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\WITH'
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— Linear sSystew avm?ysfs \s cewcevrned with
FC\@‘("W\j +the input s\‘gv\a\, <y stem —@—vmc-fz‘m/
a w w&:l*rwf S\"jrml ot a linear SVQJQM,

—Tn the deferministc case, +his ic dame by
Specy v ¢ :

Sez Q\/’:j -H’\Q \“P“+/ ou'fpu'[‘/ anA ,[MP“’SQ
Pwi\e as  functions, either in time
oV N (‘fre%uem(y.

_ In the probabilistic case, it s qgmm//y (mpossrile
Yo speci, the  input and outpu-t  signals
as FunctionS.  Twuglead, they are
Characte rized m terms of heir first- and
Second—ordec moments,

—5 Henceborth, lower case ledters will be

ueed £ tHime devmnarn gl\j"\“/s “"A
Wppévtuase leﬁL&rs wo i be', used Qf

-Grecﬁuev\v C{Maf)’\ S"‘j Ma/f.
Thus -

% (+) -—*@r—* y ()

() tawput <\‘3Aq}/ a s‘bcl\«cll.‘c proce€ss .
qlt) 5 mpulse responce, determmistic
G@\ . Trang \Cf?r ‘@V«V\t —h‘m/ Ae*erwm‘:#c_.

(t) - Output siynal, a s¢ checdic proc€ss
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"Two f“\/P&S c€ avml\/r(s o(e. VA WA e , ‘50—'—[,\
arise Hemm dussrcd comtrol "Htezxy‘/
. dg"('ecdy?— S{'a‘(’ﬁv or 4 C—['a'f'fmaV/\’ avmiys:‘g‘_
- The systewm ¢ LST and BIBO stuble.
—~ The nput 18 statiomevy.

. ((Tramfel/\'f“ o tg\ans‘h"'wv\ar;) ay\alyso‘g;

= The system i< LST) and may be BiBo Skble.

— The wput 'S assuwmed 1p ke one Cw‘deco/

| \ASMaUy S—Garﬁ\nj at t=0.

— ks compared 10 sdeudy State analys's, any
responge due to an wmput Hr t<o is
Mpde(ec’ [D/ q4 hom &evo fv\/ﬁ‘ql S‘ﬁ'fa |
for +he s\/s“em at t=o0. Thn pther
NO(C‘Q( the sys%e.w\ Mt‘3h+ het be
itially relaxed.

N
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C(N\'\'\‘v\uwé - Time S‘Peadyfg*(’ufe MQIS/SI‘S

k) [l

’L&'t' H be LST awnd R0 f*aé/ﬁ W"—H’l -
wpnle resperise \r\d’) \Cr%uw@ F&’SPdV\QQ' '

l‘L(W)) avd transfec  Lunctan HEs)
—> |# X(8) 15 S5, . y) is S5

—> £ XD (5 WSS, Hgw y (e i WSS, and
X(t) and vt dre Jow\-H/ WSs.

- | P X(f) 1S Gavussion, then y[{,) is (Gaucsion.
= 0= Cxiolnit-o) de

= gv w(t-8) W(B)do

Z g0

= Ylw) = X(w) H(w).
— Y5y = XS H(S).
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— First moment of OM*PM”

E[ylfc)] = E { _S: x(6) \ Ctﬁ*e) de?
{7 e[xe)]hit-e) de

- If x(Jc) s WSS, Hhen

t[y(t)l l:[x(t gNL(f‘f‘G) de

L

= E[x)] S NOYE
= H©) E[x@)) .

o~
a nwm’:-e—r' ’CCI‘ L\/gg‘

- = Secony moment pf cutput :

E[Y?(t:’ E E wa(t-e)k(e)dg S x(tdl”)‘k(,\)’wc{)‘s
| i ( ”X(t'B)x(t;k)l\/é)l\[)\)cfgc/)?

S
g fx(re)x(tﬂf\)g NOIYSEET

--------'—"'-'a
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Lelpwl= §{Ratrdkoholdedy

S & xW) 16 WSS, taoe
elym) = (77 R (-0 kO dod>

"Ou‘tpu't outocorrelation:

= Ei { (tre)l«(@)cle S X(t,-3) h x)d)ui
E{Q gx(f -0)X(t,-2) h(6)h(}) c!eclkg
=" S AP INDINAEEEY

= ("R (0, ,-3) he) W) ) d o d A

‘....51\0 x(£) is WSS, fhaa
Ry (ti-6)tem -X\) = [U’a*%) (t\—*B)]
= R [(e8) - ta-3)]
= R (ti-t- 6+A)
= Ry (t.-t, +9-X) PAGE 3.5




S0, g
Qy(t\)'t’t‘): Sw g

-

f ]
ARG RSING h() dod
- Le+ T= -tz_ .l,l ) TL\M

SO IS AL LIS INOINIPLYFY

-

- C"DQ'SC-OV(G«A\&‘%(C’\, o & lhput ewd Outpu ‘( p
Ry ) = E[x 6 p(8s) ]
= gfx (t.) (" x(t,-0)\(6) 46 €

ng vaE[_’X UA) X (‘LL'Q)]I\(B) C(Q
= (TRt t,-0 h(0)dO.

— i § X(t) is w§*§,' let T«:tl.’t.}.'
T\’\QV\ .

Ry (0= [T, [t-0-t, JWi0)dO

—

= (" Ru(z=8) h (8) do = R e hD)
20 . -
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Ryx(tte) = [y(tJX(tL)J ‘{[ QW -8)hit)de w(ﬁ)]
- E[xm -6)xtt) [ (8o
= §}x(*.—9»’ca—) \o)do
= Fr WSS X(t) with' T ta- DY
a(T) = § Re(tirtiv0)biaide = (R (zr6)hio)l
(=0 = § Rt MLED
- R(D¥h (D)

m—

- Output Power Spec+trel ‘Dwg,+7 o WSSInpﬂL/
= Ueing the expression Er Ry (t) om Paj&3 6)

Sy (Q\ = F{Ry (£)§
= §w12, et At

~ o

- L5 Rl e IR RO e

-

SN L) { R ttro )™ AthaJA



— ffolzx[t', ()w@)]éswtclt = <, (w) e ¥y (8=X)
0o

[

32 Sy (w)= f f‘p h(o) W () Sxéw)e%w Ce-A)C&OAX

~v

asg

00 \ po \
= S ) he)e? abgg hCN) &2

= oo

= S« () H('“’)H(,w )

z ;‘Cr:.,({) - Sx CN), HCw) ]7'

— This 15 called the ((W"eher—k&f‘n'}cl\fmen
relation .

—+ The lust lme otlows Frm, the foct
thal  Hlw) = o) whew Lit) is
real (Tr““S'éWM of alfeaf Qt‘gma’ CS

C’W\juja"f& symme%wfg)—

— With the La/:/«(e -ffm'\c'farm/ ‘Hu W iener -
intchine relation becomes

S, (s) = H(sYH(-s) Sy (w0,
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- Tnput /OUL‘\‘PUL'" Cross Power  Goectrum !
— UJ'M, H\e rda"'fm RXY(-L): Rxét)*k(at) 'va\ PAGE 37}

Sy (W)= F iny (tﬁ
= 3 {Rut) ht)$

= H(w) S ) .
— Alo,
Syx(w) = 31\2),,(&-)3 = }iRﬂH&k('ﬂS
= gx(.w)“L‘“)/

Far W) resl, Sy (@)= WE () S ().

— Sewmd Mument o putput
E{y)- Ryle) = 3" ig(w)g ltzo

Fo L
= 5‘7'[&:,(»)65“ " "t’-b
= %{tg‘fr(“) &

5‘?{ S:S}c(“) 'H(«l) \ziu (LUJ) real).

u
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—Spectral Factorization
— ((SPQH'MI -Paz-l'oritaﬁbmu s the 'l'ec[am‘g ue ot

SPnﬁMj a fgtienal 'L“P lace. +ravseym into '/“wa‘

terms, one with poles in the right hal¥- plane
only cnd ove with poles in the et
hal¢-plene  omly,

—> This technigee s important in the cle velopment
o€ the Wiener Fiter \

— et £(t) be a Sguare.—m'fejraélc funchran
with ratienal Laplace Hransferm F(s).

— ¥ £f@t) i< %g_(_) <o that £(t)=0 V¥ t<»O)
then F(s) hac poles n the lef+ half-plane
m\ly.

— |H £(#) < an‘f‘fcaum// so thet £(t) =0 V>0,
then F(s) has poles in the right half -plane
only,
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= Now et £(b) be an arbitrary
sobma—‘m“regra‘:(e function with rationa)

| L“P[“Ce trave form and define

¢ ={Ftt) ) tro
NSO AP

F(s) = FB(s)+ E(s),

where Fr($) has all poles 1 the (eft
ha\f-plene and F- (s) \/\asval\ poles
(A +the Na'ﬁ’ halt-plane,

— By Ptf-Furw'Mj “backwara(s“ Pct\f’h"‘tl
(\*ac—\'{ovzs) 4+his  can alse be writlen
as +4we product

F(s) = ¢F; CS)CECS))

whete B (s) has left half-plave poles

o0y and A (s) e right half-plane

Peles ey PAGE 3.




e*ta t <0
'€. (t) = { o t7/0
-t
.F t - e ) t7/0
v © , t<0
Z
F(SJ: 0(2..52
=S¥ | s-
—— \p—
5 &) £ (s)
|
T gre S=ok
\”_) g
Tis) L)
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EX: Let H be a f'irs\—vorae’l‘ \W-Pasg Lyl ber
with Lrequency vesponse
l
HLW.) = | + &TU
ard let the wmput x(t) be band liwited
white wnoise with PgD

A) lw] & e

() 3 { O, lw|>wWe.

2
Then Sy (w) = Sx(w) |Rew?l

A
% reorSNCIE S

O ) ‘,W|>w¢,

The §€COY\A MWA&~W+ og the 0M+Pu‘l’ 'S
We
e[yt] = 2 —hs du

2,2
e | + Tw

= T{i archm(u‘,?‘),
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EX: Let H be as in the last exawmple with
\

RU") - H-}Tu
ond let x(t) ke g wwie voise with PSD
Sx(w) = A ’

(A
Then Sylw) = Swlw) [Hea]
A

————————
| +T=w?™

and the cecond wmoment of -the euctput 7S
_ . (A
\;[Ym):\ ) zTrS [T A

L B -
- B—\?MN o arctan [8)

. A
1T

Discussion . True white wnpoise is whot ‘P‘nysfcal(y
rea)?zab(&) kecause Ex(t)= S(t)

=> Rx(o) —>
= Vor (X(t))—>2 fr all T,

What the last o evawplee show (s thet i€

WeT g l”jej so thet The noise Ea»\dwrdﬂd S V\AUCL\
|arjcr then the Lilter passband, there is little e
N wodelling +he bandliwited wnoise _}as PAGE 3.4

white




— Noise Eguivalent Randwidth:

— Let H be a Citter with Trequency, respeng
| Hew) norwmealized to hove a peak value
OG’ 4— - ll-('(,uj\

J-\

= Let the input he & white Woice with ”ampl}ﬁde“
A < "‘Hna'l’ Sx (w) = A
—> T hewn +ke se-cmc! \Mmey\‘\' o‘F “HAe‘, oa‘f‘pu‘f s

‘,w
E[)’z‘t)] = 2115 AHs)HCES) ds.

..éoo

—y

- Now consider an idea| low-pass £ iter
with Prequency respemise

1

> W

2TB.

where the input is X(t) from aboue ane|
the output IS }7(&),
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= Question: wWheat value of B will Mak&
elyt1] = E[§20)] 7

- er °
Answ 2T

EE?:&)] = iLﬁS A dw

-2MB

Yy
< 24B= 3% | AHCS) HEs) ds

.
o [ THEHEs) ds. (Herts)
). ; ,

= R s called the Cpoise eféuivalenT
bandwidth > o4 the Lilter H,

P
Nete : 2—/1—1——% HC‘)H(I’S)AS K l?‘(e Q¢ nvergl
y =

Lqp(a(c "['Vans@rm cN& lua"’-(’) cd' t=0.
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— ((Cc)[of‘(‘/\j“ o “ S\AaPiV\j\\ =N H’-@\

— The weed arises —Q«recéuevx'f ly to 9gen orate
o correlated noise " procets by Passing
a white noise  theoosh @ Linesr Lilter.

EX " You have a f\‘H'e,r) and ¥ou went

4o Cind the ouwlpuT v respense

4o a correlated stochastic process
with a specific BSD.

"You \/\auc a  un form camjmenﬁal
V‘aV\AOW\ devidfe 3ey\eraJ('or aVai'a(o/e/

and this can gimulate a  uniforwa
white holse,

You want 1o c’@s:‘jm a filfer H tht

will japut the white npice and oy tpu,“[‘
a roise having your reguired
cofrelation Structure.

- Supé&se 'ﬂ\e_ th\Fut‘\' bu\ni'\”e_ v\oise X(,)CJ L\‘*S
a unity  power Spectruwmn:

S)c CN) = 1 .
- Supposa S),Cwﬁ \s the c\esircd PSD.

—_—
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- Vo &esi\cjv\ RE), observe that

.
Sy (w) = Sx(w)l\-{(_w) \7_ = 1. 'HL“‘)l .
A%Sw\m{ﬁj "mﬁ:& ‘HAE. Aes‘\red +V‘QV\$‘C€V’

‘Cw\c%\‘m .\—\Ls) \S ra’\”\om\ OV\A WAL WL L WA
Fb\ase/ we have

S, ()= His) HEs)

w\;t?'c,\:\ can Yo <olved for t-HS}.

Then:
C'?- or\r3 Co\o\"&d NOSE
white _sf fler— Y
noise |
X (t)

where (1) Wil hove He desiced
cocrelattem  Structure.

EX - \'\)e want « \C\‘H?yr J(\/\c[" will ‘W\Pu"'
A sh-hm\ar/) uV\‘n-h/—vaNaV\ce white

noise and output a coloved woise

with PSD
W+ |

670’”') - A +tb4

PAGE .13



2
S, (s) = ST |
st 64
_ s+ \-s
$*+ 45+ € <44+ 8
o —
) HL-$)

= The V*e«r()w'rc&( "hl‘aV\S‘(ef ~CuV\C'h‘a/\ fS‘ |

s
HESY = "o ase g
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USC“C'\E Time g(eaAy S‘Fa-te AV\& lysf S

Ay "“’l‘a——’ 7k

~Let H be LSI ond BiBO stible with wpule
response by Precbue/\/\cy responce. H(e?*)
and ‘l'mMQar Bunctren U:)

—First wowent of 4he ovﬁpu'(’?
Dn)= E[E o] = E[Fnen]
| - Z,\k_iE[Xa] - ZL\{EEX“';‘]

r 4 -
|

‘—?I‘P XK \S \")SS)

E[y,{] = E[XK]Z,;L\;
= E[Xe | HE©)

L~
a V\M‘MW
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~Sewond Moment o€ he Ou:tpqt;

08> e [ Zane ) [T ) §

= E ZJZ X% W he-g
!

L

Zz B0k ) bt by
= ?‘Lﬁ_ ey by RuCind)
> [ X is WSS then Ry (i) 7 Re(5-i), %0
e[y ]= Ezl,dz Xest %oy hi k]
- Z%‘ E{ Xt ey ) hik

— 7_2 Qx Ck';J k':)) L\" l\J
(N




-output Auts correlation:
Ry o= E[ %y, |
- E E[?WX\M][%M xﬂﬂ
: 2‘_ hikg E[?(ac—‘-xbi}
_ %u Ry (k= 470)
S If X s WSS, then

Ry () = Ry (A-K) = Rylm)
wheve m= )k,

S 9}«('“ Z:lal\k (L-k+i-j)

= ZT \'\‘\'\A RX(W\*L‘—J )‘
Iy
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~ IV\P\KV - OU&JYP\A# Cvoss Covvelation

- 2 \'\_‘,\ Q}CF,ﬂ—i’ ),
— If Xg. is WSS,
Rey (k4= Z hi Re (L-K=1i)
(Mﬂ@ ’R,){(_W\)’-Z-L\ RXLM?"\)
o - Rx(,m * I\
nyb«) ny(—n) ZRx(—n i
- ZQX()‘H )L (Qx g g_\_,_-e_m_)
('k%:";) = % RXLM'\c) k‘K

= Rulm) ¥ how
PACE 323




- Oufpul BOWET Spectrum for WSS input

S (2)= B[Ry S
lasf V‘CS\A”‘
= Z{%\,\;MR*(M*'"J-) oo ?.G’L%-
=L W Rl )
LN |

= . 2 by Ry ("H‘""& ﬂ‘[m

bkt > ) T TRl H‘] -]
h K ~—%. ° |

mek-i *
= Tha TR X hSas

- H(t)HCE)SX CE) .

=> This s the digcrede-tme
wiener kintchine relation.
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- Tt /Outpd Cross Power Sectrum & WSS nputs

S (2)= Z {0y 00§ = Z §Rtm) ko §

= HE@) S (7)
Six (7)< Zizyxé“")j = Z{Rctm) ¥ U"“"X
= H(%)SXC%)

- First Nowent of output L WSS input:

E[Yk]l’ E [2.: \RX\:—‘\_]

= 2ZLE (%]

T2 Arber
= E[xk] Py
= E[_-xr] Z I\;e"é“”‘/

= E[X;_M—;(o)

w =0
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Continuous— Time MOV\s)m*\‘mAav/ Analy s

- As betore
| x (1) q!—(:ﬂ—-—% y (1)

X“'): SYochustic “Mpu‘\’

yu): Stochastic outpul

H: causal determimnistic LST system,
H () F(‘e%u@m(y Fesponse

His) ¢ Transfer funcyion

h(-t).' lmpulse respenise

- We npw assume that the nput beﬁimj at twme t-0.

= Ay Nontrivial system response at 120 due to
PXcitqtion pror 4 tzo % cmstA@reJ to
be a nongero initial conditian  on Y[t).

ND\'e.' T4 is Jewem\\y Be'&er“ +o \/\awé\\e ’HMS

Situation usivs.j Hate space 'MedeS, l?‘—tT

the buok lpoks at Lremn e
c\gssica) Viewpoint a  Cwepter P

PAGE 3.26




R=1M4
" ,—L-?vwa) y(t) c=1uF

L _

X(£)* WSS Gayssian White norse wyit+h bLV\H
wmasgnitude PSD,

— A+ t—"O) the switch has been spen or
a long Time and the cireuit s at
Steady state.

— The switeh Clpses at t=0.

Step 4. Charackerize the wmitiel condidion
= Since x(t) is Gaussian, so is the
initial  condition )'10"

= Sice the capacitor blocks D¢, y(o7)
IS a zefo -mean NOvy mal R\j

Transter Function: H (s) = H’Z

PAGE 3.27]



=0° - E)’ (0)

Ew(t)]tw = Vor Lyi0),

= i“{ 57t$>§2’t o
= L iS ) His) Htﬂi)
= i ?1 HLS H (- S}% l{;io

oL i \

- Zﬂ& “{W I+2¢ |1-25 ol

- (¥ +st
2T} S e & ds

thel tzo
- L
= T
= So ylo) s an N(o %) RV.

-S_'\E'?;Z_‘-_ Characterize the Traunsieat Respmsef

—wWhen The switeh s doseo‘/ the node
between the resistors v grounded:

ACY SNy

o

PAGE 3.2%




~Feomn =0 onward) +he 'res\buv\se y(f) S

due o the mitial condition alome, and

s Mot gltected ky He Gavssian voltage seurce.

::> Twis IS ca\bgd) he (Cum{wrceoln -l-\mwsienf
Cesponge. |

~>Qeo\rqw;y\j and weiting KCL at the top node:

. 1\ e
r | +
Y gk R YW=l

— .

+
(c(t]: C'ULH:) ‘
() = Fl(t) 7 R
kew (@t lgl4)= 0
Cult) + RV. (1) = O
C\-_svats)“%&f)) +Jﬁ Ve ls) =0

N (s) = &'ﬁf:%“
S+ RC

.
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o yl = % i)= (o) e-—t/gc,

~The setond woment of fhe response is then
qiven by |
E[YZ(H]": P\y (0)
= E [ﬂ/f(o') e
: E[vf(o')] g2 t/re
- 1 p-2t/RC
" ¥ e

ra——————
.t

_2t/re¢]

_M._O_-.\—E—; 'H\e seco«\A woment i< a -C\AV\H’/‘W\ ot
t. That ;S/ the ‘M\farced

Transient respense Is not WeES,

UoTE : Whet we have just dome s analyze
‘\’\\e ‘\'TQM)ETVQSPoﬂJe ot the LST Sy stewn

t =N\
X(t) ‘jX: ) )

o

Aue t5 the nitial condition at L=0 “'Me)
with ‘t"be input x(t) = O-

=> Underced Transient response. PM}E 33@




Forced Trausient Respemce

- Now wWe mm(yze +Hre -(’mng"emf responge. ot an
LST sys tewr Aue to the MP«,LT alene, with
zevo nitial condition  (initial velaxation)

— Thic s called the “Forced" “trancient response

- one a\cjcu'n'/ we assume that +he Mpa'f
¢tacte at £=0.

Note: we ore still assummg hel the systews

(S Cau(a,«‘ ' because H is cavsal.

y lt)= f X(p) h(t-8)d6

= {tx(t-—&)l«(é) d&

[4

ELyit)y(t)]
J (t, -S)L\(Q)o‘éf (t.- ’\) ‘\(’\)OI/\]
-

Ry (£, =
- [
f

[ThsI0) E [x(4-8) % (5,-2)] dg dN
= [T hieyhe) Re (-8 tan) dodd
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> & W) is WSS, Hien

t (¢ |
Ry(t)=f0 L hB)h(\) R (T +6-2) dodh

- In +he WSS casé, He <cecomd moment ot
the putput i< 3‘(\/&’\ 'by

E{:y"(f)] = Ry (o)
= [ FhieIh ) Reto-) dodh

'\_E_C_J_j(_é:'. The aLove afe \Sus’r speu‘q\ casées
ot The Strationary av\alys«‘s we did
lbe-(larejw\de/r +he a$5ump+fa/\ ﬂq‘f
H i cavea) <o that hit)=0 ¢ t<o.

= In 3@/\@!‘«,', +the total cespomce of +he

8\/5‘(’6\«/\ 8 the sum ot the respmse Aue
to the initial Condition and e lesporse
due & the nput.

e.q.
3' ) -To'('a’ Qgstje = Uv\forceA Q.&SPW\SQ
~+ Forced Response.
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Re\q'\\'ﬁ‘v\s\u'P Between Resmse o6& a Discrete-Time

Syga\?em To Stechastic laputs  and
ARMA  Models

— Fo @ continuous-time LST syctesn with rationa )
‘\'f’mﬁ@@r -(:“v\(*\',q/\) +he W\P%—l' /aqupd' rela f‘(MfltP
< a A\€€Jw+\al e%wa‘f

K
Z Ay jtk Z. 2 44,_9. X (t)

—> Withat loss o jwuali‘f], we a<sume
Hha T ah:i'

= The Yrancfer Lunetion 15

i by st

Hes)y= 4=

iQKSK
K=o

Note! For  Hs) o be a proper ra‘h‘a'v\a\

function, e reguire that M <N,

PACE 3.33




«a'LttewiSS'e/: iop a Aiscre-‘re:— Yimg LST systoun
\u“i"/\ raﬂw\a’ ‘bmmg@er -@\»\V\C'Yz‘cm, W
input /output Te\qﬁmck,‘[z s a

0\[ fLeyrence eﬁ/ua‘(“im p
n

m
Z aPé}’\«;p = 9‘%{:9‘- Yty

(>: o,

—> Withoat o of Jevera iy, we assume
‘Haaf ah-: 1,.

—> [For HE) o e a proper vational

P\AV\C‘\’\“&V\, we rc«bw‘rc Hat mn.

"l'Q XK (S aS-l'oCL\asfs'c rFoCeSS with fa'{’fof‘d)
TSD, then Ve s also a sdochastic
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