MODULE 9|
'LINEARIZATION & ADDITIONAL TOPICSI |
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QO: AypmonvaL  Topics

TOPIC 1+ LINEARIZATION

— Formulation of the . Kalmen £iller dep&nced oN *“@f"+y
ol both ﬂ/ze SYS{/EM dynam,(q/ @%UCF’WO’V) OM |

| ‘H«Q vv\easurewxeuvf e%ua'hw\.

Xer = PeXc + Wy (s.51)
Zk = HKXK\ TV (5:5-2)

~ln many  practical Situations, ome of both of 4hece

equations wmay  be wovlineay:

- Modified ‘&V’MMIA‘(!MS o€ the [alwan Colter Caont often
skl be 05'\"60(/\6& b)/

l hear iz Wj %5 nonlinee
equa-ﬁw\g

- For o state veetor with n clevmemfx, the values ot

the state  Vectar Xy plotted we K Weveases truce

out a Ccurve in RN Thic curve (s called a

t[ 'h"a&BC“'owry })
- Liv\e,ar‘.z;.‘nj +he sx/s*e»m c\yvmwmi e%uafﬁm amd/O(
weas uvewent egquotion about a  wowive) trajectery

X’{ Hhat J(oeg 591 c[epenA o the Obser\m‘km‘; lea&g
1o a wsdified forwulation called T “livearized

kalw\om Cilter ! Pace 9'/




~M+@m«+fveL7, the c\\/V\aM“f&t( QM&Q wmeacu rewent
e/%uwdw‘ms wAay be lincarized ahg,ﬂ' a *l'ra\/‘é,c—[?_ry

X% that s updated by the actual okservationg

e as the Eilteyr vuns.

—= Thig \BOAQ tr a M()Ai(ieoo @rmulaﬂa/} Called
the “extended Kalwmean Lilter )

Linearized Ka\man Filtes~

- The dynamical and wmessurement e/céuaﬁ‘ms are
sccumed 4y be lknown and of the forwm

= £(%u, )+ wlt) (9L.1)
2= hix,t) + v(t) (9.1.2)

where Uy € a de{'ermmier?c, @crmg Lanction

-We alo ascume et a nowmindl of “expec'&-éol“
State vecdor Wujeckory  X*(t) has been 051'4;%40,

= The True *’N‘tc'(’urj of the state vecter (S
xlg) = x*()+Axet). (942
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’F\‘*ﬁci‘\”ﬂ The true ‘f‘raA‘eC'Vv/*J into  the nenlneay
cyoXem %uaha«s qives

¥ e A% = FO*cAx, Uy1) £ ut) (5.1-4)
2 = h(xe'ax, t) + vet) (9.15)

-Assuw‘ng AX s swmall compaved +o K"‘j we exp end
£C) and hi) Tay[é'(' cevies about the wommeal

Trajectery  w* and discard all terms of order
2 and grcu*e«r \

3¢
@(x*+Ax, Ua,t) & -C(X*;uu ;f)*é'i "

MO, t) o Wb t) ¢ %)x* AX

AX

wheve, e.q-)

[ Ak L. 24 T
3-)2.,—‘ X4 X
b
°r - 35 98 LS
o ET (5\-%)

Pﬁﬁ Loah |
;«1\‘...' %, )
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-—P\ujgm% ‘e Taylor seriee, vty the Sy stem
equattans, we 9get

34 |
)¥eax = O ug,t) + Ax(5x x,é) ruct)  (948)

2 = h(x*t)+ A;( (%"&Li ‘x*‘) F V() (947)

= The nowminal trajectory X* must be cloeen s Hat
T W a solution of the (generally) uonlineay
dit€erential equation

x¥=F(xfuw,t) (9:19)

— Sbdracting (O0,9) foun both sides of tha dynamical
eﬁéua‘h‘a’\ (9.1‘6)/ we have

AX = (35| )txru) L)

-§u£+m+m& He knawm %M\A‘h‘*y hOk ¢) Frm both
$ides of the measurement @‘ﬁ“f}"\m [9'1‘7)/ wejevl

[ﬁ——k(x“‘,t)] = (%-\';? x*‘)AXf V) (%Ln)
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- T‘/\us/ we \/\q\je a \\W@.QT‘%@CD wdd W‘{\{' ‘@+5
wto 'We, s wal " walwan -@E(fw?wa Lrawewerk.

— The \iearized skate veedy s AX,

— The obse ¢yvation “\v\pwf ‘o the “ wmod tied v el wieen
fBlter 15 z2-W(x%t).

- The systew equations are

AX= FAX + ud)
Z= Hax t+ y (@)

Where 5f
,v F= ‘a"' l)(*:
dh
H = X | x*

— A \\'l‘\'neari‘%ed” \calman Lilter can Mw be dé\/elap@c'
L the wodified system usug  the techuiques
o€ Chapler 5.

NOTE.* To o Yue  pbservations Lo the \t‘maawfgecl
 Kadwen  Lilter,  we wugd  cubtract  Fran
the *rue observations —the “expectad"
obcervations +hat would be obtained Cromn
Hhe nowmindl state vectse trajectary (1 F
Hwove wos o weatuveweut wepise |
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— An crample  of this  with  livear “comebant Vdédﬁ/”

ctate dynamicg rcmA a wnenlineav mea Suyewent

e%uuﬁm s given n By, 9\ oan (Peges 337- 340
ot the book -

— Example 9.2 on Pages 340- 343 of the book.
woks *HAm\;a\ a situetion wwere both the

575’&%/\ d\/'\amfcal ez()uaﬂ'oq and +he Meosuve,meuT

ExTteEnDED kaiman FILTER

e

- For the |mearired lcalwen Cilter, we ™ liwearized "

the o\yrmmcal ond Weacurement écéuﬁ.+°“”3 “g"'ﬁ

Tay of certes gbent o hommal sigte 4rs ‘ect

X¥ that dr kg,
4T did wet depend on Yo pbservatras.

~For The extended kalmen Lilter e nommmal

'km\j@&['orj X* [ 'ta‘cev\ ﬂ%ual to the KaMan €\HQV'§

Estimated shite trajectory, and therelere cfepends
en the obseruatiens.

= Clearly, the Ka lwan gams  Canpt be

Pre,ww\pwfgd in thig Case.
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= The @XF&A@Q value o€ the perfermance of
Thwe exxewded  lcawan [iler (vaq?‘J & v

N %Sewlb)e) it always e%u.a\ 75 ’cs*(‘ JDE:H'CV‘

tan e expected el Gur wunce. ot |
ltweayized \<alw\w\ @\’He—f

— Inany  Swyle pyup, however, Hre lmearized
[<abwean  Lilter wrsy perform bette,s

— ﬂ(lso) e extended Kalwmen Eolter s L
M ore fusccp'h'z:@ ‘s ch(VWjeﬂte PWJ/J,QWS.

— The dynawml awA wea cuvewent e%uah‘ms Ccf ‘f’M
exrended  Kalwan Lilter ave thg Same a¢ these

fr the \inearized Liber (Avop ¢ AepeMewc;

Yo Save nokation and sample +p comuvet o
Aisevere dimg )

AXK-H = (%IX*) AX\;_"" MK
2~ hi(x%) = C%’%lﬁ) AXe t Vie

where the nommel Mec'bf)' ¥ s +he ’/:Q:"f«__’_
‘\'ra\\'ec)rwy )QK e&\LrM‘fed ‘57’ the (gq/MM .p,,/,Le‘,.'
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— {:0(- ’Hl\e W lASua‘l) kA(MH\ -L\l"l'}'@f) as l—\armu’a{'é’c‘ (%)
CWF’\’QT S ‘HAL state uaw’a’;gs are usuauy
> otal ! %uav\h‘hes such as Fosrhm, ve;laa‘@/

acceleraXion, e+tc.

— I ‘H«e, limear‘.za:‘ kalwmn L\‘He,/*/ +ho S“('a‘(’e

vaviables whege N ceremental ” %uwm‘i‘fres
A X, where X = X¥+ AX.

- In cm‘fms#“'b '('he w\earraﬁd) ka/mén Cl#er ‘H\&
C)(J(@/\Aeﬂb (a[w\pm AR \ter CEKF‘) \S uSua”y

mp ew\e,vd'ed w ferms of tota| C()uwu\‘ﬁ fies.

—- Diseretizing the  linearived wmescurauent €4 uslran
[/Q,\.\\) ‘Q—fbw\ PO E 9.%) e b\ouf—

2y~ h(xt) = H{Ax\‘+ Vi (9,7,30

~The eskwated  Cuncvewental) Skite vecker update
equation 1S

DX = BXT + K 2o Wt ) - H@ﬁ;] (9132)
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- Bult, L2 PAGE 9.3 ( Tayler Series aba t )(*f)
we \'\aue

hOhrax) 2 b0 1 (SR)g) 8K
= h(xf) + H AXK (¥)

= Since E[W]=0, (fom 9omep. 9.3)

E[ZK] = L\(Xk +A><y_)

7

&*P&'bﬁ‘\m of “total " cbservation.

= CW\FWMQ tis to  (¥) aboye; we see tuat

The  Kalman Liiters predicted “.t.o,h{\”
Obcervatimn g

E(X";) + HKAXAK" (#+)

__P\\Agg\\\/{j (**’) ‘\V\')('O LQ.‘.SZ} N FA’GE 913/ LOQJQ-"

Re= ARG+ ke [Be- 22 ) (01:34)
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- The Wwerementsl Cguuvv\i’(fes A>/<\\< and AX:
can be vewoyed oy adAM% ><"“< to each
Side of (91.34) on PAGE 9.9 avd Subs%;%uﬁdc,
the fofa“ Quantitieg .
2\0’ X,’:f AQK ’ ()
A A
‘><\< : X’Zf—AxK
>~ We ae‘h

N

Xy

1]

X; v K, (2 - 22 ) (91.35)

" A
NOTE ¢ Since the EKF -takes XEz Xy by
deCM'\V‘\'iM) A>’<‘K i (*) above s Q(W‘WS
egual Fo Zep, |

— Tp fud X_K.H) we wust Solue The (3‘3’“&”“““7)

'\0‘(\\“\6&\' A;@{w&m‘h‘q( e%bta'l'(*m

){ = 'PCX‘) ud)-t)
subject fo the nitial conditiem >(=>%K at t= t{<
Av\o\ 6\)alua+e the solution at t:tkﬂ.

(Twe i usually Fle hordegt Pa\r‘f’ of th EKF),
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A—
— Onee XK—H 1S @axma, m P\Ftdt‘C‘%’fd
Measurew ewt 1S qiven by

A A
Z‘ | - l,\()(lc-u)

K+

- When observatten 2, arrives, e measuremedt
restducl EK*\"‘Z.'H_, heeded w Hhe state vectyr
Undecte equation (9.1.35) 40 be Loymed |

~ The CY"[’QTCC\ av\A ‘Pr&dl‘c"ej 5%4'}@ UEK'{’W ey e
Covoviand update equetions  are gnchansod
Pom e Cusual’ Kalmen Liiter  ag develped
N C\«ap‘ka\f 5

Pk" CI’ klc“k) Pt_ .(9"‘37)
s KRB Qe (941:36)
= m&) H’IA/ and Qe come Erm the

linearized wmpdel,

NOTE = 16 7'25 s POOr ,  then there wmay be large
errors i the Lirst—order Taylor ¢eries approxiwmatien
used +p \inearize the systew. This ﬁenera\\/
cavies +the EKF to diverme.

PaGE 911




Topic 2+ Correlated . Prycess and Megcurement Noises

~Suppose  that “the process woise W and
measurement woise V are correlated-

— Thig Vecbwres Noa.€y.uj the Kalman & l’tem%j
e%uwd’tcas as ‘@r) awg L

- As in Chap+&r S, e Sys—\'am Moclel (B

Xeey = PrXe + Wk (9.2.1)
Ze = HeXe t oy (9.2.2)
E[wew! ] = Qede.;  (9:2.3)

——

f[vi]= Redemi  (%2:4)

- We hw assume Nonzere Correlation between He
Process and Mmeasurement WNoises.

NOTE : Wy does not contrbute o Z¢ i (9.2.2).
Rothuer, it is wg-, that comtributes 4o
Zy ‘H\rou3\f\
X = Prot Xe— TWK; (9.2.6)
S that
Zy = HK[¢;<.. X- +Wk-|] + Vi

Prce O.1Z




— Therebere, we assume Hraat

- A W Chapter S, the aev\exq\ Shate Vectur MPAQE
eabuwd"“/\ 1S

A A
Rz Xo ot K (2e- Hks ) (027)
-The error I"v\ The filtered siate vector estimate 1S
eK: Xk" XK

= X - [Re+ Ki(Zo-HieXi )]

= X = Xp = K T KHe X

-— ’\‘ A—

= Xk "X P RHAXT - ke (Heoxe t 1 )

2 Xygm Xyt KcHXE = KeHi ke - K v
= (K2 ) = ke (%) = K Vi
= (T kiHe ) (X - ii) -~ Ko W

= (I-keH)er —Kewe  (9:2.8)
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A—
.—S{V\(e G\: dews N X\( ) W\I\\\C"\ AQPMS N \’J\L'\}
we expect vontrivial correlaticn between € and y

E[e; VJ} = E[(xe- % )vg:)
:E[(CPK-I xk-l TWy T ¢K"l 9&-\ ) VKT ] 69’2’9)
- E[qu X VJ T Wi Ve = Py 2;-! Ve )

= CPK-X,L E [’(t-thT ] T E[wlc—n VICT] - Sblc-! E (XK-J VLT]

= E[Wk-: VKTJ
- CK' (9'2¢10)

_—[j.s(‘v\c& (9.2.8) on page 9.13, we have Lo the ‘C\’”effd
skete veYor epryof covariance watyrix

PK'-’ E[@KCQ] | .
- [k er - ke[ ke - ke § (971)

2erp becavse Vi is white

= F [ (T ) e (g Y (T-ke ) - Kvie i kT
= (1"k|4 HK) PK_ (I-KK H‘K)T'}— | kK’RK kKT
- E[(I- KeHe ) €5 vt kKTJ ~E [KK Yk (QE)T(I' Kie HK>T]
— oR} | . .
Fe= (T KeHe YR (- kb)) + Kie ReKe
_ (I" kK”k)CK ,<KT - kK CKT(I,_ kKHK)r (9.2,/2)
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- To Lind the OF\'}W( Kalman dain  sequence Ke, we

d\@é@fwﬁQ'tc (%2-[2-) w'\'H\ respec+ ‘(’o KK C(V\A
set the result eguel 1o Zero.

- This qives the following Expression Ler the of:hw«a’
quin seguence:
- - 1-1
= (R H‘I-\—CK)[H\(PK HJ+RK+HKCK+C\IHK’J (9.2.3)
NoTE 7 [n the JQ;M’ as G20, (92.13) gresto the usua)
Ka \men qain Lov-wau)qHen deve\oped \n Chap ter G,

-—Pluj%mj (5.2, 13) back into  (9.2.12) gives us the
modi bied P (A?dd’e e%u.aﬂw\

| PK: PK' - kK[HKPK‘ Hg-l' R + HeCk T+ CJHI] k: (9-2-44}
which hae naturl Symwetry,
~ Gacrificing the natural symwetry, twis can be
Further SI;MPIH’—WP& ‘o
> = (I-keHe) B — keCl  (9:2:15)

- Because V.< is a white noise the transformation CguaerbWS
Lrom filter 1o predicter ore not oftected by the

correlation between wi., and Ve i

R0, = PeXe (9.2.16)
-

el = Ot + Qe (9.2.17 )
| PRGE S




- The complete set of G%M‘\‘\a/&‘; G ivv\p(euenf'm? oo

wmodified  Kalwen ﬁ» Ner +v accomt Lor the corvelation
betxween W+ aud W are Jiven by, ,

N A A
—> XK= x\: * Ke (ZK"’ H&’Q) (9'2'7)

ke (R wd r6e ) MR HT rRerieGrTur ] (92:03)
Pt"" (.I-KKHK)P\Q—-'KKC\:T anzolg)

K=kt
A

e = d’r-;ék (92.16)
‘1:\ = @'FK@TTQK (9.7.17)j

Topic 2B: Delayed- Shle Kelman Cilter

—-‘Oﬂ'ew, obcer vations ove o\>-\'aMed Lirom Sengovs *qu'('
inteqrate the physical quantities o interecd,

— In other cases, the Pkygicql @uan‘ﬁ"ﬁ‘fs are
Dtentinally tnteqrated to reduce noise.

— In Such 5i'\’ua+t‘m5, we \r\m)e) @,3‘)
te
measurement at t=te = “(t (velocity) At + discrete noise
k=
= CPOSC'\':‘M at t\‘) - (Poﬁ“’im at tl"‘)
<+ (deserete V\oESe)

Proe 9lb




—or, move dqenerally,
2, = HeX t ‘Tkxg-n v (92.19)

- The Kalwan -C\‘ \\‘criwj é%bttdfms WALSH Be. R@WWH)Q&J
to acteunt for twe presence of the Ae\ayed stqte
Ve edor xk.'l N tue wmeasuCewment e‘buaﬁm.

-The Systewn clynamical equatnan Lo x, s

‘ Xk = ¢>L-:’<|<—; e (9.2.20)

—So'u\vua thic Lo K- qrves
et = B X = B we- (90.21)

‘P\“ﬁ‘“‘k Thig wip  the Measurement e{)u&'ﬁm
(9:2.19) above, e 33+

Br= Hixe T, (@0 % = &7, Wi ) 4V

- CMK Y J—hd)k:'\l > XK + (-IK ¢k:" WK-" t VK)

—

N ~s
HK ‘ Vk
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- The W\odhcie& Syéem wwA&\

X\C'\‘\= ¢z.)(\< T Wk
ZK: qk XK+ UK

0!>\)1005'7 ‘/\as Correla*i‘aw \:e{'wee,n W -

\ and VK ) as
we treated i the lact secion .

-’ASSuM‘w\j that the oﬁa‘mq\ (w\w\odté.‘eds W~ and Vi
werse W\Lorreia‘fed; we have Lor the covariance of
Uk the Lollowing -

g ~ NT
Rg = E[VKVK ]

- - )T
:E[(“IK¢L.1 W!(_, +VK)<_’TK¢K-I WL—|+V1<
a7
E[J’K et Wie Wt B T+ vy o+0 ]

- a7l
= 'TK k/\\ Q_\g-—t céz-\n JQ; TRK C9.2.Z+)
—The crosscorrelation between we~ and Ve 15
o e[ ]
- - T
= E [wk-| (‘IK ¢F"I‘ M- t VK) ]
- r Tl A-1T T TJ
- ELWk-' Wk~\] Pei /’('5\:) + E [W\m Ve

\_/\’\/
A T T zevo
= - Q(K"|¢K—‘ J_K ( 912: ZS)
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- The tnverse of the shale transition wmatrix
P, can be elimvated fom the ea()m‘hms vsed
o lW\P\E,W\C)I\"\' the wmod fied lkalmen LiHer UScwj

QK-" = #"I P|< -1 K | (‘CVW PLLPA‘.‘E‘ eg.)
@J )™

- The resulting ezbua‘ﬁms Yo wplement the modiCied
Kilwman Rilter are.

I\‘ _ A A
ZK - HKXK +\TKXL-—I (9.7.3()

A N
XeT X< +Ke (225 ) (D2.90)

KK = I.PK- Hz t ‘Plc-! P\M IKT] [“\c?f H,I t EK_"_' I\cpm d’k:\ H\I

BBy et T+ T B I\J‘] !

o 9.2.32
P\L :‘f PF — KKLK K\;r (901' 33) (.2 )

where |

Ly® HeR H R+ Tk u¢n— He t He D Be- uI\c

C+ LRI 34)
—The Fr%e({"m equations ure wha £ fected ;

AY—H = Cbr—xn (9.2:35)
Fen = BBl TR (9.2.34)
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