2 - TranS'CorM Rev 1Cuy | | é-l

'\30‘* should au@aAj be f@am?lliar with  +he
%—-‘t’mmsﬁw‘m) v F&la%:‘cmsl\ip N5 -{{Ae DTF‘C

&Wd s ra&ﬁms&«‘r ‘/’o ‘(“Ae LQP{Q(:Q -‘{"mng&rwy
Bam uour un derq raduate Sguals  ad cystems

course.

— The %—‘/’r‘an,s ‘é’—fM 1S ‘{' /@gffe/ M Cfmp%e/‘ é
ot the +text

~ teve we‘// J‘w% c(o' a ]DFf‘@NC e yew.

E \rﬂer\va(ue W@rpr etation

PACT: e any fixed  complex nomler z the
Sz‘gna( 2" is an eigenfunctiamn o oty
discrete time LTI systewm.

&Q_Q_Q: let H be an LTI‘%‘&(@M
resprse WTY. Let 2¢C e 4, .

\et the Sustenn mput be 21

With  w pulse.
ms%m?‘ c:mA

— »




Then  the  systew ogﬁtﬁ s guen bﬂ. @
qmas Hier = 2" xlhon)

— 2N

7

'T‘,\Q ;ﬂ[h&f

N

~So we

NN 3 F A= Z‘f»[‘i\i"%'k

ke Z '- keZ

DERNAE = HE,

k¢ Z
\/\C\:‘ QU"Vlé@r —th‘[' Cé

C’V‘dﬂe value of the Cmg%ﬁrﬂz'z
HE M e sycken,

see WYL/ Lr +hp set of @‘jemfahcﬁ?«qs‘

{an¥66 ) /n\e el\j@ﬂVQAlég are g(‘l/en 4& fla_
2-Transtorm oF  the Em@‘*«k‘? (EpNSE .

~Hz) is called the m“\c@( Luncon”  of

the

S 3@/\'&«



The S5 xe«rfuppe,«"(/ ln{'&rpre,‘(‘dﬁa/_\w
- knothey way o thuk of the z-trnclerws that
'S FWE@U 4 more wtwitive G west peop le,

- \We a\rﬁﬁt&% "Mu OLECU:\’ this in ‘h’le notes %{
C{(,\a (yk ex i—.-

— Supprse  we want 1 Cmgicsw 5,\54@& XU
"f’bwft/ W\Ay I'\&Vé'i le\/&(‘jeﬂf CCEQJ Ee,élm/fc’uf‘ //o/\
the r\'ﬁk‘l’ s?&e (as h200) or on +he le &4
51’0\1 (as "\*-?-—m)_

af' xXTn) = }" or ’)CDC):?)"M-CW)
EOA m/\'{'ke rf&l'\!'—»
RN L\N
*U)= ) o xog= (e
bod  an the le£-t .

— The DTFT -Lals ) CﬂY}V@Vje-Por g;“jmq& ot

“HNZS 'h“se,

-8 we wat 5 bhe gble 4y use. +rans Sor ma ama(ysfs
to analyze bhaw such Sgnals iateract  witl

LT SYS{’WS‘/ e W,‘[( "\eeél a ‘FNmS#WW) WYL
> Wore powerfu| tan The DTFT.



— The 5)('“{’35\‘\ s 1o \Mu\JﬁPIj tre “hod @

Sigul AT Hmes “Ciner- upper signal
where eTR and Cy0. g

~The Liver-upper cprrecks the bad behaviowr
N gy that we can take e pTET
of the “Lyed q@“ St\jﬂa( xXeny ",

— € 0<r« l) then +e Qxar»wpﬁﬁr r™ s
UP on the lefHt,

—~ : -'.L- T - V"
EX. r—-,;(-——e Y‘“-‘I‘ ’

\ ]DO‘\’ev\:"\‘ql{j l)(ouﬁ

Fues up over here - things up
over here,

__’l’\

“~

't\\”\z
o

— IL r:\) +hen r»V\ = i Q'\A Tve C\)Zer —\/(Pfer |
doec ine, ~ -
nothing o 4he Lixf up signal s XTI =10

" Pivec W om the m“ahf,
XL =4 = = (g
M&W‘H“\\\% hlow$
Yuings Wb over
WeXe, —

 Fues up over heye

cx
?Plv >
\
0



“T\\e, Zw“kmmsﬁcrm ot XW)

XS ’H/\Q DTFET 6"5
ot H/\e

Eixed-up Juy  XCc ™ :
X@) = DTET { AT ¢~ E

= 20T e
nEZ

. -N
= 2ty (red™)
nez -
74 caw\P\e;c Y\umgéf‘ N FC’\&( _COKMJ'

call 1t 2, with maﬁm‘{’w(y,
=12 and apgle w=aryz.

=) ™

N Z

~ You can fuink of the ‘g]mf’l’\ of X&) as a sheet
O Surfeace ’H’\d 6)@‘5*?5 over *H,\e, CMP(@ %fP/[(/)Q |

— Actudly, cince X@ 15 complex valued. m
genera |, 'H(_ takes [étwo 6&%{3’45\} -+o
show X(2)

— one Corﬁr\p, real pmf*‘r and g
Lor  the ‘\w\wa{mr? par

=00 M Hho pagnitude ard. one.
fo the phuse [era,) the angle]



- Theve 15 a nice example ,6 cme of 6'6

thete type graphs in F9. 6.2 om Pa9e 283
o€ the +ext.

- The St of complex nowbers 2 Lo which X(z)
(onve(qges s quled the aRegim of Canverj@nfe\)
o “roc. '

- Complex numbers z Ly which X(z) blows up
Cd"vgfﬁas) ave not i the Roc.

— These 2 4yp
— 55V\3wlar(‘-('\‘eg H,
Points

E “gulr fies’ of X z).
WX oceuy at \lwtﬂd‘@l

- \/ S'{‘ch (@,
n 'H"e Z:‘Flcd\e, avre. CQ(EJ CCPO'@S\!

F;OJ "i’\,\e, DT(:T ot “the QKeA
Cither CNVENIES or 1t Ay not.
e AR converaes, tpon The circle o¢ mdms r

W the Z‘Plaﬂ& IS iv\c\uc\eol W the Roc of XGZ—)

3 And Ahe qraph of the DTET of
O et ok T g o6 369
—

- For each req

UP quy XCnyp-n



EX: Suppose ot 6-1
X(@)= Z kW) 27" = ) AT Ngmiwn

heZ NE€Z Sz
Comverges on the citele |z2|=2, _ LJ
- Then the
graph o€ the DTFT ¢ the £ixed up guy
AT = (4 ym
S W“‘FP{‘i around s circle ac P‘WJF
ot the graph of X (2): R \)l .

DTET § ({)“m{)

- S You  can +hink o¢ tHe Roc o€ X(@) as q

collection o¢ circles of radius r where

e DTFET of Ao e converses |






B




- TL XD i zew L g the positive @
n'g/ ‘f’l"@") oq ‘
X@#F) = 2 X6z =

ot XF] 2t e xr-) 7 \
T PXOIE 0L+ O%
+ .
and h\@ Roc wil]

all the '\ejaJr:‘ve ns, Hen

Jeresally, ingly, ) the circle o
N&'(US @0, @'3' ‘M@ set 2] = oo,

~ You can think of the 2 —Tvansterm XCZ) “ "

CO((@C'P(M O’G DTFTg 0‘@ p\;(g‘g/\ L{P gUyS
XTI

wrapped oy nd cmcentric circles oF

mo({qs r M ‘(’k@_ %—»P(Qﬂ@‘

~ Fer r=l, +he +ixed Up guy s ')(C’Oj—ﬂ - ACal.
S0, above 4ne unit cirde the Zz-plane

X (@) s emcﬂa ‘\ClemﬁcaQ o X(eé“‘).




- T ~CN) \I\kC a DTFT/ —-H\en ‘h'\& @
Unit circde ¢ weludod w The ROC €& X(z).

- 38 AT does not hove a bTFT Hhen the

Vnt aede qgowet neludad n 4we rOC of X@).

NOTE” Wl/\&q r= j_ +hen 2 = réw ekc—d

J
% X@ = X(ew)
~Tn order 1o 5?‘9‘:‘% a 2-trwnclerm

t@%ﬁ;@ 'ta peci @J ‘w‘ﬂ/\ "(’I/\e -@w\cﬁ‘m XC?:) ﬁ_"ﬂ
e OC Wl\{d/[ ‘Q'ﬁl - | |
N < whidh 24 Ye) Converges fr,

N
,X| t“-) - (Ji)utv\jo

X, @)= LGz = 5 ¢
NeZ - n=o '

XC%)/ it

00
-\ ‘ el
- VZ_O({z; ) = —Zz lz!v—'i
N-OIQ: ’CD( |2|§J7;) o 2»""Y‘an5~(arm
Y (2) s WoT equel Yo —— . Er

|~ 57

\zl< 3 , Xi(2) diverges o oo,
—>




EX .. Now (ot ) 7-10
MW= = (3) ut-n-17.

Then v, @)= Ei(%)“ut—n-—q z"
A Ll
:*Z__G—)Z-A:—Z’)_%

N=-900 he |

S N30 2 o
:O‘fZ_Q% = ‘—"_Z_Q‘Z:

n=i nN=]

| o0

= 050 200

= |- 2°2° = ) 2
n=|

%8, L \
Non : ' ¢+
=0
= T2 T -2z, lElez
S b Sl L
B \ -T2 ) I21 2 )
2z, a_ z %
T 72— Vg Z_.,,\i
Vo l/
= T’JiZ" ) 12l< %




_@_ﬂ_u« Soe we |lhave 6—((

-5zt ) z
and
\ L
_ z| <
X, (2) = =52 lez

- hre X () and Af2) ecbua( 7

— No WL

——

—> Theve 15 o aumber =z e C Qow

S— e — '

= Forang = ot Y@) converges to

! ‘ -—L—
he' humber -5z Yo @) d«fve(jes.!

— For any 2 4yt Xe(2) mVeres fp the
Mumber _—

|~%27 Ml («%) d‘i\)@/ﬁej /
= The ROC 15 importast

T————




-2

-TF X0 s right s{c‘eA, Then anyg @
bad behayior could o'v\l"g( be on +ne rigat-side .

-TL Here S ang o That can Lix ﬂAmg: Uup
fv"f t™is RSNy {a?f Q;?_/ Fhen
By b 4 Conversont DTET

- For anj r> Fo/ /,'(ag =3 (n this CaJC/ 'Hfl&

60\3 XLCn) s @I)ce(;' up

even MOY e The
DTET

GGy s
63’)4 Lires up Eﬁd Eakavfor

8\’____9_‘[\ M{)‘rg "H/\an (Ji)ﬂ-

/j Cmque{/ é)ééfwsa |
24 ’fl«e Y\!\’)lﬂ"?'

= A r:jhf~625(60[ Xtnd  has  an exteyior

Roc, It i gerenlly the exterior o€ a

. circle Hut passes ‘(’hﬂ)t}jl*) the (m/jézf‘{'
- pole of X &).

— A \Q_Q«i(——s‘téece X l'\as an iﬂ+€rfaf RuC .
IX \s ger\emﬂ; the nterio g a cirel

That passes -(’i\nyualx, ﬁx\e Smallest- Lﬁd(é‘ ‘
0 XB)., —s

c-



—tny Hve <ided ALY can be broken o ((-13)
the sum of 4 rght 5[6(850 [Mf*’ F(LLS a le€t |
<12€QA ?ﬁf‘(’,

- Tl@ ‘Z“+mu§COYM of "’[ae r(‘jw QM (bar‘f’ (zmg
a ROC At © the exteriam of a circle

i'\ ’”,\Q .Z-(alahe’ | /’_’
R

The 2+ — "
— e 2-Truns e, s 'H/\ \
ROC et 1 ,'H'\& ‘mi;,/ftgp( Sidod pert hac

~

2-plane T of e circle i tug

~The RoC
S (9Nl i@ X%)/ The Z-trans e of The whole
7 Y—U‘)/ (S Q)(étc,f{'[g me 39/'{' o 2% -Cc./‘ WL[?C‘/‘
ﬂ’\‘." 2-Trans €vrn of the i O‘t’f S]M Pa/?‘\
and The 2t ot the lott s du ) part—
cmverje )

— The RoC o€ X(%) s 4n anmw\wg.

\)




- 14
=7 A tow sided ) Ws an gmnuley ROC@

= AV\ YT with Cate .mppor"(' (-@m{‘l‘e lenj?%)
hes a (WUC Hnat g 3%6@[% The entive

2P (4:««:) eveept Pogg;ug Hre

points 2=0
and Z=oo, |

—> These two FOM"/‘S Must Lo d«e&keél
i”\dividuq(% *er each X (z)

al

™ X@)= _xmzh
= e+ AT 2—7’+ ')CC-l]Z"-t ) 2°
FADF AL

> Tf Xr) =0 Yn>o,

“then the point
Z=0 s \ncluded

W we RpC ot X&@).
ST Xnl=o0 Yn <O, ‘e
R0 ¢ “w\dww N



z |
Let M(2)= (2-2)(z+3)
P—?: P(0+
'(‘ ’XC".} 1S r‘ng—S\C&éJ
/ The ROC must e (21> 3
% K Xlet) does wt exist in
3 to2
/ TWig case, Since e ROC
dy

S hot include 4, L+
Circle,

nthis chse, c¢ipee.
uni+ C,(rcfe

the RoC dpes include ‘H«e
— & ACh] s J(wofSwC‘?bI/ ’ﬂ/\e_, Roc must EQ
2< 2] < 3, Xew) dyes Wt essf i

“("/\is cage S\ ce ﬂe@@c c@aes VW‘IL
nelwde 410 Wit cirele.



-TIn Some app(ica"h‘mé, Yo V\Mﬂ be
{V\+W@S*ZA M(‘% VA M S\\;')V\Cmfls %an
\IJIA{GM (XJCVG’;O VV\‘CO ﬁhd C&U‘I‘il S'YJZ('%S

H G whec, Wil =o Vn <o

—Tin such cases, You Can  use ‘H/\Q (Alm'lcat%/
?-—-{Yw&‘ccf"’\

20
L, @)= Zxewyjz-»
VI =0

’i:”/\ ‘er' uini laterve | 2~—fmn5@m/ you don't have
SPGCtgq T\/\Q ROC

— Iff/'i a(ways the exteric of the_
C(Y\C,,le. ‘lfl,\pd’ T“SS@S —l—‘\,\méL\ ,h/\&
\aqos«% P")‘e'

_NQI_{?" +L\€>, —2“\"?&%5\{&*% ‘+hat ic iW'P

lemanted 1),
Matfab i He Unilatery |

2—Trans {e ro.

X(z)= Z_ Xn)z—

n—- —<o

1S Ca(leA ‘b‘\«\@ E,(q‘f‘efﬁ/ ’Z—"‘ILV‘cmf\CM/W)

— ————
when there is o need 4o diskuguaish it
Crom the unilvtera| z2—frans pn.




7
— W hen You are acked {5 Compute the é
2trnsbrm  ¥(@) = Z {xon g,

"’>\(0U(’ Liret AOFQ s ‘Q

2~Trunslermg
G the pna

b\cf X} om 4 h”& ot

like the one " The course web site.
n Table G0 o 4y tot,

— Tables o€ 2—truns-form Properties can be

fong M the course web site and in T lle 6.2
of the text,
I bth of the alppe Qaﬁ(/ then you will have_
t ’Va ‘v calenlde XC?:) Eern the C{Q@»”;ﬂ{?%ﬂ o
: t |
WTE* € xonef (2), ther Xe™) eyt
= TWe weins ot o poc of xis) inc ludlog
““he unt c e,
— Thig mean § ’{"/m'f/ all of the “Ffam@f;'/” paivs 2
Your DTFT table can be Ca:\l/gf‘/f’ Mo
Zz—t mnj% ’PQWS ‘D\‘j Mak»@ ’HAQ
Sulbc—k"h'h"m Z=0V.



.
Taversion o

—’T\'\eof‘6+(ca~u ) Xy Ca n ge r*ecovef‘ea( G/M
e DTFT"{XU@&M)K)WMCL‘
(‘e‘l)u‘ire’S

e of
O--T 1 T[> -ec(‘ C“"@'
© O e e o € X&),

- TBut ﬂ/\(s MVD'\/QS %’UM\L) q Cﬁw\P/@)L ng M‘("é\‘)m(
N the Compleyx F(q‘ne, which can be involved.

= Your berst | ok Lind PCXE) wma Tlble
ol :2—+mns—QrM5... +hen I judt write Ao

teq rati v aroond e civel
rading (6o

(z) You've got jcpi4 in the ”\'qL'e) they
,2—+nm:("owv\ Propert

The ne Yu've aqot |\, We g Caw\ﬁim‘f"ﬁa/)
of wes L are m e 44l o,

- T both pf He aboye Lail, Yw an tvy ;fo

Man; pulate X2 o +he. (:M,M’ X(2) = 2_xomz"

N=-—20
Then ww e ok e e the ualues
ot Xy -



S R Y WS RSN )

all % W@p’f_ Z:Oamé 2=

X&)z (1-s2)(z+ ) (z-1)
= (-52)E= )
= 2t - 7/%’ I+ s 27!

- 4R

XC-7) 7@3 xCo} xCo)

=5 xoy= Ty =50 ) = pIn )+ 390 -3
Ex X@)= (1+az) | 1zl lal.

Expanding in a Taylor Ser;es}
YH-\

X (=)= ')___;("" 2"

Ml "
F‘\ ————
’xm:ELB =y N

«’O) hél’




-0
-Tf all o€ the. a&ve -Cm( and X(%) @

S vatiok| {5 ((equivaleat - Cotiore) inz)

y,
/h\@,v\ W can —Hqu 5 wnyert \)'?f L@ o@fvfs;‘ane

— See ~the ’\'E’/\AJ( N\A///( the 3793
e, G

lecture
e’(”\W\P les.

"Il ok the aboye il Yo Wil huge b Ty
1 nvert Lrovn ‘ne :Ee@m-haq ‘aj ?@rﬁrmi‘«
COW\p j

/

lex in\e,., wrey ractian

">§(‘/\C€ ‘H'\@re [S no /Q,(V\Aqmen'{?(’ —H’\eOfeuq O‘A

cq(cwlwg \Qr Cow\fiex ’“Vﬂr/b(éco an+:hs O*(Q
&\ Complex Vamq(:(e/ This ol jemem//%
\Wolye an pplication \

Dot He
D 000 o iy Cauch i,v\*: ) e




— Suppese. Tl H o ¢ an LT syctem
e

i« both slabe and  cau ol

— Sinee | s BIBO 3&&(@/
™Th

L4

htr el (z)
'S weang H (e&w) =IVAY Y .

"‘\TL‘S Meang the unt circts K W the Ra
o HE). -
— Clnce H [ Causel \,{Cr\—) =0 VV\<O
=) Tha

or elge 15 4, wh,

= St RUC of Hiz) .
nd (S @y koyies

::\’> WTS WMenw( ’h\,{l/ﬂ[, ﬁ;\&f{)@(@g \,\0\/6, 4+ |

udet 4o Uit cirelo

Cansel, Sheble (T SySs+em.



