Formulas from Trigonometry:
sin? A +cos?A=1
cos(A + B) = cos Acos B F sin Asin B
sin2A = 2sin Acos A

_ 2tan A
tan2A = T
A _ l4cos A
cos 5 = + 5
sin? A = 1 — %COS2A

81nA+S1nB—281n (A+B)cos (A B)
cosA—i—cosB—Qcos (A+B)cos (A— B)
sin Asin B = Q{COS(A B) — COS(A + B)}
sin A cos B = 1{sin(A — B) + sin(A + B)}

Differentiation Formulas:

d dv du
dx (U’U) udz + da:dv d

3 ay _ 4y au
thaln rule: & dr = guds
—cosu = —sinu%
dy % 1

. . uw (_w . x
dxsm tu= Wd:c’( 5 < sin u<2)
d _ du s —1 T

- tan™ Ly = 1+u2 Tn (—5 <tan " u < 5)
d 1 du
dx lnu u dx

Integration Formulas:

Integration by parts: /udv = uv — /vdu
d
Iyl

u

a
a“du=—,

a>0,a#1
Ina

cosudu = sinu

Inxdr=zlnx —z

/ U
i 2 _w __ sin2u __ 1/ s
/sm udu = 3 it = 5(u—sinucosu)
—_u sin2u __ 1 :
/cos udu = 5 + ¥ = 5 (u +sinucosu)
du 1y (u=a
u2 — g2 ~ 2a u+a
du 2 2
vuc+a
ax __ e%*(asinbr—bcos bx)
/e sin bx dx = e
/ZL‘SIH(IZL‘CZZE — Slnél[l] _ X COos ax
a a
P02 _ x _ sin2azx
/sm ardr = 3 1o
2 .
/xQCosamdx = 2§ cos ax + (% -2 ) sin ax
/tan ax dr = BB _ 4

sin(A 4+ B) = sin A cos B + cos Asin B

__ tan Ad+tan B
tan(A + B) - 1:|:tanAtanB

cos2A = cos2 A —sin® A

A 1—cos A
sin g =+, /=5

A _ sinA
tan 2 7 14cosA
cos? A = l + l(:os.2A

smA—smB—Qcos (A—FB)SIH%( )
cos A — cos B = 2sin 3(A + B)sin (B — A)
cos Acos B = §{COS(A B) + cos(A+ B)}
cos(6) = sin(6 + 7/2)

d (2) _ v(du/dz)—u(dv/dz)
df v d2
U
iy sinu = Cosudl;l
tanu = sec? udt
dd 1dx
£ costu = T (0 < cos™tu <)
dou _ pudu
djc - dxl du
1og, € au
log,u === aq a+#0,1
e du = e
sinudu = —cosu
tanudu = —Incosu

_ 1 -1
w2 + a2 g tan ¢
du ia—1u
ﬁ:SIH E
ac —u
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= In(u + Vu? — a?)

€%*(a cos br+bsin bx)
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Rules for Exponents:

Taylor Series:

N S = "

e :1+x+§+§+ﬂ+”':§ﬁ
1'2 3?4 3:6 0 (_1)n$2n
1?3 1.5 1‘7 > (_l)nx2n+1
mr—1—— 4+ L N ZUr
S TR HZ:O 2n + 1)

FEuler’s Formula:
e/ = cosf + jsinf
el + 790 . el? —e
cos = ——— sin = ————
2 27

_]9

Rectangular and Polar Form of a Complex Number:
z=a+ jb=re’

r=|z| = Va?® + b? a = Re{z} =rcosb

r? = 22" a=Re{z} = zgz*
0 = arctang b=1Im{z} =rsind
z—2z"
b=1Im{z} = 3
Phasors:
Complex Signal: 2(t) = Ae?@ot+d) — Aeieiwot
Real Signal: z(t) = Re{z(t)} = Acos(wot + )

Phasor Representation: X = Ae’?

Phasor Addition:
Let x1(t) = Ay cos(wot + ¢1), x2(t) = Agcos(wot + ¢2), and x(t) = x1(t) + z2(t).
Then z(t) = A cos(wgt + ¢) and:
the phasor representation for z(t) is X = Ae? = A€/ + Ayei?2.

Continuous-Time Unit Impulse and Unit Step:

/ TSy dt =1 / 2 (0)6(t) dt = w(0) / T R ()0(t — to) dt = (1)



Discrete-Time Unit Impulse and Unit Step:

1 ={ 5 hert = { b 20

0, otherwise.

Complex Exponential Signals:

ejwot ejwon

Distinct signals for distinct wg Identical signals for values of wg separated by multiples of 27

Periodic for any choice of wy Periodic only if wg/(27) = m/N € Q
Fundamental frequency wq Fundamental frequency wg/m
Fundamental period: Fundamental period:
wy = 0: undefined wo = 0: one
wo # 0: 27 /wy wo # 0: N = 2mm/wy

Periodicity of Discrete-Time Sinusoids:

. ; T .o Wo . . .
cos(won), sin(wyn), and e/“°™ are periodic if and only if — is a ratio of two integers.

w m
If periodic, then write in reduced form: — = — (no common factors between m and N)

2t N
N: Fundamental Period
m: In each period of the discrete-time signal, the graph “goes around” m times.

Summation Formulas:

Ni _ o Nat1 = . 1
ZQ_?, Oé7é1 Za :m, ’G‘<1
k=N, =

=~ . a 1—a"t!
>kt =t <1 e
k=0

o a{l—(n+1a"+ na”“}

Zka - 1 2

k=0 (1-a)

Time Domain Representation of Discrete-Time Signals:

z[n] = -+ x[=2]0[n+ 2| + z[-1])0[n + 1] + z[0]d[n] + z[1)0[n — 1] + z[2)d[n — 2] + - - -
= > z[k]o[n — K].
k=—o00

Systems:

System H is linear if H{axi[n] + bxa[n|} = aH{x1[n]} + bH{x3[n]}.

System H is time invariant if H{z[n — nel} = y[n — nyg).

Impulse response: for LTI system H, hn| = H{d[n|}.

System H is causal if the current output does not depend on future inputs.

LTI system H is causal iff h[n] =0V n < 0.

System H is stable if every bounded input signal produces a bounded output signal.



Convolution:

yln] = z[n] « hin] = > x[klhln — k] = > z[n — k]h[k]
k=—o00 k=—00
Convolution with §[n]:
x[n] * 0[n] = x[n] x[n] * d[n — ng| = x[n — ny).
LTT System Interconnections:
Series/Cascade
H | h[n] = ha[n] * hs[n]
) B | B o H(e™) = Hy(¢™) Ho(e)

L T EEEEEEEEEREEE | H(z) = Hi(2)Hz(z)

Parallel
hin] = hq[n] + haln|
x[n] yinl H(e™) = Hy(e?) + Ha(e™)
H(z) = Hi(2) + Ho(2)

Negative Feedack

H hin] : No general expression
x[n] : F > y[n] (o) F(el)
- () = 1+ F(e*)G(ev)
G __ FE)
") =1 rmoem
ROC of H(z):

e If H is a causal discrete-time LTI system, then the ROC of H(z) is exterior.
o A discrete-time LTI system H is stable if and only if the ROC of H(z) contains the unit-circle
of the z-plane. (This is assuming that H(z) is a ratio of two polynomials in z71)



Basic Discrete-Time Fourier Transform Pairs:

Signal Fourier transform
. 27k

Z ape?FEr/N)n 2 Z aid (w — i)

k=(N) k=—o0

elworn 27?2 d(w — wo — 27l)

l=—o0

coswon WZ {0(w —wo —27l) + 0(w + wo — 2l)}
l=—00

sin won T Z {6(w—wp —27l) — 0(w + wo — 27l)}
J l=—0

zln] =1 27?2 d(w — 2ml)

l=—00

Periodic square wave
x[n] _ 17 |TL| < N1
0, Ny <|n|<N/2

and z[n + N]| = z[n|

27‘(’2 a0 (w— %>

k=—00

= 2 2rk
k=—oc0 k=—oc0
1
a"uln], |a| <1 —_
1 —aev
I U sinfw (N1 + 3)]
10, In|>MN sin(w/2)
sin Wn , I, 0<|w| <W o o
Jwy — ) = = Jjw _
p— O<W<m X (e’) {07 W< |w| <7 X (e’*) is 2m-periodic
d[n] 1
[n] L Z §(w — 2mk)
uln —_— -
= Oo7r w— 27
d[n —ng| g Jwno
n 1
(n4+r—1)! n 1
aporatulnl, ol <1 1= ac =)




Properties of the Discrete-Time Fourier Transform:

X(e¥) = Z x[n)e 7«

o0

n=—oo

1 . .
z[n]=— [ X()e“" dw
21 Jor

Property Aperiodic signal Fourier transform
Linearity azx[n] + by[n] aX(e) 4+ bY (e7*)
Time Shifting z[n — ng e Jwmno X (ev)
Frequency Shifting el*0n g [n] X (e7w=wo))
Conjugation x*[n] X*(eIw)
Time Reversal x[—n] X(e™%)
. . o :L'[n/k], if n = multiple of k ke
Time Expansion T n] = { 0. i n - multiple of k X (e7%)
Convolution x[n] * y[n| X ()Y (e7%)
1 . .
Multiplication x[nly[n] Dy XY (e?@=9) dp
T Jor
Differencing in Time zn] — z[n — 1] (1 —e™ %)X (e)
Accumulation k_z: z[k] mX(eJW)
Differentiation in o d i
Frequency nz{n] J @X (e ) |
X(e¥) = X*(e™?v)
: Re{X (&)} = Re{X (e7¥)}
Conjugate Symmetry z[n] real Im{X ()} = —Im{X (e7*)}

for Real Signals

Symmetry for Real and

Even Signals
Symmetry for Real and

Odd Signals
Even-Odd Decomposi-

tion for Real Signals

x[n] real and even

x[n] real and odd

zeln] = Ev{z[n]} [z][n] real]
zo[n] = Od{z[n]} [z[n] real]

[ X ()] = [X(e7)]
X () = — <X (e77¥)

X (e’) real and even

X (e/*) purely imaginary and odd

Re{X(e/)}
JIm{X (e?)}

Parseval’s Relation for Aperiodic Signals

= 2 1 Gwy (2
> felnlf = 5- [ X (e)Pa

n=—oo




Common z-Transform Pairs:

Signal Transform ROC
d[n] 1 All z
1
uln] = |z| > 1
1
—u[—n — 1] = 2] <1
d[n —m] z7m All z, except
0 (if m > 0) or
oo (if m < 0)
1
"l — 21 > ol
n 1
—a"ul—n — 1] T 12| < |
" az
nau[n] 1= ar1)2 12| > |
n az™
—no u[—n— 1] m ’Z‘ < ’Oé|
1 — [coswp]z™t
1
[cos won]u[n] 1 —[2coswp|z=t 4 272 121>
. [Sinwo]z_l
1
[sinwonjuln) 1 —[2coswp|z=t 4 272 121>
. 1 — [rcoswp|z™?
>
[r" coswonjuln) 1 — [2r coswp)z™! + 12272 21>
- -1
[r™ sin won]u[n] I sinwolz 2| >

1 — [2r coswp)z™! + 12272




Properties of the z-Transform:

- 1
X(z) = - =— ¢ X(2)2"'d
(2) nz_:oox[n]z x[n] o] j[a (2)z z
Property Signal z-Transform ROC

x[n] X(z R

x1[n] Xi(2) Ry

xo[n] Xso(2) R,
Linearity axi[n] + bxs[n] aX1(z) +bXa(2) | At least Ry N Ry
Time Shifting x[n — ng| 27" X (2) R, except possibly z =0
z-Domain Scaling | e/“0"z[n] X(ewoz) R

zpx(n) <£) 2R

a"x[n] X (%) la| R
Time Reversal x[—n] X(z71) R!

. . =rk 1
Time Expansion | z¢[n] = { 15’[?“], Z , :k re | X(2) R*
Conjugation x*[n] X*(2*%) R
Convolution x1[n] * xo[n] X1(2)Xo(2) At least Ry N Ry
First Difference | z[n] — x[n — 1] (1-2"HX(2) At least RN {|z| > 0}
. 1
Accumulation kz_oo [k] —X(2) At least RN {|z| > 1}
z-Domain d
s
Differentiation naln) “dz (2) R




