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é 5) | P(j)

o Flxy)dn = 2 p

o g((j) Ao g(ﬂ) A (x'j) OK’X
t £(puy) 393,863)
- f(aty),y) 2 (y)

Contnvous—Time  Stte Vertor E%udlw\

t7t,

J
X(t,) known.
- The So/m‘rm Qr 7°Ae S{Q‘f‘e VeC‘{'af X(f} 5 ““"‘i"ﬂ

X(#) = FE)XH) + () utt)
y(t) = HE) X + DB ult)

t
XW= Bt )X(t) + [ 8Ct8)cle)urv)dp
t
- % s the lutim fey j[ﬁ"

| ¢ |
Y= HE) BCht,)x(k) + th( 02t 0)c00)uis) e
0 + D(tult)
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Where B(t,,t,) is the stte Hvansition watrix
defined by:
® &(tt,)= F(t) BHts)
(solves  the hawwgeneous stete vertky eamr‘m.
B &tht)= I .

The solution ‘f’o @)® s Sr‘vem Ba 'ﬁa& Peanolﬁrqlter eries

% ¢ 9
E(tt)= T+ ( Fio)lg, + '
) ‘ j;ol:(&)gt F[92) nga’é’:

*StFe > b
3, (&) gt)F(B‘)S F‘93)0193J92c19)+"'
t
= This is not U..&ua”y very wiekd &y F‘a/U’*"j L.
?pr@r+i@s oF the Stte Tvangtian MaH:‘Y

D Blt)= 1
Y Blt) = Bles)aqe, 1)
Y {ettt)]” = &(n, ¢

d
YiFat, )= - a4 Ft)

—>
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5) aét Pt 6) = F(4)Blt,ts)

, t =
6) det ®(t,T) < QXP[SC Tr F(6)do |
1) 24t B, D) = T F(Y) det 85 T)

) T‘“Mljo N4 l!’*}’ Per ng,-q‘(::le,

- Let the obse, vmtfw; be  E(t)= ‘ylH ey
= WOt X(E) VIt
- suzaf prxtfl t) i e optimal  MMSE
‘ anf« °T Xt given 2Ut) up P and
Mé '"j f!'me t :
“The erer n R(H) is % (61)- X~ K(tl)

—2 This exvror is uvxcw\re«la{ec/ with any WQ'M}*M of
e o bser va tins Zz(0) L t,50<T.

E{%(zze))%ctzt)f = O, t56<t.
~The QP%;”’“, MMSE estimele of y['f} grven £(b) &

teostis yUI) = HA) R(HY).

~The ey ih ;UH) s y(f/f)':- y(ﬁ;jfi’)’;)




Vﬂﬁa,h by 'ﬂqe Offlemqli}/ Fn‘mci/?/e, "{‘l«e,
e GO & uncamelited with (orthogemd
't)ov) AV j Punc‘h'm 13 \"fl«e aéfef VA f‘ﬂms g{g}

e t,s6<T.

D(\SCV&-IE, [muqu 'en S Frace ss
-

~The. obserwations e 2(£) = HIX(H) + v (+)

-The correletron strture ot vIT) s
+v:’v:‘a' Cwhite "Mi!e)/ é,,('-/' ﬂl,,‘f' of XC-f/
S not {"rl'w‘q,/.
— % ‘I‘Lere i< genem//) Cg,rr@/n‘,‘m 6eﬁveen ﬁfe

défei’(fq‘f/mj frgw\ ﬂl;'ﬁ,lerenf ‘lA/'Mpf.
- The )wvaff@g_ Process 1S a!)‘éainec/ LY

orﬂaogo\ﬂali-z:rj N awka"feu}nj” n\e oéSerUQ”/m;\:
To remove the r‘edthﬂf?‘ in Fu/*ma‘f“:”é’\ Ve

Q&JA new aéserwv‘rm as 11 arrives.

" The resubing “tng vations” give  new

b mat fon on | Y.

~ we (wk at discrefe wmnovatians [iosf becsvse
ey are weve intuitve fuay,
Cmtmvens Tarovation s. Yag € 7,4'




- SﬂpPOS& ‘H/\e, drscrete observatrang oClur gt
ome ‘W\s{qv\‘l’j ‘t‘){:z) "’JtK)

—The nova s FTOC&GQ Q,K LS oE%&(med Lj
aep(y,)ﬁ GV‘&M-— gcl,‘m;d,"\’ O(ft\ojaﬂﬁlr'iah;q ’('o

the observations Z) - 2 (4 )

C = ‘Z(t,) | C@v\fs‘{ (\V\MV&*QZJ\)
/—‘)0‘3*&;% a Mni"’ Veg-—hf M ,h‘e Same AIV‘CC‘L"Q\ .
~ _  Z(t)
g = —
JE [#(+))

e, = 2(k) - 2(t]t.)
= 2(t)- £[2)8, &,
~ e,
e. = z
2 VEE%{J

4
?

k- ~ ~
Cy- 2lh)- 2 E[ 26 €] |&;
J=1

é R =1
< el
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E_o__T_g: No infrwation g dAM a~ 1ag1l 417
‘cvrwb\j 'h'\‘e innova‘l’"mf Iofoce-Sf,

Tie optmel  estuate o X(t) o

Ylte)  guen z(h], 2k, .. -, 2(4)

'S eﬂ«&“}' -/'Le Seme ¢ {Ife. oF‘!I‘Ma/
85‘{;‘“4&-}? 5(‘\/6” =y €z, -~ /ek .

- %\ji:;;& Zﬂc the frfbajonqj (and 07‘1‘1"“‘!"“‘"“"1)
* &,8,.7& , it becanes

. Compute the Mmmse Cotmates
_ YLtV\-) and X(fn) G1vlin Z&'),,,Za}):

V() = E[velzt - z0a)]
= f_E RESEAIES

UCVY S’ﬁn’x ’&. 4y

m \
- E[xt) B8,
K= I

BGE TJ




Cantinyous Tuve va '[*l"cng

pamn

-—In{—u;%,'vej«» the camtmuous tnnsvetrons VIE) aype
oH’amea/ l’j 4Ff>/y/'uj a whitew'ng & lter 1o
Cnvert the colored wise process 2 i
a white noise process.

~We will rested sur atentin o the cose
where 2) 5 WsS (wide sewe Y&h‘wv}

-let Guls) he the PSD .¢ 2(h).

- T'/t&/\ h\& {\,\V\Na{‘l;ﬂnf PYD(@% tS jeuem{fJ W'7[h
am LT Systa _!/uw\tj 'h"lﬂféf
Cunction {GJ (s )3

Z(4) *ﬂ [ty

(

— J(t)

ﬂlég(s) | “)2’("‘)

wheve G, (5) = Gal9) s (5)

/ ™ P poles aud
LHP poles 2eNns my
avd zews mly PAGE 7/é




— The iwxpw)Sc respmse o€ ’HAe (}"He«( ’H\Q‘f'
@%Wd’% V) Gemn Z0) s given fLD

3'\ i [G;Cw)]'\ E , It % veal-valued (M\J
V‘"j‘n* w?lcl&O!)

— This \M?,c@C 'HM+ [G+CW)] ahd Gf[w) are
COV)JUjaf’e Sy mwetyic.

- Ap‘blyin7 the Wiener- K\'ﬂcl«lv\grela{fm, we l\ave_
Wt the power spectral density of @) is

Gy (=) = Gylo) | Loten] [
= G, ()G ([Gf‘“)] -I) *
F Gl [67%0)]) " (670

—> But Gzlﬂa{z)__ s real and even.

- % Gtl-w) = G(w)
wWe heve

G (W)= Gz Cw)@fzw)j [é (w)]
= Gelw) [ G*zw)g'w)]

= Gz2(w) [ Gzl+) =
G;N[Z— ] i- FAGE7/7




~Thvs, we see b ) has g Lt Powey
Spectvum angd s theve Lye a  white woise,

CCV\{TV\UOUS l(alwl«n El{er (-kalmm—- BM}’ F“+€()

- The systen ¢ given by

X (t) = F(t) XU:) t+ Gl w(t) (7:1-1)
1y = R X(E) (1.1.2)

L —
u(t) M:ﬁl

The oEServq+rm.s are . Z('U = j[‘f) T »VC?“),
ASSUMp'h‘cws:

N E[u] = ETven] =o.
thisTimplies. also that- E[X0)] =0
B) The covarience of X(s) s given by
o= EEX/‘)X%}J ard is  knowh.

x@)

E{-————e 4 (+)

e —

tace 1.&




&) E[x) vit1}= O ¢ ¢
) ElXun) =0 vt

E) Elutn(m)] = QU st (7.09)
F) Ev@vi)]= RASH-T)  (a1-4)
G) E [u&) sz;)j =0 (7.1.5)

I\)ﬂ? We are assu\m‘mj l’\@VC ’h«* uCt') a«;/

V(t) are scalars. Tn the oot they
ave aSsumed Tp be vectws. It§

hot a(uf‘fqu/f % ma ke He €K‘{€VU/C{/I/
it primerly involves nrtatron .
Gealls Fiud optimad MUSE estimetes % (4[t) ot
XU’) grven Z—[B) 0s0st and P'//‘MQ/

MMSE eclimates y(flf) Ht) X (HE)
ot jH)

P%e 1.9




- The exror in the @il{-sereA stite vecter
estimate IS X(E)t) = X&) - X (HIE)

)l

- The innpvations process (S
V@)= z(4) - § )
= Z{)- HE) X(HE)
= ) + V) - j) K (tlt)
= HE) X(t) + vd) —HE) R (L)
= HE) [x(H) - K(HE)) +vit)
= B K(tle) + V()

- We will seek an estimator X (tlt) Tht s q
lineer fLunctian of the  inmova tims Prbces,s
UlB) € o0sO<t:

and. @o‘jwre, 71

t
)é[t/f) = J; 1(thT) v (T) AT (¥

-2 Tke Or"f'lﬂqjanalf‘f/ Fr;’nm‘fa!e_ ca/ﬂd’Aég_ W,“f’L)
the G projection theorow " of Hilberd
QPQCQC ) %!'s CasSé. I+ $0>/S 'I('Lﬂ'f) ‘qu
the o/m‘mal MMSE eg{;m,,ﬁr/ He erreris

o thodenad 1o all linesr Luncthons
of the observatians . _ . PAGE /10




1w alz\d SO 5{[{0 [ d// ’/‘Vleﬁf @L«K["(/FMS of
the (unpvations_

— n ‘HA& §Peci’a, casé where M(?L) a"‘é/
v(t) are d‘amHj Gavssion, the MMSE

Dinesr esbimatar concides w' th “the
Maxiaumn dpﬁf%erlbr;' ?mﬁaéz/ﬂﬁ’ [M/C‘P)
841‘/‘»1479:/7 In this casé, ﬁ,e MMISTE
linesy etimatr 1 the mmg

9541'M47‘M
- The orjrb\ojmalu"fy ’\DviV\cip‘& ﬂuaramLee; 1"/!41—

XGR) L) v oosT et
e, E[XGWwH)]= 0 v ost<t
Now, X(£It) = X(t) = X (tIt),

So x(4)= X (tlt) + X(t|t)

We kav&) fr 0sT<t:
E[X(’c)v(t)] = E [ $R(E) + X (+1t)§ v(t)]

= ELAGI)pie)) + }W]

2eo
= E[ X(t)( )
[Rit)pr) ] (xx NP




P\wa&inﬂ () on 7.10 (a$5umed Crm of the

OP‘l'm“, 6&{«‘&«4"’0() Wto (/-,\r—*) on 7'”)
we k‘l\ﬁVe (fer 0sT<t):

Elx)v(v)] = E[ kel v(e) ]
-t
= L [ So 5@, 0)v(8)dg 7)(,'[)]

- [ ¢ atbo v dp ]
= gtg(t,e) E[vw)v@)] SIC)

Rut (0)= H(0)X(0I8) + v (8) and
V(D) =HED) R zl) +vit) L 710

o E[vo)cc)] = e oo ie)]
X [ch)ntlt)-t vé‘C)]E

- E{ Rt X)) WD) + B HDIX (<I7)
+ v HIBIR (elb) + v(0) (D) §

ps <t
0sO¢<t
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“I+ can he  shown® Pt 7}(1’) has e Same_
corcelation structure as  vit), e , That

ElV)vD) | = R(8)s(s-T)
~plugaing this et (#) om 712, we heve.
E[X(t)mt)] = jfgct,a)me)m-z)alg
=qTIR(T), osT<T.

- Slving o the kerne gete) of the 0/"/"““/
'eS‘HMh}‘ar/ Wwe k“Ve,

JtT) = E[x) 2@ R(T) osTet,

-F\\ng'\'lg this M’tlo (¥) on 710, we have
t
£ (H4) = j 40, T) V() AT

= ( e [x(H) v R (D) V(D) AT
’ ().
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- Now aPPv(j Lef‘m;z rule t» both Iz‘o(és or~

(#) m 713 j@+ a A (@ere,whql ey wa Fian
that” can be <oled & 7’}(“1—)

A i
X(tlt) = § 5§ Exv TR ) S AT

+ 1+ E[xlv@W]RWvE) +o

= e(xtv#) JRTG v )
+ ft e(x@ v )| R 2@ AT

=E [xa)v (f)]fl"&)v(f )
+ Lt E { [ FHX(E) t GLE) u(t)] v (T)} Rﬁ'éz)w[ﬁb

= e[y ul) JR' D (¢)
+ PO ( Fe (w7 (@) v(z)dT

+ G4 f» e [wi)2(0) JRUT)IV W AT

&ero |
becarse D Tog bocavie VIT) depends on X0,

U18) fer 0SOST and V(8) S DSOS T. Wher 719
T<t, these are 2l uncorrelated with wlt) PAoE




(k)= -
= E(xttote) [F® ()
+F() (Do JR CUVIThT

\//_T/
X(tlt)

= XU = F) R (el + E[xewin) Rv
Let k&) = EXtH)]RIE).  Then

% () = PR + KW 2l @
3§ (4lt) = HEE) X CEIE) [+ %)

-TWS ;S ﬁe ng\‘ﬁnuous-‘fl‘lwe /<a/ml«n T[r/llm/
or "“Kalman =Bucy " £ilter
Recall o 710 2(4) = 2(t)-y HY
= 2(¢)- HOX(HE)

S € Hhie e plu”ed info () above r 7/(*)/

it IS the same as  (7.).24) erE T




v(H
}’( 't)+ l'+

2(t)

~Now we need o <lve Lo KU’)._
KW= E @) JR\(t)
v, 4, seep
=efx)[HO R Tv)] S RIW 7

= {E DxedXTeei)wiee) ) + £ Tx (t)v(’c)]gﬁ:'(’r)

o
Zew becavse X(t) AEPQJS o X[0) and u(8) €

OSONE, and these are uncorrelatdd with vih).
PAGE 7,/é




~% we e k(t) = E ORI THH R @
~ Bt XUHE) is uncorrelated with the errer /el
Mso, X()= X(EJE) + R(HE). So we  have
EDIR G ES TRt Rege)] % "(Ht)]
- e[RRI + E[Reet) X i) ]

i P
Z2ex0

* ELRek) xee)] = Peeie),
- P\‘Lﬂjiﬂj Hyis InFs éf:) dove, we have

( K@)z PUDHRRIE) (100 )j

“Now we weed ho 5olye for P(l) sulject
o The initial condition

Popp)=1,= € [ X(2) x"(o)].

— This s dwme lﬂy SOlVi"‘ﬁ ﬂ\e Cawwus
» Ma‘hr-‘x Ricca‘l‘\ E%uaﬁm (//

paGE 717




PGW) = £ [ R Kttt ] i
= E{[xct)—kctlt)] [x®)-R(tE)] [
- £{ [xw- Kee) T -RTCETS

= E[ XWX - XOKTCHE) — Xt ) XT@)
' + R LTt) |

= E[x)X'® |- E[x®X )] )
~E[RGWY W]+ E [Xt)xTeee) |

R S—— A
plug in (k)= Xt X(f‘l‘t:)\ awd
sbserve that E[ KUY Xt =0.

ELXOXT) |- E[ % (t1E)xTett) |
£ TK) - (i) (k)

—To Bed a dittecential e%u,q'(“fm & POUL

)
/
> Find se@«m’ce‘ C\i F@efa\ﬁq,o e Wﬂl*‘m < ‘pcvq
TH) ad T (£14).

I

AL




| Disterentdl egution for TOW):
— FTLW\ ‘;aﬁj& 7.1 \

t
Y[tz B 0) X(o) +§ BLO)G (Blutdld
So

W= e[ WX ]
cE (ét’no} X(0) + gta&,-a)ec-c)uc.eu .4}
X {a@bo)x(o) + § a({,,e)éwu(@)dgg ]

- [{@G,o) )+ | Etm)abuts g §
X {XT@@"&@) + (0 Jc_uc,s)d(f)d’(t, p)dﬁﬂ

= B(40) E[ X)X &7 t,0)
T &ltol b elxaupls a7t 4)d B

2oV
§ )Gl E[ura) xTe) ] ot B'(40)
L | Z2evD

- Sf | 24 %6 ELuw )] GT(P) &40 dPdot
PrcE 719



W TH) =BT, B0
§ Bthe) e@)[ { QW e-pa (,s)a"(flﬁ)céppoL

= BB ) +§ a(f,.a)é(oc)c;)(.a)é"u Jatye) Aot
(#4)
— We Liebnite rule to dif€erentrite this with
respect f .

—3 Note from dup of page 7.3 - ;'-aa,o}- F)@to)

o) = FIOBU)TLE 40 + B0 T, B (40)ETH)

¢ |
+{ <F({)35(£,o<—)6(¢)G‘e(al)é.h)a"’a, )

+ BLL <) GG ()6 Tt Ttm) FTHH) St
+ BAt)6HRMEW ET (£t )

A VN )

L L

= FR)BWO)T, &' (o) + 2(H0) T, BT 40) F(¢)

t F(HS az(t, )6l QG Gr) B ot)
+ § B G BT () o ET)

(ARG () PAGE T.20




)z = collect toems w/ Fry) and w/ FTi1)

| 1 \
= F) [@(t,o) To 2'(ti0) + [ alt,v)elulo)cT 2 t,«)k]

8Lt B) ¢ ) BT BT »«)A«] Flt)
ralt) ) 6let)

— Luﬁ', -Cﬂvm @#) M P- 'Z?O, the larqdcdcal %uam’iﬁ‘e{

ire each equed 1o TT(E)

9&‘:{4‘-%1""'} ﬂu‘sl we  have

)= FOTW) + Th)FTR) + 6 QG T ()

"NOVJ, Cowqaarinj 'H/\& SSS{'BM ‘w\’n‘e +0? \cl% O\L‘ _HQ %wc.
ne b w e Blter inthe botlom \f\a\\(/ Hee

A&W ale .
Systew | (i ey
] iv\?w\’ \k(,‘\') 'I)“') ]
.ingcrt f—?::z“ce R®) RU’)
input Gain |GH) kct)
\_ stete Veckr | X(t) X (Ht) PaGE 7.2)




——'P\u% inj Hiose cl«augeg into the A FW—&«Q
8%\}-!4‘\'(0\1\ we  jast developed [ T (t).
Teansforms Wy Hhe e,%w:l'fm e Z__(Hf)"

LAl) = FOZ ) + Zh)FTe)+ k)R 9K
| (¥)
Plugging () o 1- 720 and (k) above  inky

Plt[t)= (kL) — I (tlt) {ci)?ﬁ;t
- FIW + T F) + )R 6T)

- F) Z(H)- () Fliy) — KeRe) CTle)

= PIO[T-Z0R)] + [rw-zi04f] Fet)
+GIHRWGTH) - KIYRAET(E)

= Fet) Pt + PRIDET() + Ga6Te)
w - K E (k)

e 122




“Bowm (2L16) o p- 711, we e
() = PLELE) HT(E) R (4)
K1) = Q"T({r) 4(t) PTH’(’C) = R7(t)H(t)P ftIt)
Synweh"c—_'—)
= Ploagmy s ido Hhe Jost vesult on p. 722

7
P(tlE) = FW)P(IE) + PIt)ET()
+ GEIQL) GT(t) |
- PO R R () R(E) RIDHWDP (Y

-0

Plt) = F()PUR)+ PRI FT) + GQWEd) )
- PRINT R QU p(HE)  (121) }

This s +he “ Matv iy Riceal E%ua'ﬁa/) ’
Tht wdd Lo old & P(tlt)

~> NoTC 't s Pec-u/)ar a'w( unaxpem‘!J ﬁ"j— _ﬂ'&

erfoyr  Covériance w’tfix A:verjes — Ao
F the ‘m':u‘l' noise  Vénishes . Q
PAGE T2




~ Refxe Sd\ﬁl\ﬂ e Ricaati %u&“?\a/\/ lﬁ'(JS
MUT&% Cohvvaxs - time Prea\\‘c-f?m awd
Sumwerie ‘\’M -C? I‘\e«m«a /Predic-(—?m

ecéua+'rm S

— Frewn (k) on P- 713, we obtain

X(t+alt)= CE[X(HA) 2(t) R (W2 T) Ogj

~ e p,7f'/ we  ho@ LhA
-’-

X(t+h) = B(E+s, ) X(E)+ Sf B (tH o) G d
(%%)

_.Fgg{rm(;,lﬁplylhj (k*’l 6] 7(7;)4"0{ "‘/'dkf;’j the_

evpected value, e heve

E[xea) (0] = Blta k) E[xt) () |
t+A

+ gta(tw ,o¢)G (L) E[u (L) (C)] dv-

= For tges t+8, u(«) ank 2(t) are
wicorrelated -

PAGE 7,24'




- % E[xcm)-ucc)] Bl t) € x|
\D“?O'”j thic wdo ) m P 724- we. hﬂ'ﬁ.

(tealt)= gc B (b, t) e[ xt) v(c) JR 't VA

1
= B(fth t) g E[xtt) va)]a"a:) J(T)JT
0 J

——
Crowm 4) on p. 713, Hiis
s X(th)

S Kl)= sdat) L) )
-+ follaws imm@/l‘aﬁ’/’y Hut ’
§(tralt) = HEHA) 2Ut+b ) XIEE) (k)
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?AMmofy: CM+?0WS "‘{WWQ kaOMM F\H&

ianoua*'tmf; 2V (t)= %[f)fj(‘tlt)
= WH) K(th) +v(t)
E[2)v&)] = R(t)H(t-T)

Fer: C Q0i) = FIE) Ktlt) + kb 2 &)
§ (i) = HEY) 2 ()

cain: kH)= PCRIH ()BT ()

kte Veck .
o e P(HE) = EWIRLH)  REEF T
matei X, (Resti €3) +6)R () 6T)
_ pkNTRIR ) e PLEE)
Sobject to p(oo) =Tl

ovedicke, SX(#blt) = B(t8,t) X(tlt)
' § s e)= M) R(tt8 1)
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MATRIX RicchATt EQuATnL.

— The mwatrix Riceat) eﬁun‘im is & nowlineer
Ai tterential ezudr"m

—-Thekey 1o selving it is 4 "L"bé)’ M”:"/‘m/‘#m
Tt mmverds H info q f""" ot ey
i tder em‘raﬁ efu aTions - can he svlved

Us f{\j routme. Mme ‘ﬂloﬂ(f .

— We will V\QG‘A a-*(*\al‘wulﬁ Qr H«\e_, a(eﬁv«f/vﬁ ot
the inverse o 4 matriyx.

— Let B be « square '\UYU"hau[a/‘ Matriy. TA@,,,\

BB = T («P)
EN d{‘F(eronhde both, ﬁ'JeJ:

d
aL=o (44

;”t BB™ = 4%5)8"4 B(ﬁr’fB”) ()

- pla) Gr¥) and a'%»r/ infe (¥l ¢
0 = G’—*B)B" ¢ 8[5718")

8(5#8") = - ;f—c',l:s)g'/ —
| PAE T 2]




d ol = _ g 1(dR)R
/d_%g ’ B(&)B }

AR

< TRATEGY
) Factor the Riccati eguution 1o <l
that PRIE) mey be written as

Plelt) = A(t) BT (})

2) ou‘..':'\ & pair of Sinu Wamesss |mear ditterontia
Gt L nle) and BCH).
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