T‘he. DET |

- For a discrete-time S\‘j'\“'Q XCnl, we haue seen -
that the Fourier Trans form X(et=) is alwoys
Pqiqo\{c C with pericd 2T).

- For periodic continuous--time. s\‘ﬁmds lite eawofj
oswolt, and sin No"t/ we saw that tHe Fouriey
transCrm X(w) eomsisted QKC"US/“Veiy of impules.
::> In a senga) a Canﬁwuausf‘l’ime SC-jM/ Hm'f’ Cov)"aMS

only impules is discrete, becavse it is nonzero
only at a countable number of places,

'=‘> Wg_ Ut,sea thic CMCQ-P+ " §aw\p(»’n8 wWhen wWe.
\\Pka.ed 0(9” +L\& wet'@lﬂ’soG ‘qu \'Mque,g
n Xplt) o get XTn): |

" Yt
| /\)\/ ﬁ)\T’I}M’rT
- XT)

ol
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~% we have seen that
Discrete w twe — periodic in treguency
Feciedic in time — discrete in @refﬁueﬂcj

— In {:ac‘b it s one of the wost ‘Punalam@qul
a\uaii+7 Proper'f;gs of all Fourier reprpggﬂéﬁmg
that

| = A S\‘gml that Pe-r‘\'oAFC W ane
domain s diccrete n the other

NOTE T"\'S lMP,IBS ‘Hm""a gﬁna' ‘H’Mf t% EO‘H’\
P@ﬁod‘c and C‘lSCTc‘\’E n one c{uwmw\

M“SJ( be periodic and discrete N
+he other domaln.
EX: tho periodic impale train e () :

m—

¥ (t) XPLM)

NMMM? <7 11 TJT 11
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— This Coneept ha T

3
‘c\\‘scre-ke & Pex\‘odic — discrete & Pen‘ocls‘('

i< the wmoin idea behind the Discrete Fourier
Trans form ) ér. “pET !

Pre,/im.‘v\a,«.‘eg: the Dicrete Time Fourier Series (DFS)-

—-Sﬁppose an] 8 & discrete— time PW!‘DO“C 5‘(‘3 na.i_
\MH’M Perfoo\ N.

— Then )siwx\\ar 4y the  comtinuous-time case, XCnl Can
be wrtten W a Fourier <eries _
(w _ 21
o=

N-) .
kwon N v
XCn 7 R Z Ax€ (3.1) _

- Since. the siﬁml "as discrete and perl‘aJic with Péfrvbo'
M) ‘l‘f' has dY\ly N c\i’s-\'ihﬁ\' \Ialues... ol N
\\C\eﬁf ees o€ Lreedom’.

‘a(kw.) n

~ This implies thaT only N bacic Lunctiens e )

0<k<N- are needed To represeqt the
Siﬁvw\ [J\)g—\r Dike ‘(’_‘\_r\_\_r_c_e vectors -{;?rlzl arc
SuEficrent IRSJ - ' DFT-3




~ %o, \,\)Mercas- the comtmmovs- tme Fourier seres
ﬁex\mlly Fﬁfbul’f&A an i“{"nf"}ﬁ. Wumber of

tevms i the sum,

—> The DFS \S\Aw\ (,‘3.\) Was m\‘y N ‘terws.

—
—

— The DFS coe%‘c{enfs Ay are g ven lbj
N-]

AK: Z_X[v{j Q"ékw"h (,40‘)

| h=0
—> A dot product [as Q(WOYS) between +he
ngnal and (ﬁne, cmjudqfe; o#) the Lasi's

‘(-\-u\r\(*}’ims.
N_Q:r_—g—" S\ Wp = '2-5'} we  laye +Hut

e‘a (ktN)won eg Cktn) EF v

L

- e%k%ne‘hzﬂn
_ e%\(%n A
_ %kk)on
—Thus, exen though the DFS sumw (3:1) b 0"‘7 KLJ
forms and N coe€€icients K, one wey gl:a‘(ed
: | \ (pl
O'(' a Cocf'@(d&nr A\,__‘.” ‘H'\QT WOU\& bc’ M;’ ‘fk‘e

T\‘w\es eéﬁk“’u)wm - e%\"‘wj Q'\d $0 ‘M
. Sawme aS Ax. DFT-4




=S we e the Qollom‘n& )

-7 XCn') P@Hod«c with ?urcd N, Pef? Fied
completely Ej any N CmSE(u—\'we, smp[

- AK/ periodic with pox\oo\ M/ ,qDecmeA
cawxple*ely £7 any N consecutive samples

—> T £md the -(‘—meen‘l‘ql P&noo( of the A\c S/
tike dot products of the basis Punctions w:‘r'lq any
| me fenoc’ of an>/ as in (4, l).

— Tp twd the Fundamental P&\Noo\ of XTn?d, add
wp Gy one period of the A tiveg their
Fegpe&h‘\rc, basis ‘C\AV\C"’TM} as n (3.1,

. J
— T4 s Cusélfommry ‘h) \'\)ri’\\’e.
X(k) = A o
32T - p—¥°
Wy = o /N = e

(3.1) awnd (4.1) then beceme

N-l )
Il = T xuow -kn (5
| M |

_ The DFS eguations

=0
)
X(k) = XT3 Wi (5.2)

h=0

\
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DET

-Now suppose we sawmple a comtinvous-tme  Sgmad
| QV\A qcaut'f& . M SQMPQQS ov l‘/ . CT‘A{S w”l a,waz5

be the case in yeal (:ée, s ce \/oul wil Froba!:l7
ot \ive Qmj ev\au,«ah +, Samptﬁ epfﬁut»f‘,)

- This gives us a Jscrete —Hume SfahQ\ Xtn3 deCined
QOF n= 0,,,%---, N ) 07“)’,

- SUPFDSQ ‘HM\T

. We want a @v‘et()ue,ncy represeuhh‘m of XCn7) |

2. We want ksth XTwl and the @re?juevw/
TCFffsevrfqﬁcn t+o be fTOCé?SfeA N A
Computer (psp),

= The diccrete-time Fourier ‘l’famséw‘m wit |
ot AO) becavse w s a camtivuous veriable
in Xlet), {0 +his cannot be handled Ly

the DsP chip.

—> The golutien ¢ +, assame. thal XCwl, Osagh-,
s one p’ew‘ad az a 'pe»ﬁoAic d\‘scrr"e"'[‘fm&
s\‘va\) which we wil| ¢l UAY .

DFT-6




-—wr‘\“"ihﬂ a DFS ‘Co( %E'\j (—H\e, P@ﬁ‘adtz Sfﬁb‘ml)
then qrues us a discrete and \:em‘adrc.

-(‘»m_%uew@ represeptaticn Lo~ XCnY
N-|
X(k)‘ thnjwwkn () | osnsu-l
w=0 |

O <k

N )
X[ = % Z:OXU‘)WM o)

—E¢- 7)) s the DET  of XCno.
B¢ (7-2) i te IDFT o6 x(k),

= We tongsider Hhat  XCw i one peried of X[n)
ond Yot Xck) ?S one péﬂ“od of +he assoch'fea(
A |

:-:> The DFT X(l:.) ovd IDFT YTw) oyre both
ot @M?'\'g le.mca'k N .

= We often weite
wcn3 = IOFT § 3tk
X(b)= DFT % nx{:njg |

OFT
X} e X(k).

Oe1-)



- DFT Properties

— Relat rms'm‘P ‘o Aiwrete-time Fourier YransGrm

’IMSTQA'E ot CW\SSAG«rMa~ —-H\e M ga,mples

(), oensN-to be gne peried of a
periedic siquell KO0, we coud  cmcider
them 1o be the onlj rNZero  <amples
of a Si'hwd). )Q,Cn'} %N'&V\ \>>¢

2[\]: % ATa], 0&ns N (8.])
O)

- Ja Y cuse, )A([n) Was < C\i(Cf€4€' Yime
Fourier +eans $orm 2(@5"’),

~ The relgtionship behween X(e%) ong the.
OFT X(k) is

X(k)= K (e¥) 0k <N

w=2Tk/MAy (5.2)
- @XU‘) i N erﬁu«lly spared Samples o€ tha -
Foutier Arancform {(civ) plued it ~TLEWS

= X(E) s N e %ua\\, gFa(eJ S“MPQS alma the-
wnY circle o X (7). ‘ DFT-§



. - L\v\earﬁlp (
AT + bty e aX(k) £ bXo()
- Even %mme—\—ryli (about The - wmiddde of the srjm(l)
& xm = XCN‘"j) 0SNSN-),
Then X(k)= X(N-K) o Sksp-]
08k Symmetey; (dt fhs widdle of Hhe 53+

Vf KTa) = —YCN"'\—) ) o&nk« N“")
then X(k) = “X(N-k) , pek e n-l

— Con\)'uac‘ﬂf’ Symme‘Fr/ 'CO( ea | S\‘am‘,SL

e xcad s real , Hen

x| = | xn-e)]

arg XLK) = ,ar}xm -k)
0 £ ksn-|

Rext] = Re [xn-w) |

S =- B [ xu-1) .

DFT-9




—Time Shi M.‘na o
/ ~
‘bet X3 = XIn=21, where X 10, as bebre,
\ S —H\}; ?en‘od.‘c extencion o€ XTn7).

¢ Then
% [n) e———-> wwkx(k)

- Du{a({ﬂty:
DFTEX(k)K = Nxra)

— quSean/s Tl‘\eor‘c,m .

N -
N~ 3
AT A LY
n=0

k=0

NOTE When we wish s Q,MF\/\aStEE the - GC%
+hat X (k) is an AJ Pom'l' DF’[‘

we cCan write

X(k) = DF Ty ?XW%
(0 = IOFTy ¥ X(K)§

DET-10




C(rcm.lar Convolutien

—Suppose X s an Ny - Poim‘t Cinide - \ey\ﬁ'ut 5\3“‘.\4

Ny-1.

~ Suppose H ¢ an LTT 8\/3)@\”\ with '\W\Pulse
respnse hWind thet is NN Zexo O‘Y‘ty ter
OSsnhs Np—-|.

~Then we can Cconsicer Wif) t be o Sinite l@nj'“’\
sial of \eij" ‘\\zj de fined only e 0SS N,

-~ We Canmr\’ éhrec«-—\—

ly wmultipl, the DFTY o¢ x0n]
and WCnS,  becaure +\«97 have  Jif fevent le”"ﬁﬂs/
© The suwples (k) and H(k) aren't “uken
at Tl’\@ Sawme —Qre%uev\cfés_

- g“’?FO«Se we. %6(‘0—-13&6\ XCnD) and L\Cu] +5 \e,mj‘Hq
max (N, N2 ). Then we can M\)Llﬁf"}‘ the DFTg{
“Then ()= XOAHOK) s Hhe wame (i, 00 -point DFT ¢
yO3 = XInd 4 W) |

= This is called the cirenler comvolufion of
XD avd \WCu ,

W V) "ﬁ'@\/\
M"\O\\UNL)

yInl = XOn) €@ hund-

DF7-//




:’> YCO ‘e The P\aiv\ 0\‘9\ Cc‘m\lo(Mﬁm
(\\liv\car Lov\vo]u'l’io\i\") ot WIw) with

The period’\c. extencion of X&) with
gbeﬁod V\MXCN\)N&»),

= This s not the came ag +the linear
convo\ution of LWTw wrth XL i (8”))
which 15 usually Wt we wont,

— S, when we W\(AH’(F‘} DET S/) we ﬁ€+

Citeular comvolution n time, wot livesy

Sa—

Con \mlu‘f"‘c’“ p

NoTE.

Zexo »PQAAM% " WACunsé ag\al\‘v\j zevoS "'O
the rig\\AT Side of a Signal 1o ex+eud
‘\.\"S \eﬂj“-b‘\l

"\_)_QIE_’» Z=exo PQO\AMJ X Tn7 C\qamjes ‘HAQ"'EMj'H’) O’f’ﬂﬂé
o DET X)) wwich qives US o difllerant
set of samples o & ‘}‘(\(e%“) with increaseJ
£ requency resolution,

DFT-12.




— The ‘\W\Por—\—m\"(’ _abue3+3m S )

— Since MW\\’(P’y)‘nj DFET ¥ gives usg

ciceular  con volut i

= Con we  Sywe how ‘wv\P‘e\M@v?t the
Uv\ea(‘ con \;olu 't’ o~

ycn‘_'): )A([M—} * ‘,\[W‘)
usiv\j circulay CW\\,@[MWLIOV\?

= The answer ¢ ves.
— Al we Wave to C[O \S Zevo FQA lDO"H’l XCn]
dnd WCn) 1, \ex\j‘{'lf\ N

|+N2_" ).

- Then ‘H«e civeular comvolution avd iiwear
cmvolution will he -the Same,

— This 1S l‘\ow Canvolu'f!\mﬂ lQ)’ SP'@C’(’fC«i

mwltiplication s actually fmp?@méﬂ"?@l |
I wost mwodern qFPl?cqﬁWS,



NoYe on the DFT

~ Suppose X (H) :ws@ote-i X (i) = 2T Qo] 10403

— SuPPose we sample N poiats o get KM, o€neN-,

- Then we Yoke the N-poinf DET o get X(k),
— what WY X (k) ool ke 2

- TF our N samples capture exactly an

inteqer wamber of periods of x(+),

FThen X(,k) will \Wave o\A\y
Sample s,

Two wonzero

— This s not what usu,a(ly \/\aPPQV\S,

- Usu&d(yj we ger Some woninteger nawmber of Pe"‘bd“
- _

AV Vavalial

- -

~This means XOn3, The periodic exteusion of XLn3,
has b'\a Qiscontinuities in it

XK Wil shew 4 Iob of nonzero sawples in
Yhis case.
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“This Yebfect! ic called Lrequeney leakage”
or “edqe effects!).

- How dhould we think about tWwe 7

~The Tinite Seqment ot () Hwat we are

Sampling is x(*) times o boxcar

X(“U) - j \ T -

- Wy wv

—t €5 —mpvlho%w

- So the speckrum of the Linite 533“"3“"1 o+ x(t)

“that Qt ale Sqmpl,‘wg 'S “the convolution of

1 :
- In P\’ac-HCEJ ‘\-" 1S common Yo \\W\‘V\C\OW X(‘r) \AH-H/\

. A ‘ _
some  Window Fanction W () +hat has a “skinnizr”
spectrum than the boxcar

e
DFT-J



- This m‘.\—ig\afes ‘e —Prefcbuemy \mkage (e&ge ef@er‘h),

- USual ()' ) 'Hﬂ&, winc\owiv)g ]g accova(ig(ned l))l
SQMP\?V‘% x{) a¢ befove to 3e+ XCnl, awnd then

MMﬁ'P’y)'Wj XTn) \by WEny  (the samples of
The w‘V\C\aw).

l: IZ':T

- Computation of the DFT (5.2)
N -)
X(K)= 7 xony Wi
n=o

requives N compley Mu\‘f’»‘P'ies for cach k) or
N° complex multiplies ‘\'o“'«l.

"’TL\Q\\FQS"’ Fourier Transfarm“) or FFT) 'S a

tricky way to wmplement the DET +aat
te-uses inwtermediate caleylations +o reduce
the pumber o+ multiplies o N Log, N.

- Tl\e JDQS[(' FFT a‘ﬂC’f’-H‘\W)S re%m'\rﬁ N o ‘>€
a power ol 2.

16
DET-LA




-Tf N=2° = 1024, then

wow. -
NkaﬁzN.‘: IOJZQO

Decimation-in-Time FEFT

~Lel XI"1 have lenqth N, osneN-I.
- Suppose. N is a power of 2,
conTain

~ Let utn) = XC2nl 3 ©3INSE t;’)_'\)

the \\evey\ V\\mbercd " Samp\es of XCnd).
—Let vIn)= wC2Zn+) ) OSV\S%*l) contain
The Vodd numbered” samples ot wCud.

n=o
-\ (ant1) K
= 7 {x[zn] w2k K C2nk 1] Wy }

n=0 N

2-)

U0 Wy RESN) va%

n=0

N
LI+ WiV, otk Bl g




- So we have wriften X (k) , an W-point DFY;
@S the Suwm o b -‘I‘i—poiwf DFT ¥,

= This can be repeated unti X(k) s Rvally wyitten
A5 sum of N ore-point DFTY,

- Calculaf/'ng, X(k) in thic way IS He basic
decimation- in-+ime FFT a\gori'H»W’/ which
requires only N 2. N mulplies,

FThert is alss ot decimetion— in -—worcq}uewly Q\ﬂor;+L‘M
that beqins by spl.‘H'ivlj up the even and odd
humbered  sowples of X(k) instead of KCT

NOTE : Rasic FFT q\@)n’-ﬁms \\\jmu\:\e uP“ +he
Ovder ot the -@\rec()uemy 5amples,

- Some routines fix this up before ﬁ"e“/ I H-"M)
aM Sowt do M‘f',

- Mwoyé tead Yhwe docuwmentalion o L) ot the
Order o% +the Freguency samples when vou
call an FFT voutine,

)
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