
Formulas from Trigonometry:

sin2A+ cos2A = 1 sin(A±B) = sinA cosB ± cosA sinB
cos(A±B) = cosA cosB ∓ sinA sinB tan(A±B) = tanA±tanB

1∓tanA tanB

sin 2A = 2 sinA cosA cos 2A = cos2A− sin2A

tan 2A = 2 tanA
1−tan2 A

sin A
2

= ±
√

1−cosA
2

cos A
2

= ±
√

1+cosA
2

tan A
2

= sinA
1+cosA

sin2A = 1
2
− 1

2
cos 2A cos2A = 1

2
+ 1

2
cos 2A

sinA+ sinB = 2 sin 1
2
(A+B) cos 1

2
(A−B) sinA− sinB = 2 cos 1

2
(A+B) sin 1

2
(A−B)

cosA+ cosB = 2 cos 1
2
(A+B) cos 1

2
(A−B) cosA− cosB = 2 sin 1

2
(A+B) sin 1

2
(B − A)

sinA sinB = 1
2
{cos(A−B)− cos(A+B)} cosA cosB = 1

2
{cos(A−B) + cos(A+B)}

sinA cosB = 1
2
{sin(A−B) + sin(A+B)} cos(θ) = sin(θ + π/2)

Differentiation Formulas:
d
dx

(uv) = u dv
dx

+ du
dx
v d

dx

(
u
v

)
= v(du/dx)−u(dv/dx)

v2

Chain rule: dy
dx

= dy
du

du
dx

d
dx

sinu = cosudu
dx

d
dx

cosu = − sinudu
dx

d
dx

tanu = sec2 udu
dx

d
dx

sin−1 u = 1√
1−u2

du
dx

,
(
−π

2
< sin−1 u < π

2

)
d
dx

cos−1 u = −1√
1−u2

du
dx

, (0 < cos−1 u < π)
d
dx

tan−1 u = 1
1+u2

du
dx

,
(
−π

2
< tan−1 u < π

2

)
d
dx
eu = eu du

dx
d
dx

lnu = 1
u
du
dx

d
dx

loga u = loga e
u

du
dx

, a 6= 0, 1

Integration Formulas:

Integration by parts:

∫
u dv = uv −

∫
v du∫

du

u
= ln |u|

∫
eu du = eu∫

au du =
au

ln a
, a > 0, a 6= 1

∫
sinu du = − cosu∫

cosu du = sinu

∫
tanu du = − ln cosu∫

sin2 u du = u
2 −

sin 2u
4 = 1

2(u− sinu cosu)

∫
tan2 u du = tanu− u∫

cos2 u du = u
2 + sin 2u

4 = 1
2(u+ sinu cosu)

∫
du

u2 + a2
= 1

a tan−1 u
a∫

du

u2 − a2
= 1

2a ln
(
u−a
u+a

) ∫
du√
a2 − u2

= sin−1 u
a∫

du√
u2 + a2

= ln(u+
√
u2 + a2)

∫
du√
u2 − a2

= ln(u+
√
u2 − a2)∫

eax sin bx dx = eax(a sin bx−b cos bx)
a2+b2

∫
eax cos bx dx = eax(a cos bx+b sin bx)

a2+b2∫
x sin ax dx = sin ax

a2
− x cos ax

a

∫
x2 sin ax dx = 2x

a2
sin ax+

(
2
a3
− x2

a

)
cos ax∫

sin2 ax dx = x
2 −

sin 2ax
4a

∫
x cos ax dx = cos ax

a2
+ x sin ax

a∫
x2 cos ax dx = 2x

a2
cos ax+

(
x2

a −
2
a3

)
sin ax

∫
cos2 ax dx = x

2 + sin 2ax
4a∫

tan2 ax dx = tan ax
a − x

∫
xeax dx = eax

a

(
x− 1

a

)∫
lnx dx = x lnx− x

∫
x lnx dx = x2

2

(
lnx− 1

2

)
1



Summation Formulas:
N2∑

k=N1

αk =
αN1 − αN2+1

1− α
, α 6= 1

∞∑
k=0

ak =
1

1− a
, |a| < 1

∞∑
k=0

kak =
a

(1− a)2
, |a| < 1

n∑
k=0

ak =
1− an+1

1− a
, a 6= 1

n∑
k=0

kak =
a{1− (n+ 1)an + nan+1}

(1− a)2

Signals:
δ(t) = d

dt
u(t) δ[n] = u[n]− u[n− 1]

〈x1(t), x2(t)〉 =

∫ ∞
−∞

x1(t)x∗2(t) dt 〈x1[n], x2[n]〉 =
∞∑

n=−∞

x1[n]x∗2[n]

Ev{x(t)} = 1
2
{x(t) + x(−t)} Od{x(t)} = 1

2
{x(t)− x(−t)}

Complex Exponential Signals:

ejω0t ejω0n

Distinct signals for distinct w0 Identical signals for values of w0 separated by multiples of 2π

Periodic for any choice of w0 Periodic only if w0/(2π) = m/N ∈ Q
Fundamental frequency w0 Fundamental frequency w0/m

Fundamental period: Fundamental period:

w0 = 0: undefined w0 = 0: one

w0 6= 0: 2π/w0 w0 6= 0: 2πm/w0

Systems:
System H is linear if H{ax1(t) + bx2(t)} = aH{x1(t)}+ bH{x2(t)}.
System H is time invariant if H{x(t− t0)} = y(t− t0).
System H is memoryless if the current output does not depend on future or past inputs.
System H is invertible if distinct input signals produce distinct output signals.
System H is invertible if an inverse system G exists which “undoes” the action of H.
System H is causal if the current output does not depend on future inputs.
LTI system H is causal iff h(t) = 0 ∀ t < 0.
Bounded: x(t) is bounded if ∃ B ∈ R, B > 0, such that |x(t)| ≤ B ∀ t ∈ R.
System H is BIBO stable if every bounded input signal produces a bounded output signal.

LTI system H is BIBO stable iff

∫ ∞
−∞
|h(t)| dt <∞.

y(t) = x(t) ∗ h(t) =

∫ ∞
−∞

x(τ)h(t− τ) dτ =

∫ ∞
−∞

x(t− τ)h(τ) dτ

y[n] = x[n] ∗ h[n] =
∞∑

k=−∞

x[k]h[n− k] =
∞∑

k=−∞

x[n− k]h[k]

s(t) =

∫ t

−∞
h(τ) dτ h(t) = d

dt
s(t)

s[n] =
n∑

k=−∞

h[k] h[n] = s[n]− s[n− 1]
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Fourier Series Representation for a Periodic x(t) with Period T :

x(t) =
∞∑

k=−∞

ake
jkωst X(jω) = 2π

∞∑
k=−∞

akδ(ω − kωs)

ak =
1

T

∫ T
2

−T
2

x(t)e−jkωst dt ωs =
2π

T

Sampling:

sampling interval: T sampling frequency: ωs =
2π

T

p(t) =
∞∑

k=−∞

δ(t+ nT ) P (jω) =
2π

T

∞∑
n=−∞

δ(ω − nωs)

xp(t) =
∞∑

n=−∞

x(nT )δ(t− nT ) Xp(jω) =
1

T

∞∑
k=−∞

X(ω − kωs)

ωs > 2ωM

Discrete-Time Processing of Continuous-Time Signals:

continuous-time frequency: ω ω =
Ω

T
discrete-time frequency: Ω Ω = ωT

Hc(jω) =

{
Hd

(
ejωT

)
, |ω| < ωs

2

0, |ω| > ωs

2

Hd

(
ejΩ
)

= Hc

(
Ω

T

)
(fundamental period)

Hd

(
ejΩ
)

=
∞∑

k=−∞

Hc

(
Ω− 2πk

T

)
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Properties of the Fourier Transform:

X(jω) =

∫ ∞
−∞

x(t)e−jωt dt x(t) =
1

2π

∫ ∞
−∞

X(jω)ejωt dω

Property Aperiodic signal Fourier transform

Linearity ax(t) + by(t) aX(jω) + bY (jω)
Time Shifting x(t− t0) e−jωt0X(jω)
Frequency Shifting ejω0tx(t) X(j(ω − ω0))
Conjugation x∗(t) X∗(−jω)
Time Reversal x(−t) X(−jω)
Time and Frequency

Scaling
x(at)

1

|a|
X

(
jω

a

)
Convolution x(t) ∗ y(t) X(jω)Y (jω)

Multiplication x(t)y(t)
1

2π
X(jω) ∗ Y (jω)

Differentiation in Time
d

dt
x(t) jωX(jω)

Integration

∫ t

−∞
x(τ) dτ

1

jω
X(jω) + πX(0)δ(ω)

Differentiation in
Frequency

tx(t) j
d

dω
X(jω)

Duality X(t) 2πx(−ω)

Conjugate Symmetry
for Real Signals

x(t) real


X(jω) = X∗(−jω)
Re{X(jω)} = Re{X(−jω)}
Im{X(jω)} = −Im{X(−jω)}
|X(jω)| = |X(−jω)|
^X(jω) = −^X(−jω)

Symmetry for Real and
Even Signals

x(t) real and even X(jω) real and even

Symmetry for Real and
Odd Signals

x(t) real and odd X(jω) purely imaginary and odd

Even-Odd Decomposi- xe(t) = Ev{x(t)} [x(t) real] Re{X(jω)}
tion for Real Signals xo(t) = Od{x(t)} [x(t) real] jIm{X(jω)}

Parseval’s Relation for Aperiodic Signals∫ ∞
−∞
|x(t)|2 dt =

1

2π

∫ ∞
−∞
|X(jω)|2 dω
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Basic Fourier Transform Pairs:

Signal Fourier transform

∞∑
k=−∞

ake
jkω0t 2π

∞∑
k=−∞

akδ(ω − ω0)

ejω0t 2πδ(ω − ω0)

cosω0t π[δ(ω − ω0) + δ(ω + ω0)]

sinω0t
π

j
[δ(ω − ω0)− δ(ω + ω0)]

x(t) = 1 2πδ(ω)

Periodic square wave

x(t) =

{
1, |t| < T1

0, T1 < |t| ≤ T
2

∞∑
k=−∞

2 sin kω0T1

k
δ(ω − kω0)

and
x(t+ T ) = x(t)

∞∑
n=−∞

δ(t− nT )
2π

T

∞∑
k=−∞

δ

(
ω − 2πk

T

)

x(t) =

{
1, |t| < T1

0, |t| > T1

2 sinωT1

ω

sinWt

πt
X(jω) =

{
1, |ω| < W
0, |ω| > W

δ(t) 1

u(t)
1

jω
+ πδ(ω)

δ(t− t0) e−jωt0

e−atu(t), Re{a} > 0
1

a+ jω

te−atu(t), Re{a} > 0
1

(a+ jω)2

tn−1

(n−1)!
e−atu(t), Re{a} > 0

1

(a+ jω)n
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Properties of the Discrete-Time Fourier Transform:

X(ejω) =
∞∑

n=−∞

x[n]e−jωn x[n] =
1

2π

∫
2π

X(ejω)ejωn dω

Property Aperiodic signal Fourier transform

Linearity ax[n] + by[n] aX(ejω) + bY (ejω)
Time Shifting x[n− n0] e−jωn0X(ejω)
Frequency Shifting ejω0nx[n] X(ej(ω−ω0))
Conjugation x∗[n] X∗(e−jω)
Time Reversal x[−n] X(e−jω)

Time Expansion x(k)[n] =

{
x[n/k], if n = multiple of k

0, if n 6= multiple of k
X(ejkω)

Convolution x[n] ∗ y[n] X(ejω)Y (ejω)

Multiplication x[n]y[n]
1

2π

∫
2π

X(ejθ)Y (ej(ω−θ)) dθ

Differencing in Time x[n]− x[n− 1] (1− e−jω)X(ejω)

Accumulation
n∑

k=−∞

x[k]
1

1− e−jω
X(ejω)

Differentiation in
Frequency

nx[n] j
d

dω
X(ejω)

Conjugate Symmetry
for Real Signals

x[n] real


X(ejω) = X∗(e−jω)
Re{X(ejω)} = Re{X(e−jω)}
Im{X(ejω)} = −Im{X(e−jω)}
|X(ejω)| = |X(e−jω)|
^X(ejω) = −^X(e−jω)

Symmetry for Real and
Even Signals

x[n] real and even X(ejω) real and even

Symmetry for Real and
Odd Signals

x[n] real and odd X(ejω) purely imaginary and odd

Even-Odd Decomposi- xe[n] = Ev{x[n]} [x[n] real] Re{X(ejω)}
tion for Real Signals xo[n] = Od{x[n]} [x[n] real] jIm{X(ejω)}

Parseval’s Relation for Aperiodic Signals
∞∑

n=−∞

|x[n]|2 =
1

2π

∫
2π

|X(ejω)|2 dω
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Basic Discrete-Time Fourier Transform Pairs:

Signal Fourier transform∑
k=(N)

ake
jk(2π/N)n 2π

∞∑
k=−∞

akδ

(
ω − 2πk

N

)

ejω0n 2π
∞∑

l=−∞

δ(ω − ω0 − 2πl)

cosω0n π
∞∑

l=−∞

{δ(ω − ω0 − 2πl) + δ(ω + ω0 − 2πl)}

sinω0n
π

j

∞∑
l=−∞

{δ(ω − ω0 − 2πl)− δ(ω + ω0 − 2πl)}

x[n] = 1 2π
∞∑

l=−∞

δ(ω − 2πl)

Periodic square wave

x[n] =

{
1, |n| < N1

0, N1 < |n| ≤ N/2
2π

∞∑
k=−∞

akδ

(
ω − 2πk

N

)
and x[n+N ] = x[n]

∞∑
k=−∞

δ[n− kN ]
2π

N

∞∑
k=−∞

δ

(
ω − 2πk

N

)

anu[n], |a| < 1
1

1− ae−jω

x[n] =

{
1, |n| ≤ N1

0, |n| > N1

sin[ω(N1 + 1
2
)]

sin(ω/2)

sinWn

πn
, 0 < W < π X(ejω) =

{
1, 0 ≤ |ω| ≤ W
0, W < |ω| ≤ π

X(ejω) is 2π-periodic

δ[n] 1

u[n]
1

1− e−jω
+

∞∑
k=−∞

πδ(ω − 2πk)

δ[n− n0] e−jωn0

(n+ 1)anu[n], |a| < 1
1

(1− ae−jω)2

(n+r−1)!
n!(r−1)!

anu[n], |a| < 1
1

(1− ae−jω)r
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Properties of the Laplace Transform:

X(s) =

∫ ∞
−∞

x(t)e−st dt x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)est ds

Laplace
Property Signal Transform ROC

x(t) X(s) R
x1(t) X1(s) R1

x2(t) X2(s) R2

Linearity ax1(t) + bx2(t) aX1(s) + bX2(s) At least R1 ∩R2

Time Shifting x(t− t0) e−st0X(s) R
s-Domain Shifting es0tx(t) X(s− s0) R + s0

Time Scaling x(at)
1

|a|
X
(s
a

)
aR

Conjugation x∗(t) X∗(s∗) R
Convolution x1(t) ∗ x2(t) X1(s)X2(s) At least R1 ∩R2

Time Differentiation
d

dt
x(t) sX(s) At least R

s-Domain
Differentiation

−tx(t)
d

ds
X(s) R

Time Integration

∫ t

−∞
x(τ) dτ

1

s
X(s) At least R ∩ {Re{s} > 0}
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Laplace Transforms of Elementary Functions:

Signal Transform ROC

δ(t) 1 All s

u(t)
1

s
Re{s} > 0

−u(−t) 1

s
Re{s} < 0

tn−1

(n− 1)!
u(t)

1

sn
Re{s} > 0

− tn−1

(n− 1)!
u(−t) 1

sn
Re{s} < 0

e−αtu(t)
1

s+ α
Re{s} > −α

−e−αtu(−t) 1

s+ α
Re{s} < −α

tn−1

(n− 1)!
e−αtu(t)

1

(s+ α)n
Re{s} > −α

− tn−1

(n− 1)!
e−αtu(−t) 1

(s+ α)n
Re{s} < −α

δ(t− T ) e−sT All s

[cosω0t]u(t)
s

s2 + ω2
0

Re{s} > 0

[sinω0t]u(t)
ω0

s2 + ω2
0

Re{s} > 0

[e−αt cosω0t]u(t)
s+ α

(s+ α)2 + ω2
0

Re{s} > −α

[e−αt sinω0t]u(t)
ω0

(s+ α)2 + ω2
0

Re{s} > −α

un(t) =
dn

dtn
δ(t) sn All s

u−n(t) = u(t) ∗ · · · ∗ u(t)︸ ︷︷ ︸
n times

1

sn
Re{s} > 0
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Properties of the Unilateral Laplace Transform:

X(s) =

∫ ∞
0−

x(t)e−st dt x(t) =
1

2πj

∫ σ+j∞

σ−j∞
X(s)est ds

Unilateral Laplace
Property Signal Transform

x(t) X(s)
x1(t) X1(s)
x2(t) X2(s)

Linearity ax1(t) + bx2(t) aX1(s) + bX2(s)
s-Domain Shifting es0tx(t) X(s− s0)

Time Scaling x(at), a > 0
1

a
X
(s
a

)
Conjugation x∗(t) X∗(s∗)
Convolution (assumes x1(t)

and x2(t) are zero ∀ t < 0).
x1(t) ∗ x2(t) X1(s)X2(s)

Time Differentiation
d

dt
x(t) sX(s)− x(0−)

dn

dtn
x(t) snX(s)− sn−1x(0−)− · · · − x(n−1)(0−)

s-Domain
Differentiation

−tx(t)
d

ds
X(s)

Time Integration

∫ t

0−
x(τ) dτ

1

s
X(s)
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Properties of the z-Transform:

X(z) =
∞∑

n=−∞

x[n]z−n x[n] =
1

2πj

∮
C

X(z)zn−1 dz

Property Signal z-Transform ROC

x[n] X(z) R
x1[n] X1(z) R1

x2[n] X2(z) R2

Linearity ax1[n] + bx2[n] aX1(z) + bX2(z) At least R1 ∩R2

Time Shifting x[n− n0] z−n0X(z) R, except possibly z = 0
z-Domain Scaling ejω0nx[n] X(e−jω0z) R

zn0x[n] X
(
z
z0

)
z0R

anx[n] X
(
z
a

)
|a|R

Time Reversal x[−n] X(z−1) R−1

Time Expansion x(k)[n] =

{
x[r], n = rk
0, n 6= rk

r ∈ Z X(zk) R
1
k

Conjugation x∗[n] X∗(z∗) R
Convolution x1[n] ∗ x2[n] X1(z)X2(z) At least R1 ∩R2

First Difference x[n]− x[n− 1] (1− z−1)X(z) At least R ∩ {|z| > 0}

Accumulation
n∑

k=−∞

x[k]
1

1− z−1
X(z) At least R ∩ {|z| > 1}

z-Domain
Differentiation

nx[n] −z d
dz
X(z) R
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Common z-Transform Pairs:

Signal Transform ROC

δ[n] 1 All z

u[n]
1

1− z−1
|z| > 1

−u[−n− 1]
1

1− z−1
|z| < 1

δ[n−m] z−m All z, except
0 (if m > 0) or
∞ (if m < 0)

αnu[n]
1

1− αz−1
|z| > |α|

−αnu[−n− 1]
1

1− αz−1
|z| < |α|

nαnu[n]
αz−1

(1− αz−1)2
|z| > |α|

−nαnu[−n− 1]
αz−1

(1− αz−1)2
|z| < |α|

[cosω0n]u[n]
1− [cosω0]z−1

1− [2 cosω0]z−1 + z−2
|z| > 1

[sinω0n]u[n]
[sinω0]z−1

1− [2 cosω0]z−1 + z−2
|z| > 1

[rn cosω0n]u[n]
1− [r cosω0]z−1

1− [2r cosω0]z−1 + r2z−2
|z| > r

[rn sinω0n]u[n]
[r sinω0]z−1

1− [2r cosω0]z−1 + r2z−2
|z| > r
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Properties of the Unilateral z-Transform:

X(z) =
∞∑
n=0

x[n]z−n x[n] =
1

2πj

∮
C

X(z)zn−1 dz

Unilateral
Property Signal z-Transform

x[n] X(z)
x1[n] X1(z)
x2[n] X2(z)

Linearity ax1[n] + bx2[n] aX1(z) + bX2(z)
Time Delay x[n− 1] z−1X(z) + x[−1]
Time Advance x[n+ 1] zX(z)− zx[0]
z-Domain Scaling ejω0nx[n] X(e−jω0z)

zn0x[n] X(z/z0)
anx[n] X(z/a)

Time Expansion x(k)[n] =

{
x[m], n = mk
0, n 6= mk

m ∈ Z X(zk)

Conjugation x∗[n] X∗(z∗)

Convolution (assumes x1[n]
and x2[n] are zero ∀ n < 0).

x1[n] ∗ x2[n] X1(z)X2(z)

First Difference x[n]− x[n− 1] (1− z−1)X(z)− x[−1]

Accumulation
n∑
k=0

x[k]
1

1− z−1
X(z)

z-Domain
Differentiation

nx[n] −z d
dz

X(z)
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