the Aerwaﬂ\/e) Saw\P|E {-\uvxc-ﬁans XA U)
ot a process X(t) Moy be Mf@jm'fed’ n
the wsud <cense:

b
2,2 | Xlt)dt.

—5 Cmsidered over the ensemble M&\i 4el )
Z, 'S anordinary RV.

-We can olso COV\dA@,r the Mean-Square ‘W\‘\‘eﬁrql of
the process X () itself. By defintion, it is the

RV Z Satisfying
‘ 2 ( _
.& A{\:\O E {[% - Z.X(H)At; ] E = 0.

- A process X(t) ic ms. integrable f
hrb
oL Rttt ldtdt <. pprg 2,32




