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MODULE 4: THE WIENER FILTER

~ The Wiene© Filtec addresses +the addi+ive noise MMS E
Sij'\ﬂ\‘ e stimation P_roE‘em:

W? There s a “decirable” S'Mf‘fS’f\'ca,
sijvxa\ and an Uwndecirable’ random norse,
~Both gre modeled as stochastic processes.

- The autocorrelations, Power SPec-é—m‘ dems)+s'es/
Crogscorrelat ion,  ond cress PSD are known.
GIWVEN : The sum o+ +he S{jr\a\ and noise.

FIND i The bect e<himate o0f the ,Sv‘aha‘.

FIGURE OF MERIT @ The best estimate of the
Siﬁnd is +he one that winimiges the

mean (expected value ) of the S%Mm’erl—
evrov,

NoTE " T the 535vm\ cmc\ wWpise are: spec+r¢()ly

it

disjoint, Fhen -H/\ey can be S@para‘f‘ed
by a linear filter. Statistical technigues
ave not re%qired\ n this case.

— The 'lmteres%‘mj case is when +he sijwa/
anol nise have o\/er/appirﬁ SPec”-(-ra_

In +his case, no linear Flfer <can sepora €
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ﬁT‘/\V&, gi\)evx hat no linear Eiltec can Pef@arM
6 Pef\ced’ separa‘ha/\, we ask:

“what filter will do the best job
in the MMSE sence 7"

Symbology

x(t) ¢ the desired %ich\a\.

n(t) ¢+ the corrupting noise.

Z({:)'-"J(H\i‘h('t) + the a;ve)(\ s(f)na',
y.(t) = R(E) t our ectrmate of the signal X(t) .

Gl - _ A
Z(#) = X®) +n (H) —a)_G—_I-——% )/.(t) = % (t)

~Desiqgn the Filter G so that R(t) is the
OP-\’ima\ estimate m the MMSE sense.

— Since we Seek to optimize the squared-evrer,
We must Licst Pind an expression for it

Z(s)= X&) +Ns).
)/z(s)i Y(S) - G(S)Z(S) = G(s)[}((s)”\l(ﬂ]_
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- The e N the estimate is 54‘\/6\’\ l"}'

e(t) = x(t) - X&)

-5 b
E(s) = X&) = Xts)

= X(s)= G (s) [XCS) t NL‘)]

-—
—

Xts) = Gs)Xesy = GLs)N(Gs)
= [1-66) ] X5) - GeoaNes)

Ervor due Yo :FV‘DF AMQ
\A‘H’@(Mj the © the noise
S 1qna|

=> Until otherwise S—hfeol, we will assume tha T

X() and NE) are WSS ad 2ero wean ¥

— Then 2(t) and ¥(t) are also WSS,
More Symbols:

Se(0)=L[Re(1)] = PSD of X(t).
Sa(s) = L[Ry(1)] =PSD oF n(t).

Q“'c.nv

A ———————

x
For INN S Processes, Yhe zevo wean assumption (s net
?g‘ffs’m‘dr‘ V€. Each process was & constort mean.
T g NoNers) 't can ke easily Subtracted. Phoe 4.3




— Now Co( the Mmean %cbumedl exrot It witl
toke come work...

Re(t)= E fe(t) e(tw)}
= £ i [xtt) - X)) [xetro) -4 (tﬂ:)-_\ z
= E ix(’c)x(t*t) “RE)R(ET) - R (1) x (t4T) Q(t)fct*t)g

= Re(1) =Ryt (1) = Ry 4 (T) + R (T)

= Se) = SxB) =S 3 5) =S5, (5)e Sp(s) . ()

R(v)=E iz (t) 2(t+1) g
e {0 en@] ety encerty]
E {x(t)x(tﬂz) +FX(E)n (£+T) t R () x(E+T) + w(t)h(t”-)j

-
——

—-—
—

= Re(T) +Ren (T) + Ry (T) + R, (T)

= 5 (5) = S () + Sgn(5) + Sue () + Sa (5)

Now, using the Wiener- Kintchine relation Prom Page 3.9

Sgs)z S2(5)G(-5)G (s)
= [+ Sun ()7 Sual5) #50 () ] G (5)GC5) ()
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RX,Q (‘[) g ix(t) )'(\(’c *’C)}
< € {xo [zt by ()]

= E{x(t) [ (xu+t)+n(t+t)> * 3(t+t):‘ ;
=E 2 X(8) [ X (4T £g (LT ) + n(trt)wj(tﬂ)]g
=E %x(t) [_g:xctftfe)g(e)de +_5:h(t+t-/\3 90)41)\} g
-E g _{:x(;&)x(tm—e‘)g(e)dg + Lux (t)n(tn-x)g(kﬂ)\g
= (TE[xwx(er-6)]g(8)dg +-’S:E[;((Jc)h(ﬁt')\)]?(}\)A)\

- o

= (TRe(z-0)908)do [ TRy (5-2) 5 01) d
= R 900 + RynlT) £(T)

= Sur (5) = Sx(s)G(s) t Sxn (s)G(s)
= G(s) [Sx(s)+ Sxm(s)] (%)
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Ry (t)= E{ X (t) X(t*t)—g
3 { [z(twgm] x(m:y%
: E{ [(X(;()*“(t)) *’6&3} K(tft)}

= [ { [x(f)%j (t) + vx(t),\uj(f)] X(ttT) E

= E {~:_§:x(t-e)3(9)c\9+ Swh(t_)dﬁ()\)c[)‘])((tft)j

- o)

= { -§°°x<t—e)x(t+t)3(e)<\9+ g“n(t—x)x(un)amaxj

J:E[’“t’a)"(t*t)]ﬂw)cle + S’ E[h(f—x)x(ﬁc)]g(x)c(}\

-0

e Soo Re(tte)5(p)de t SMR,,’X(U,\)g(,\)A)\

-0

0(’*""9 /3:-—)\ |
= ijx<t—x>3(Td) AbL-'-gMRn,x(t'ﬁ)ﬁ('p)C{ﬁ
= Ru(T)¥q(-T)+ Ry (TY 49 (-T)

=) Syxls)= KXIGs)+ Sy, ()G (-5)
6L [ s ()] (#)
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- Plug info (H) on PAGE 44 the Following :
Sy (8) Feomn (¥F) on PaE 4.4
R (S) Fom (¥) on PACE 4.5
S3x(s) Lrowm (¥) on PAGE 446
= Sels)= Sk ls) - G(.S)[Sx (s) +Sx,.\(5)} - GC~5)[chs)+§n,x(sJ]
+ GUIG (5[ Sx()+ S (5)+ Smx (s ) £, (s)].

~In general, the MSE 1s given by
E[et)] = R (o)

=Z" {Se(f)z
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NOTE © Recall 6ur assumptions twt x () and w(t)
are WSS ard Zerns weap.

—> In the special case where X(t) and v\(_‘ﬂ ave
\)\V\wrre\qfeé (assumec\ otten 1n Prac—h‘ce)

W \\a\le .
Rx,n (,T,) =0 :> SX;V\ (S) =0

Rn,x»h(‘d 0 = S'\/K )= 0
— Tn Hus c@se)

)

Se ()= $x(5) - G5)S4 (5) - G(-5)Sx (5) + G lS)GL-S)[Sx(s)*r% cfﬂ
S = SXE)-6lSk bs) - 6 (-5) Syt t G(5)G(-5) Sx(s)
| + GG)G(-5) Su ($)

2 [1-669)-615)+619665] () +6 ()6 ()5, (5 )
= [\-G(s)] [_I—G ('S)) Sxl(s) t GLS)G(’S/)SM (S)
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- Plug'gmﬁ the lack result on PAGE 4% into (#) on
PAGE 471, we lave

E[ez (t)] = Z‘ﬂ (ba—as)][pc(-s)] Sx(s)ds

.
£3m 3 GBS, () ds | ()

~d‘°°

X (t) and V\(t)vuwwrrclafeo',

= which s Eg. (42.5) on Peje (b2 ot the beol.

- Ear'y aftempts to minimize the MSE went like this:

Tl Assume a parameterized Lform for G(s)
2. P(\Aﬂ ‘\V\*o (.k) on PAGE 47 or (*) a‘bve‘

3. Solve the iv\\’eﬂra\ Lor E[_—ez(t)] n terms of
the Parameter ()

»

4. Ue standard calewlus +, £ind the pavameter
Value (¢) +, miniwize E[e?(t)]

NOTE ¢ This Procedure optimizes only guer the
Parameterized clase of Cilters assumed,

See page b2 of the bppk for an exawple.
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Wiener Filter Problem For mulation

Z(t) = KO (E) = G sy (£) = K (e+a)

= Input 2(t) is the sum of the desired .St“'jMK' X (t)
and a corrupting noise n(t).

- X{) and n(t) are covariance 5+q+\cmar7 stochastic
peocesses with Krnown qutocorre(a‘nong crosscorrela‘rladf

spectral density, and cross power spectum.
-G s an LST filter

— Ouﬂ»ﬁ )flf) 'S coVariance Sfo('homar/ (My transients
»\OVQ d\ea Ou‘l')

Problem; Find G(s) to winimize E{ezﬁt)g) where

elt)= x(t+«) =y (t)
= x(tte) = R(tt+et).

Notes ;

—when 4> 0, G tries to estimate Luture values
of X (1) based on the values of 2 (t). Twis
is the classical Prediction Froblewl .

- wWhen %20, G +ries tp estimate the curveal value
6f x(t) From Yhe Values oF z(t). Tws is the

C\uss\m] ‘\'er\vsj Pro\ﬂew)
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~When <0, G tries to estimate ]fas—f values
6f x(£) from the values of 2(t). This s the

clussical SMOO'HA‘W\i Problen .

S IE the ffl'Fér i€ allowed *o consider all values
o€ Z(t) in (ow\Pu‘Hnj 'y[t)-:—)z(ti-o(.)/ then it (s
nt causal... € 1+ is a noncavsal €iltey

—> If G s only allowed o consi der past and

Present yalues of 2(t) n Com putmy )’“):)utﬂc))
‘hen & s a Causa| Lilter,

—> [n either ase ((avral 07"\07\4.414541)) 'H\e 6’65}

© Tt minimizes E[ezét)] ls called a Wiener Filter,

= The Stationary problem can be $ormu loted
i the  time domain or in the fregquency dowmain,

- The Preg)uency devrain Lormu

: lotion is e‘egqn"‘- However,
1t does  ny+ generclize

)
| to the none Mhbmary case,
_Tkev‘c&rel we will formulyte the problem m

the time domatn.
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~ The eShmation excor e given \:>>/
elt)= x(tta) -y )
= x(tte) — R(£+).
- The MSE jg

= {X (t+¢)~2x(t+¢)§ 2(t-6)9( Q)JQ
+ f;(t—/\)gu)cuf;(t—ﬁ)9((&)45}

- E {x (t+o() 25 2 (¢- B)X(H&)g(g)cjg
f Z (XN 2(t-8) 9(A) g(8) d) c’ﬂ}

—-‘”"oo

:= ng(tﬂc)xm«)} - 25

-0

o

E{2(t-8)x (++2)] 9 (8) dB

+( fE{z(f-»\)z(t—ﬂ)}gm)a(@)&Aa

* Relo) -2f Ry Garo) gt6dde + (7R, (rg) g0 00) s
(+)
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- The Prob\@.m is to find the 3(t) that Mminimige g
E[ezm] in (#) on pege 4(2.
- Thi¢ s a problem ww the calewlus of varrations,

- We are a.%um\wi Hat %(t) 16 the impulse regponce
ot the o0 pPYtmed Q{\‘\ﬂer

-~ For an arbi_jrary Fiter H with impulse response W,’c),
we My write h(t) :'3 (t)+ EN(t) , where
- MH) is a perw‘urbmj function
-~ £ ¢ a perturbation scale factor

— For the fitter H, the MSE i<
E[;ez(t)] = Rx (o)—Z_f Rex(2+9) [9(6) +£7(8) ] do

+ [ R0 [a00 100 ][50y + £ 1(8)] dAdE )

- Joo

— In +he limit as E20, hit)> 3({‘) and +he above becowes
the MSE of the OP'HMQI -P,'H‘e_( 5“7)

— The MSE above is a {function o £ and ()

- We an oPJnfmize with respect ‘o € Ey affﬁferev\ﬂqf"”j

C Mith recpect th £ and etting  the result
gual to zeyy |
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- Smoé 'er% SPTimum Lilter is obtained when £=0,
WE can obtain A constraint om g (t) {>)/ QValqa'Hnj
the ﬁ‘é““’““‘ oHa'“cA N +b\e Pre vious step
at £=0.

= With Luck, this will give us¢ a constraint that
can e solved Ly g(t). The solution must be
valid L"( QTE Xrary chotces ot ﬂ(t)

- D\@@@ren‘%\ﬂ'% G") on PAGE 4, 13 with vespect To €
e E[e“‘(t:l - | ,
‘fzﬁ {ROA 5wt F4O)E )£ 20)90) 2 T0) ) | B

~7 (szlx(oﬁ'e)[ﬂ(9+57Z(?)] dp g

=3 {S@ (R O-pIOIg@ drdp+ | (R (1-B)a ) 108) dAd0

* S RODNIOD + (7R )2 200)26) drdF
_Z-SZRz,‘x(ewe)ﬁ(Q) dp - QS“QZ_)X (ﬁg) e (9) do ;
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_ZERY

= 53{1_8:5:%-@) 5(2)3(8)dxd8 fz_S: 5:%(*-(3)90)’1(9) dndp

*EL Sypgo’ﬁ)n( )58 dAdB + 52_§: S:l;zU‘F') 20\ 7(g) AAJB

—ZL Ry (4+6)4(0)4g - 2¢ SNEQ)X (L+0) 2(B) d@j
» ’ - -
ZERQD

2§ R 005010 ag + |2, 08720030 ddg

+2£-3: S:E? O-B)1O) () ANp - 2_&}%,;((4*«9) 16)de

= 0.
~For the optimal Lilter qlt), £=0; this bewwmes

6= g R oqesgu)w)axam Y g R O-8)(N () ArdB

(.

TLet G=X, ¢=p Let g=h, $=f8
-2 R, (wre)2(e) dE

=0 Ra(4-9) g W lpayag « [ [ Rale-) g0 dfdy

-2[ Ry (e0)(8)dp
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- But R‘;CL\:QE(;"CB) So thts beomes

ZSwLR;(sb‘@)gUPM(tP) dpdy - 2_‘:'22,)((“* 0)7(8)do = 0.

-

\_\,__’———V' — hN ~— —
Let T =14 Let T =06

(dm‘de borh <ides (3\/ 2,5

| R0ty avic- (7 (i) de - 0

- _v ~w

S [-Rye(v0) # §Ryp-0)gWag ] dL =0 )
= This s Eq. (43.7) o0 page 45 of the bool -
— The noncavsal and caysal wWiener §ilters are

; corsidered QQF&M*&—\) fee the vremainder of
the Solution .

Noncausal Solut o

—Since () above muct hold &r arbi‘rmr/ 7l(t), we have
Ra(s+T) + { Ry (9-T)§(8)do = 0

- 00

-0

("R(6-0)9(0)de = Ryy(a+)
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- Since RE(I) :Q}(—t) ) Twis becowxes

Sm R (t-6 )3(9) 40 = RZ)XUW— % )

R%(t)*ﬁ (t) = Rey (T+x)
S,(5) G (5) = Sy (s)e™

Sz (s) €™
S ()

s

—

G(s) =

= This is the Fransfer Huncdion of The opv‘fmatI

(M‘»mMuM Mecm—s%uareﬁ errar‘) Noncauvsal wtiH'frT

=) This L l{er 18 called the noncausal Cmﬁnuour"[’iw{
Wienet £ \ter

OP‘*’I‘MS‘},Q""\W\ over
NoTE ; This s an LST iitey {‘('\«e class of LST

€ilters.
NoTE : By d\"“i“ﬂ 470, d=p, or <0, This
Q\ter i made optima| Lex

prediction, L(H‘e»m‘vle and SW\OO'Hﬂ'vj.
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-wWhat & the MSE o€ e opiwal Civker ?
Eq () on PAGE 4|2 -

E [e‘(t)] = Rk (0)- Z_[EE,X («t8)q(e)dg

* f:f MR&O«P)@OM(?) d\dp

+

; U (:-6)5(0)3(8) dX 4§
-5,

n

Raye (4+8)3(8)df - SRZ)X(d*re)g(B)cf&

= Rx(6) '_[ij,x (“*8)5 (8)d 0 +_[6([@) [ g, x (%+8) '4 E?“_'S i (")d)«‘cﬁ

. _J
2er for the optimal Eilte
see bottom PACE 4.1,

= Rul)- [ R, ((4+6) q(6)de

—> This s the lpwest MSE that con be achieved Ly
any LST Cv'l"’tf/ noncavsal or cavsal,

- A'"kujlw ‘He 0f+fmal £ Her wil) jﬁnera”/ be
?\or\(aum'/ I+ May Smetimes turn out o be faufa/,
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Cansal golufhovl_

—We now teturen To = (¥) on PAGE 4.1|, and colve
L the OP‘\'\vv\a\ Cawsel LST Ci\{’er,

— Since  the c(ass of causal LST filters s g
Subsel ot +the clacs of noncavsal LST filters,

‘Hl\e ()?—hw\a\ Cm)Sal C\\‘\(er can not be beﬁer
_H/\M’\ *H,\ef OP'{’ima’ th’\caUS“a/ ‘p(/'f'?f,

~For the optimal q(t), we have agqain that
Lﬁ(t)[—fiz,x(owt) +}§3(9-1)§(9)d9] dt =0 (»

“Tn ths case, 41t) and k) =q() ¢ £1LE) are hoth
Causal.

— Thus, N(T)=0 VW T<o0.

—> So (#) above is SaT"SF\‘eo\ for T<o ‘W\C\ePe"‘AeV\T ot g(t).
—> The constraint on ﬁU?) then becames

{ Ry(0-2)gi6)do - Ry, (x+T) = O, T% O, (#+)

= This s the famous “ Wrieney - Hopf Y Efbu\ah‘oﬂ.
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~The classic colution to the Wiewner- HOP@ Cqua ton
makes use of Spec*ra\ Lactorization.,

— The left side of (#4) on page 4.9 wust be zevo
‘f"o( _C"/O)

—> for T <0, however, 1+ i unknown and may be
honzere.

- % we re-write (vl‘v{‘) on 'pqae 4‘/9 as

f;z(e—t)g(a)de - RM (4T )= a ('C))

unknown, T <o

Where alt) = { o T o
‘ J 4 .

“QPP‘yihj the LQP,OLCQ ‘(’Fans-porm, we. have

G(S)SE(S) - Sz,x (s)e*S = A (s5)
G(s)S,(5) = Als)+ Sa,x () e*®

= Now we spectrally factorize +5 o btain NOERMOFN CS))
where §7(9) hag gt half -plane

i poles only and
Sz () s right by

\$-plane poles 0"‘}’.
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= This gwas us

Gl8)ST () S 1) = AL+ Sgxls) e
where
G (3) = lebt Kalf-plane poles = Yranchorm of a caval signa |
S;(S) —> left ha\f-plane poles — trunsborm of a capsa 5\9Ma| |
S;(S) —> right half -plane poles = Fransform of an anticaysal Sigml

As) = HﬁH kn\{'plane Pa\es-? *ransform otan anticausal Siq he |

SZ)X(S) €%° = may have poles in both halb-planes
— '\"‘N\S-Corm of a St‘jM' that is not TFS"'N'C"?A

ars Be CquSa‘ or an‘hcqusa«,‘

—D‘"{wdmﬁ through by $7(5), we ob+tain

A( ) SZ’K(S)CQS

S t(s) = ¥

<)S() 57 5) 5265 *)
Trzmsﬁarm ot a VA TV‘C(V\S‘FO'Y‘M ot a
Cavsa | s.gmi Tram-ﬁwm of an Hwo -sided S'S““‘

antitaysal 5fjh4[ ,
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— For e%u‘a\\“’y To L\o\c\ 'S H’) on PAGE 4"7’|)
: S
-1 .5_(_5_)_} "Z 3)"“64
Z l( SE ) Z NG
Must cance) each ot her for t<o.

~ For t>0) Z—I{SA(;);)K O.

= Thug, for t 70,

- \ - o 5) (S)eds > ,
S e

= In other words,
Sy . ( «S
Zz" {Gmsk (s} I f A s)eg_g ult)
| ——Ngw take the +ransform ot both cides and Solve for 6(s):

OMOES S Fal S%,x;?é:s ]

Si,x(S)edS
Gs) = 5*(5)1{ z $3 (s) }u(ﬂ\g

—

= Ihn Words

S S e"‘S
\. CoMFV\,’\e_ -Z—)}..Sl_———-—

Sz (5)

2. Take 'H\Q \nverse ‘\’ravxc(:orw\ onc ‘H\Q re,suH’ 'Ffovv\
S*c{> (1) and W\\A\Jri\?'y lay ULU:),
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3, Take the teans form of the result of stee (2).

f Divide the result of shep (2) by §T(S) to
0\)‘\'66'\ (7(5)

— Examples are qiven in the book on poges 167-112.

The Nonstationa ty Case

-We il not cover thic in detail.
~ ks before, Xlt) and n(t) are covariance 5401““‘4'\”7’

Stochastic processes with known au+ocorrelq+ims)
power cpectral densitieg , Cro
Crocs  power Spectfrum.
~In this case, the input 2 (t)= Z:X(f)‘*”(t)J“(t) E
applied at time t=o.

ss correlation, and

Z (£)= x () +n(H) 720(-*(?_; y(t)=R ().

— A specialized yariational approach e ‘A‘V\J"’\j
g(t;t) is given W the byok,

- The ¢olution is a causal, time-varying linear £ilter

| - This leads +o a treatmeat of optimal estimation

in terms of the co-called “innovations process’
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Ortho jona '«‘l’y Proncr P ’f_

DEF : if X and Y ave two RVY  such that

ETXY) =0, +then X and ¥ gre called
0r+\fwc>3cm \

ra——

> 4 X ad Y are zerv-wean, Then oﬁq'\vjo'\‘*"'-‘—)’
s equivalent +o uncorrelated,

— If X 'v'GW1 Y are orﬂ\ogona), we write X LY.

— SU\PFOSQ X s a random vector ‘o be e.s+.‘wm‘('eo('

Thus X can be a S\'ng\e RV/ a vectoy of Crnite

dimension, or a vectof of in finite dimension .

_ Let Z he an QV/' Candom Vector, of stochecdic
" proc€ss cm’raw\iV\j observa‘\‘fw\s that are re.(a*cA

T X s come  way:
7= [2(t), te<ds
—3 The ‘w\é\exivxﬁ cet <L could be Quite, (0un+qloly

iV\\CMi‘f’e, or uV\COW\TaH)/ ‘m(mﬁe.

- A 5€V1@f“( \(\W\C’HOV\ o4 the phservatiens is ale.n0+eA
\sy k(2.> This s any arbﬁ'mry function, anel

C”M\d be nonlinear.
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- We want +o estimate X Lrom Hine ob serva tions Z.
— Let the ap-\—{ma\ MMSE ectimator e

A

= g(2).

- The exrror 1w the C)’P'HM&\ ectimate s a"V&'\ E)’

A

e = X—-X = X’j(z).

—-Tb\e Or+L\030'\a((+y PP\‘V\C(P‘ﬁ S*A-‘»CS ‘\-\’\a{' +b\e.

evor W twe  optimal estimate 1s orthogonal
‘['0 QV\\/ Function \I\(Z:) ot the OBServah‘aﬂS.

NOTE : 1§ h(Z) and 4(%) come from a rectricted

Clﬂsg, |\‘vxear w[uw\(—h‘aws -@or €X4wxple) ‘Hnew 'H'\e;
Principle states that +Hie ervuy in the

Optimal MMSE esdimator ?W the Chfz

13 Or-}‘t\ogov\a\ Yo e_'_\_ -Pur\c-J(fons ;\_g\_‘\'\f\-g‘ c‘aS?.

= We will prove this Lor  Unit-climensione |
X and 2 ( scalar ]2\/3/>, The prvof can
eas{ly he extended *o -@\‘v\i{'e-—plt‘mems,‘ma(
Veckors on  a component-wise basis.
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TVV\EO cew\ (0(%\/\Djow’f ‘\’y Fﬁmc«j:‘e_) ;

A function 3 (2) of the ob§erva+row§ 1s the
MMSE eskimator of X, e 9(%) X

\\'F av\A or\ly 'l-c |
E{A(z)LX-jcz)J§ AN

Proot :
A) g“p\c\c\@cy For a Far'h‘cudar 9 Cﬁ), SUPpPosE

i [x 3(&)]? =0 VYV h(2), Then

E?_[x-k(%)]z} = E{ [X"ﬂl*)*ﬂm‘uk)ﬁ
= £{ D9+ 2[x-3(0)][3(8-L(2)]
NEIOENO) |
. Eg[x-atﬂj’} ) E{[g (e)-hiz)) [Xffl(%)ﬁ

+E (3 m)]tj
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Note  +haT tﬂti)‘k(i‘)] is a function of the
Observations,

Then by ‘r\ypoﬂ\esfs
Ef[qt%—)-k(z)][x-gc%)]% = 0.
We have

£5 [ we ] = EfTes @ e ef Lacerba]']
d Eé [3(%)—ME)'JZ§ 7 0.

There fore, E%CX-M%)]L; % Eéfx'ﬂ “-”]zgj
Le., the MSE of q(z) 15 less than or @%ua\
To the MSE of L(3) fr all h(2).

=> Then 3(1);)/{) the optimal MMSE estimator

R) Necessi{?: The proof will ke \by Contrapositive.
That \$, 1+ we prove NOT(B)——>NOT(A)/
Then we have ale established it
A=,
Tn this case, we will Show that £ any/
l'\(?:) (LY A OT"’\V\DgoM‘ to X‘j(iﬁ) then

(&) s not the MMSE estimator
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Suepose an WZ) exists such that
Eih(%)[X-fﬂ*)]f =&+ 0.
ASQAMQ w\'\’\/\;;u,\* \Dsg o+ aev\e,,\ra((‘*'\/ ‘H’\k‘t
E(U"'z (%)g = 1) Stnce V£ tWis 1S not true
a\bprolzrmf& SCa.H\Aj can be QPP\ZQ& +o l\(.?:)
w\\‘l'\/\oui C,\r\awjiMf; the 'F“C* Tt Eiuﬂ[x-jtt)lgifo,
Then |
£ [x-3t) -eh (1) ]'f = Ef[xs @]
~2¢ E§ h(B)[X- (%ﬂg
+ 2E RS
= E{[x—aéz)]zf -let et

- E %[x-g(%)]zg - g%
<Eflx-9(2))§

This means that the Lunction 9 (R)+eh(®) i
a better estimator than gq(2).

= Then (&) is ot He optml echimter K.
QED,
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The Disceretre Case

— Suppose  we have a vectror of observations

i-tn ) Bay - - ZN%

£ com which we want Yo estimate a re\aheA

Selﬁqevxce
| {Y')\{z,“‘ \{?\Jg

- We tonsider \iv\eur estimators for \(K ¢ € the ‘Carm
)
LB

LTM: set of N h's 15 for Vi,

n

""jASS\AW\E \A)\*\V\oud' loss ot 3eneraln'+y “H\ml’

all the VY and Z¢ have zevo mean,

— By the 0H'\/\ogan a\c*y primciple/ ~+he O(DJV'WQ/@%’M“{OV

=atis fres

{[YK"Y,(]ZJ‘}:O VJ‘EE'/N].

B gm-ﬁkmk e { - %

ENE BT 2 =0

So EEYKZJE: EZYAKZAZ V jel[un] @‘ﬂ‘)

PAGE 4,29




- Subshituting (t‘) m paqe 4,29 into (¥%) on Page
429, e \ave

| ) N

vyl = B Zh 2%

| Y

= Zh E{ayf ) jelunl

1=

= IV\ OTL\QF \n)orC\.S)

Rn(lkjj) = L'L\k); Ry (i) ) , e [LN]
) =)

=> For each Ye, thig gives a set of N
equations (i, M]) that can be solued

for the N Lilter coefbicients I'\ iél—b”])
ok the pptmal echimator For Yi. ’

= T4 the processes Y=iY. § and 2= ih:%
Joih“y WeQ.g.) +his

hecomes

N
Ryz (i- k)-’—:Z q Re(3-1)
Z_N-_ R(\J))\)é['”-]
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“Tkév\ N
RZYU‘“J): .l’—,L\\c,] Rz('.'i) , JE TN )

LC"’ M= k""i) i:k"\!\/\

k-N
TZ%‘( (k'_:))’: L kk)g.m KEZ""M’J) ) d‘gti/Uj

mz K-
|
= L hykem Ry (k-m-j)
M= le-N
Let L= K"j
> ()
Rav (£) = 2 hie,kem R (2-7) ) e LNy kel )

M= K- N

—> FB(‘ EQCK \c) ‘Hm“g caiues a Se,,T o-F N Qmear e‘%uaf!‘ms
that can be gplyed for the optimel we gkl kt,k-ué"kk,\<-l'

—If the 55%“1’/”“@ Y and 7%97 observations Z are
wun‘fa‘s’y infinite in extent, thew (§) ghove becomes

RZY(A):- —2:-—_ L\k,k-m R%[/L'M)} ,QGZ-' (’F’")

M= -2

;—5—>>Tke \e«CJv;‘Sic\/’e' :o(f (¥+) does ot d@penc‘ on k, |

D Tb«ere&ré‘/&,,ﬁe ‘rfjH’ Side canne+ dﬁpewﬁt
on l either.

4 :,e,)' ’(Me - kk,t-w\ are ihc(t‘pey\((en-[— owl k/
"H«@y are +the same for each k.

v--——"‘ﬁ
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—Deline kmz\\ Then (k¥) con PAGE 43|

K, K" ™M .
becomes

Rey (0= 2 huRyllm) = b ¥R (1), LeZ 8

- This 15 an wlnite <Se+ of e%uaﬁmﬂs in the o]v\'iwwu‘

Lilter we{SMS L\M) +Hhus we cannot Solve
QQ( ﬂ\e 'AM d\'rec'{ly,

= L‘MW&(, we Can use the Z- teans form
Sz\f (2) = H () SZ(Z)
..‘Tl,\e' OP"HW\Q‘ (,honcw;sa]) LST estimater 1S "H\ey\

the Lilter with transfer Lunction

H(z) = Sy (2)
S (%)

(6(“4[03005 Yo comtmuous-time Case),

— T4 we restricth the oP—\'{M'\‘aq‘han 1o C_ausal LstT & H"“e»(s
0'\1)', +hen (#) above becomes

Rey(L)= 2 hoRa(tm) | Lno.

= This i the discrete Wiewer - Hopf e%uafhom,
34 can be solved by Z-dowain spe c+ral Puctori ation
technigues that arp  owmpletely analogeos to the
lont: Y
‘hwuous ’hme Cose . 9%5432




