ECE 3793
Test 1B

Wednesday, November 8, 2000
7:00 PM - 9:00 PM

Fall 2000 Name. SOLUTION

Dr. Havlicek Student Num:

Directions: This test is closed book and closed notes. You have 120 minutes to complete
the test. All work must be your own.

SHOW ALL OF YOUR WORK for maximum partial credit!

GOOD LUCK!

TOTAL (100):




Formulas from Trigonometry:

sin?A+cos’?A=1
cos(A + B) = cos Acos B F sin Asin B
sin2A = 2sin Acos A

. _2tan A
tan24 = §-oofg
co ‘——:l: 1+C2OSA
sin A ——-—cos2A

sin A +smB = 2sin 2(A+ B) cos 2(A B)
cos A+ cos B = 2cos 3(A + B) cos 3(A — B)
sin Asin B = 1{cos(A — B) — cos(A + B)}
sin Acos B = %{sm(A B) +sin(A + B)}

Diﬁ'erentiation Formulas:

— du

£ (uv) = udz-f—dzv
Chaln rule: —22"
d U aT
dmcosu——smua!z
4oin~ly = 2 —X <sin"lu< 1)
dzx ;71 uidz’ 2 2
Ltanlu= 5% (I <tan'u<
d — ldu
dz:lnu— udzr

Integration Formulas:

Integration by parts: / udv =uv ~ / vdu

du = In |u|

au
/a" du = —,
Ina
cosudu = sinu

inl — u _ sin2u __
/sm udu = 3 =

a>0,a#1

(u — sinu cosu)

o= D=

cos®udu = ¥ + #82% = 1(y 4 sinu cos u)

/tan2udu=tanu—u

du
/ u? — a? ~ 2 2 In (Z+2)
du
———— =In(u+Vu2+a?
Vu? + a? ( )
rsinaz dz = Si";# _ !BcC:lsax

in? — z __ ginZez
/smaacdar;—2 ™

N

/:czcosazdm = % cosaz + (i— — ;%) sin az
/tan ardr = 2242 _ g

/lnxdx—xlnx——z

sin(A + B) = sin Acos B £ cos Asin B

— tanAdftan B
ta‘n(A * B) lq:tanAtanB

cos 2A = cos? A — sin? A

l—cos A
2
A __ sinA
tan 5 2 = 1+cosA
cos? A =7+ 1cos24

smA—smB = 2cos %(A+B) sin %(A B)
cos A — cos B = 2sin (A + B)sin 5(B — A)
cos Acos B = 5{cos(A B) + cos(A + B)}

s1n-2-:=:t

d (1_;,) _ v(du/da:)—u(dv/da:)
dz - v2

— du
sinu = cosus- dz

l‘f 2., du
d tanu-sec u1dz
ECOS —mdz’ (0<COS u<7r)
du _ Judu
€ — € da:
d _ ed
dxlogau-—%—ﬁ,ayéo,l
/e"du=e“
/sinudu:——cosu
/tanudu:——lncosu
lt -1 u
an™ ' ¥
u2+a2 e
ca—1lu
= Sln 2

Va2 __uz
du 3
=In(u + Vu? — a?)
U2 — a2
r’sinazdz = ¥sinaz + (a%- - %—) cos azx

[#5a
I
g
/a:cosaxdx— 2932‘-@.;.25%
j
/

z sin 20z
+ 4a

ze®® dr = &= — (x—-l)

a

cosazdr =

zlnzdr = %{(lnm— %)



Summation Formulas:

N2 1 2 e
k;fak-—aNTa;\IH, a#l %a":l_l_a, la] <1
= ;c Kk Q n r  1—a™t!
,;,a—(l—a)z’ la| < 1 gaz T a#1
n _a{l = (n+1)a™ + na™*'}
l;)ka'c = i=ap
Signals: 54— dy () Sln] = ufn] = uln = 1
(z1(2), z2(t)) = /_ zi(t)z5(t)dt (mln), :[n])) = 3 min]ziln]

n=--0oo

Cev{a(t)} = Halt) +2(-)}  Od{z(®t)} = Ha(t) — z(-1)}

Complex Exponential Signals:

e]wot eJwon
Distinct signals for distinct wy Identical signals for values of wy separated by multiples of 27
Periodic for any choice of wg Periodic only if wo/(27) = m/N € Q
Fundamental frequency wyg Fundamental frequency wp/m
Fundamental period: Fundamental period:
wy = 0: undefined wo = 0: one
wo # 0: 2m/wp wo # 0: 2wrm/wy
Systems:

System H is linear if H{az(t) + bz2(t)} = aH{z:(t)} + bH{z2(t)}.

System H is time invariant if H{z(t — %)} = y(t — o).

System H is memoryless if the current output depends only on the current input.
System H is invertible if distinct inputs produce distinct outputs.

System H is invertible if an inverse system G exists which “undoes” the action of H.
System H is causal if the current output depends only on the past and present inputs.
LTI system H is causal iff h(t) =0V ¢ < 0.

Bounded: z(t) is bounded if 3 B € R, B > 0, such that |z(t)] < BVteR

System H is BIBO stable if every bounded input produces a bounded output.

LTI system H is BIBO stable iff / °:° IR(2)] dt < co.

y(t) = 2(8) * h(t) = / ¥ 2(Mh(t = ) dr = / * 2t — T)h(r) dr

yln] = 2[n] * hln] = ki; o[k]hln — k] = k_j’j: 2fn — KJh[k]
s)= [ h(r)dr h() = $s(2)
s[n] = k_z_ hlk]  h[n] = s[n] - s[n — 1]
i



1. 25 pts. Consider a continuous-time system H with input z(t) and output y(t) related
by

0, t<o0,
y(t) = { z(t) + z(t — 2), t>0.

(a) 5 pts. Is the system H memoryless? Justify your answer.

When t 7'4’) 3(4—): X (z) + X(4).
Snce yla) depends on ¥ (2), the system
S o MQ-W\Ofi\eSS' |

(b) 5 pts. Is the system H causal? Justify your answer.
For £<0, the output dves not depend on the -’ny'kt
For t%0, the outeut ytt) depends o x(t) {current
nputs awd x(t-2) £ patt 'MPW"}.

=y Theoutpdt never depends m a future npul,

=) The system ig Qucaﬁ.—

(c) 5 pts. Is the system H BIBO stable? Justify your answer.
Suppose () is « bounded mput Then IBER, B>9
such Hat Ixee)lsB Yt ER:
when <0, 4 (t)=0, so lylt)|=O < 2B,
When t70, |y®)] = [xcE)+ x(t-2) |
< x| ¥ Ixie-2) |
¥ BRYR =20,
S W4t € 2B ¥t eR. > ¢81 bounded.
Sine y(t) is homded, He Syctem is shable. 1



Problem 1, cont...

(d) 5 pts. Is the system H time invariant? Justify your answer.

X (%)
Let x()z wlt+b). E —+ R e
- 0 )
- 0, t<© = 2ult), — !
Then yl4) = {2)) oo wlt) I
Then \5“1-3) = 2&({“‘3). 23‘ jlt"ﬁ
Now let % l4) = x(¥-3) = wlt+3) — (4= x(t-3)
3 0
- {0y teo } -
Then 4alt) = {2)) oo = Zult) =yl Fyls 3).

Since ‘jz“:)#' ‘j(.f‘3), Yhe 533‘\'&« xS _v_\_aj_ +me .‘lmarimt

(e) 5 pts. Is the system H linear? Justify your answer.

= § 0 teo = (t-2) w(t),
Lel Y )= H{x,(t)} z {x.)m* t2), Evo [x,(t)i—x ]

= teo - +-2) |wlt).
Let 9, () = HExaly)§ = {z’tmmt—v—),’m o = [t )

Let ayb be cnctants and et Kglt)= ax, (1) + bx, (£).

. §o teo = Taotd) + %o le-2)]ult)
Then Y () = {*:({)H(;(f-z),t’/o [Xst6) + % 1

- [O.th)* h’\o.(t) +qx‘(\;-1)+ b\(z (‘t"?—)] “—H)
= a[n+x ) ut) +h Lueente} wte)

= a!j\ﬂ)*‘o\ﬁ;l’c) \/Tl’\ere(de the ngjfowy

5 is linear.



2. 25 pts. Consider a continuous-time LTI system H with impulse response h(t) =
e*u(t). The system input is given by z(t) = e *[u(t) — u(t — 2)]. Find the system
output y(t).

h(t) = (D ki) = § xEWEe-TaT.
_,L>’—:T, T.)t<0* \3(4;)-:0,
W(t+T) 1) £90 and £ <2 o<{;)<2.
| e
" 40> S e Tav
L({"t) _ gt _3*5 -t LA'E —tg e ATJ

et ] 5 ]

—~ ) _[e*..e“] 'et[l* —zt]
-2
i 1 S>T  mytwz:

-2t
3‘” g -3%, HT’A‘B e (6 4T

2l 2]
| Togethe” R teo

“‘)‘ —t[‘ 61{:) 0<{—<l
K -ie'tl:l -], tr2

—

6



3. 25 pts. Consider an invertible discrete-time LTI system H with impulse response
hin] = ()" un + 1].
Call the inverse system G.

(a) 5 pts. Is the system H causal? Justify your answer.

4 i Qﬁf cauga( be cavse

h{-1]= (;l)-‘ wCo] = f‘i‘," [ = -7 0.

(b) 5 pts. Is the system H BIBO stable? Justify your answer.

o0 Y
2 ol Tl = 21—

h=-w A== B2t |

H is not Stable becavse the

Sqs¥ewn impulse recpmis

s nert absolu?“e!y ,,(uwwau&



Problem 3, cont...

(c) 5 pts. Find the impulse response g[n] of the inverse system.
Hint: 1) Use the convolution sum to write the input/output relation of H. Put
the “n—k” on the input z[n] of H and the “k” on the impulse response h[n] of H.
2) Write out the sum to get an expression for the output y[n] of H in terms of the
input z[n] using “ - instead of a “¥”. 3) Use this to write similar expressions
for the shifted outputs y[n — 1} and y[n — 2] of H that can be combined to solve
for the input z[n].

Fr o yox) = xenT #hTn] = 2__ hTe] nCu-e] = Z_L t) ¥ Cn -1¢]
k=-% L=

= () xEav) + (-1)° xCn) 1) XCa=t) + -

oy Dat') tXCW) - X CwmV) e xTnme] - xTn-3)+ - -

B S AN P R 1SS B R ¥ Tn-3) —Yn-4) ¥ -

< Cw=\) =
. —4) -WWw=5 ) - "

S ncw] = —REa-T)+ 1 Cn-2] - XTn=3) 4 X Tw

/‘\

So Y ta-1) tyCw-2] = —KIn)

-9 Cu-2)
ten of sys\'an (= iS +hen

= -XCw=) - Y~'C“"7—3
‘ﬁt"q 3 ~>

VT -J‘[n'\j ‘J‘t“"‘j.

a——
P

g

I/'\



Problem 3, cont. ..

(d) 5 pts. Is the inverse system G causal? Justify your answer.
Stwce qemy= 0 Y <O, system G-

\S caus«.Q ,

Samaup—

(e) 5 pts. Is the inverse system G BIBO stable? Justify your answer.

%_ [3cn]) = i\—rcw—\‘) - ¢#ln-2)

hz -2 w-v
= )l v ] =2 S
v AL

n= | h=

]
TMWCI system (15 18O Skab
because Yhe iW\puL(e. respmie
5 “‘9"9"‘4*'6‘3 Suw«waL(Q,

N

|



4. 25 pts. Consider a discrete-time LTI system H with impulse response

h[n] = (i) - u[—n + 2].

The system input is given by z[n] = (—) uln + 2] Find the system output y[n].

hTk) \jtﬂ = XTad¥hln) = Z::’E\ Ce) xTn-t7)
“ yInd = Z(*'() *[‘)k;f*
XLk W-FZ - n__,, s
I = J—) 7 (%) ) L(#)
b .
- "(i') n (3
XCntk) -6) = * (%) KON
JRN U (‘7)(8)(%) " (R ICHON
XEH"K') _ .8/3(2)1'\ _ -8-;—4!\ ;
/u.ll,l!”l — k _]I) MLZ72 - nzo : M I K
T - 7:,(%)"‘0)“( (2) E},_“)
L @7 syt S
"() I"’yg
Al Togcﬂx&t" 4 ) heo

fftﬂ = () ny O
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