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DisTRIBuTION [HEORY AND THE DwrRAC DeLTA

s

— For conbnuwoyus- +ime Sijuak x (1) ) +he hatura ) basis was

- Writing X(¢) as q som of Hhis basic made 4

easy o uwde cstand vul«y the output ¢ « cmﬁnucus-%/mi
LTI Systewm s convolution.

- In Chapter 3, owur wuin qoal 15 to represent S?j"lﬁ'if x&)

and XTW) in “+he \\Crﬁ%uﬁﬂﬁy dewain j’ which will simply
be a c‘»\anje o¥ basig.

— But, the Diruc deltn will show wp agemn-

-Se we begin by speding rome time to undecstand
 The Dire deltn beter,

Plaw

—c———————"

|

— Re.vieu{j fH"e “ usual I Presew"!‘z«.‘\‘f"a/\ ot the depro\ \\’(:ptv\(-)fim.” |
- ()v\clem;{?awfl wh)/ “'H@e “U\qua’\ " Pr& gey\‘k“a:\'iw\ R M\Hﬂ Wl&'%l‘(t(”y

ncovrre et

= Understand why wany booke use the incorrecy presenttion.

~Understand the Ma"’hemzd?m)ly Correc+ way {_O
Hreal” the Divee de Ha.



— The \‘LLSLLOL,lHHV debinition of BCt): @
— I¥ s a unt area pulse that is ‘\M'P%M‘\eﬁ‘y thin! and
Sinfritely Tall !
fY=0, t+0 (#)
Sm&(t)o\t =1 (%)
— The Siftivy ’pro‘?e\r-i-y ‘! |
Smcr(t)x({—)dt = x(0) (%% %)

:>H(>W You lknow ¥ Same‘\‘himj is wrowng aboul this -

~ according o (+), +he “wdegrawd in (%x) differs

From the Lunction x(t)=0 only at q Single point:
- In calewlus, you learned twat +the value ot «

(_R.iew\avw\) ‘W\‘\'égra) Cannot be abttecsted by +he Va)u&
of the ‘”‘*’ejra"\& a s~wgke, PoM’)‘S j g

/\}/\ anel . have the

————

Same  dvea under the curve.

— Theve cen't be' Any aveq under « POM*‘

~ S5, m ke thepry of The Riewawn mteg M\) the '\v\‘}egra)
(%%) wusk be +he same  as

o 7
{ odt = O . 0



- Seme baOkS Pfe&e«m‘% ft‘r’ Th's wa% .

\
A, oSt<d
o g ) = %

O ) 9’\7\/\6’){‘w\3-Q
{
| HZ
= | X
oA t

Then ‘H/\ecj aﬁ.@w\(ﬂf +-, e Line
56 = B ).

But  this Svesut r&\(a Q;%ﬂ the. Pmlblems
with [%ﬂ o the Prev»‘c;us page .-

\NQ.\\I\MJQ.

ST I PN

R0

(%%) =

—5 Now ‘*hey wanl to Switch the order of

the  limid AV\d The- ‘(‘m‘{"@jr’ag thiolfl 1S also
a L, vecall)  and wre

\ ? - QCW\ = ﬂ-— ><)<
= l%—%\ Sga A\A(ﬂAt a0 1 |

Nao/(kecz ,

s, But this s /



1o swich the order, Yhe lmt

N Yhe \W\er‘jﬂ«m‘/( wAY Cdf\\lt?ij uw?@rm)\},

- Burk \'\ewe‘ Hhe Mfeﬁmwt \§
5 A

Which converges ml% M’/ oY

uvﬁ\fww\\ﬁ, So WS het dkay fo swith

the order 4 the |t ‘m’d dhe
ntegrel  in Hhs  ceg@ .

—Then wl/\jél\O 3y mej ()()okﬁ %@Clﬂ Vvt ”Hﬁg

_Lets omsider the- C?A(ft) widel awh Fake a
bl ot W owith WQ@P&H‘* A7 @oc\r’-)e) o

pare 37 E e
{ seat) At = x@)



'QVW%Q '7(«“’) \S Qﬁ*(e)«/\a\xj swoothn

or "olualy vav 7?'\3” with resped o Yy
Tme  wtervals A.

| 00
~ Then ngder Hoe inteayel ) B0 St (F

o) = /”Tf/gt

- ' !

O A \

v A
Tb\é’m\ ‘H’\@ ‘mjﬁ‘e@ Ve V\A \C '?((‘l.’) v ﬂ
oA

which ok Ibe -

x(00, 0 = 7 a .
NDW/ as /_\ hecomeg ~\/€ij Slwt[// *H/te areyq

uV\AW (¥4) becomes O\A\‘j neglikfj df(vfefe/l%‘
Lrom the area undea |

X
< Ta wic,{/\ 1S 7([0)

)




-t Seeme Lk W shald be- cﬁkafj

0 %3 %af %r {/&fj small A 'ﬂlﬁ areq
ULVU;(M C*’ VF’) oN Paj@ 4 /‘{ Iy QPPQ X/M“\}e%;
egusl to (. ‘

2 %\"’e‘/@(} Eecause “,’Me_ ‘w\‘\'ejy‘uhd G Galv)
Con N exgel 0*\\\3 fpdm‘fw\‘s& w the \(\ME"}

as A Vavml\eg/

::§ The %e,owj of Riemann Ca(a{\%g

s not Eowe/”&ui erevesh
Yo hondle s SAuation.

We  would E_\E____ﬁ 5 WY o

( swawas = § &5 6 x @ e
R R
¢
= A,‘_"“g Saandt = L)
X

= Rut w5 not le@a/ o do 'ILL’I‘S éeCdeC
fhe integrand amveres  only  poidtwise.



% whil is e covirect way 4o @
o Think obout this 27

—FicsH, Um&e\*ﬁqvw’ the reason thal” we wan't
‘6 \ave Ft) i the Lirs4 p(aCé’f

= To andlyze B desion systewms, e need
be able +o wiite gfjna/ﬁ ’7((13) al A

wefjl«-%fed UM of a  natura bas's

= 0ur wain comcerns ghout the hac's Lonctran
(aka “heers s\‘ﬁwls") are Aow i—hey interact
with other Signals K) i a et pfw(““
and  how they ntecact with T 5y stems
( convolution ., also & Ayt p/bdur-i‘) ,

—> o we dmt o mudh  cave ghat the
exal T Va\u@ﬁ 'va‘{"' aw bgm‘s Ss‘jmal

Tales ot every telR,

0 much g e do cave ahout how

each \)a_Su\S S(ama' rb@b\weg W g

Aot 'FV‘Qd Ut .
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= Now Cmc,k&g/\ “+wo Ve Navcow

DT Greq
S99 b and b)) it ok Llces
() L, ()
[ . R
O A o)
e hare 3 bindt=(7 gy 4o 4

~Now Suppose th,+ A s ‘i'“‘ﬂ , [ike lO_%s‘ec.

:}'ﬂ'\e/n on the OSCfHC)SCC«pel !()\H') Cf”ld ‘Ozlt)

both look The Sawe - bi(Y)

b, (+)

0‘-%1 —_—

AMOFP/UV&/) (e We  put A,(i’) ang lOle Mo av
LTL Saf’(’ﬁw\/ “H\Q Tous



- Mso, Lo any reasonable (ecqfswa—rt\)

X, He Jitfecence between He 4o
Aot products

7}4
(xt, b)) = gﬂ{%ﬁ b (D) dt 2 (o)

and

X ~
(r;((ic)) the» = gﬂ;x{t) L @) dt = 7(60)

will  be Too small 45 meacure .

T

= Ay e & we  can measure %?”“f)g)

o as fac os we caCe
~== There is no PFa('HC‘«‘ o evence
i

between bi(f) and bol(t) when

A\« So Swall.



= T"MS/ we Mmd&e like 15 have

(/V’\E., WWQW\M"\CQ oE\)GC'r % W\OAQJL

o (), bolt) ,  and al the other little
Guys  who behave B,Kacﬂj the Same S
bilt) and belt) i a do ploduct o g
suctews (al leat as Ly ac our a.lo?"?J(g——
> Meature Gny P’\CLC“HCQ( »d(‘@(eremce)‘

— \’\Q\J‘Mﬁ S\JG\I\ a  ath W\OA&\ ( c)gaj'é?r«%’) wu%d
b@ nice bemuse T wwld “(lfee Uus wcvw/\

l/\q\Mj o W‘Wj abovt 4 | the exart details

ot the Values b (1) @r@ua t, wd there

detels pakp no practicel dz@@@renz;e :

wb\u{’soé\/(’/f 6 anyﬁa,nj WC can mMealuve.

= But this hag fwo  impor funl™ Conseguenas;

@ The y/)\/é’,(-(' “ﬂm‘f' Rl M()&?el It of
thege M:S'hmgueshaye [itle pulies
cannot e o Luncrioy —




~-The reasn is: a Lanckon TS
2 tule Yt assigns tp each
mewmber of the Adomain e@cac-{f[j ove.
CC‘D\AAO\j\) who s a member ot +he
range. |
= D, gj de»Crn}'Ho'\) o W\‘OOle) b, ()
with a vgmc“’f% Yov have ‘o 5(3@’0;{3
atl +we ‘oqd&j assiﬁnmemﬁnv which

is exactly whit we ave try ing
to avod oing .

A Reweann \v\\’eﬁrad is the (jmit of

‘H’\e Sum 0<Q"‘{'l/\e arec u,l/\cfer“q Riemqnn
pactition a6 4he widthe of the elewents

'-lOGZCoW»e VGVHSL\MjIj swmal '

DT work ot the it gu have o

[<no)  al| ‘H\e !OMAOB ass{jw Mem%; o
~the E‘wjt“egfwd at” a mi”cmsc;gp{c level - -

€:9-, the itegvand ;s B e a funchn.




g_@—_ v o geJr the one wath Olﬂ et @
we want to el all the little
EAAFSHAW\\SL\R\)\P unit areq [wdSeS/

— we  can'lt make 1+ 4 v(ﬁumc—h’mj
—aved we wm't be able Yo use

Riew\mmv\ cale wlu b .

— Recall = Lor oYy me  quy like. L‘[‘})/
we. Can\ Moale} him G5 a nﬁwﬂf‘m

&Wi&l we  cavn S Q{ﬁmawm mh:u\.lu
on hiwm .

= Tt} m[j when we  demand one veath
ohject 4n woded n rl Ly, but

A% ot the  Suwe dime all ot the Lt
3\/\\/5 whp ave ’W\c\iif)rmaugskabfg Qruw\
b (), ek we v g ~+hese

problems  ((can't wse o functiam, can't use
Ryemann ?W!“@ﬁm/),



e 3-12
Consider an LTI Sy stem B -

- __9@,%3&)

- In any \aru—hca\ sy Stewa; there will be a lwmit on the
time resolution with which we cn messure the tnput
avnd putput S{ﬁ\m‘\g,

- There will be many Very harvew unit-drea pulses
that we cantd cictinguish £eown one anether

— They will all make outputs Y& that we alse can't
clistinquish Lot one anothe

—3 5% Y would be nice 4y have one wath wmode] T handle

all ot these narvow pulses; since we cant tell themn
apary anyway... and we cuut detect any differences
n how they hehave in gn LTT System.

-ﬁ The Pivuc c&ﬁﬁq St) s a single  pmath mode| Tor all
of the wembers o€ 4.c

cless o€ very harppw PM)SeS-

~ We cant measure the Line-geale structure of these 5§M«1§.
— The QX&C‘I' \\\ju_AAy M"}”C\'tegn betweewn the CiO‘lMa;V\ Qh&(
farge ave not important to us.

f:> WM% ’:_s_’ ‘iw.g&r‘?an‘%‘) wl/\ajr we can Mﬁafufe} av\p\ wh«'\'
we é_(_‘) Cace Q}\:au‘\‘ {s:

— How these navrow pulies nteracd with systews,
— How tThey he have in Ao ’Pwdu(-\—g with other
S:@mulgi |

=> In pther weords, we do care how Hhey behave
undes  an EA"‘Q@ AP



Recall 1 o function 15 a rwe ~id watches €acly @
Mewber of one Set (Fhe dowaln) 4y a ung

, | Bwe \M&W\bef
of a gsecond set (+ue Cange ),

—> This 1S exactly it we are teying fo avoid wi, {W.

> 50 the math mode] we seek Lo I cannert be
a Lunetien. %= & |

T WO move powerfu| ways +y treat SH) were developed
LA 20+l‘/ CE’.V\“’uwy W\é‘Hje matics : ‘

CD Treat 11 45 4 Measure , Thic is an iwmporteat

part of +le Mo derp theory of ntegration Tuat

'S ‘\‘qu-ﬁf/\’(' To graduate students in wath.
See ™ Le,‘aesgue Iv\+e3ra“}‘f0’!” on Wikirediq +o
get an idea abovt qu;s. Eor BDSP we will not
do v ths wey, becayce the 2% way S simplers

@—rre_&fr W as a specia)l \cind o€ Lunctiona)

Knpwn as  a S general; sed Luneriom ! o
Cdisteibutien”  ThiS 1S how we will trent
Ot) it DIP elass,

7%' @_O/T_E, This 1s g completely different e of
e word
-_T,+ ll\QS

“CliS‘W(Lu‘HoM” Lrown what you are used ‘I'a_

nothiny to do with \\P"“obaﬂ{h"f)’ diste; butims. ¢
& Good Book Lo The Adetalils-
A H, Zewman{aﬂ) \\DES*r\Buﬂ‘w\ Thez)ry ond  Trans {form Avm?yﬁs:

: . N

An Tntrpducdion o Generalized Funetians, wrth APPIM&‘}WA%
0.

Dover, 201 s 31480 on amezon. com [



DEF : a Luwnctiona) s a Ffunction Lrown a Vectur

space 1o the uw,d-ervlyéﬁj Lreld,

~ Tt assigns Squar‘ Bu_cﬂﬂies to Vectwrs,

—> For our purposes, the domain will be & Space of vectors

o of Punctions .. \&) a space of 313”“’&5‘
e ————

—> The range wil be pumbers

teﬁmli YOM have a(ré&dy seen an example of a' Cuncticnal -
‘HAe norm, Tt is a Punctian +hat maps 64614 ﬁyfml

o 4 humb@r*_, which we think of as “lengHs?
el = 5@ txcaltor |7

DEF : a functonal F is hnear £ +he Gedion of the
functional commutes Yith  Jinear combinalionss

Flart) +bew] = aflam]+ beT24)).

DEF7 a \Dw/\c—\"fama] :P iIs continuoys i\f’ “H\e action of 7"%3

Fw\(-homl commutes with (.Lm\%rm/y &amv&ry@m‘f‘ /HM!‘ZLS
o€ Ségu{émces of functiens CS:gnalg)

S F )] = AL xow)]

EX: Suppose that {’XKG’)S cz 5 a seguence of sigrals
converging unitarmly o the Siqmal X )= 0. Fer s
L T
~@ cosliOt [tl<|
AXeH)= ¢ ° T
| O , othes”



X (+) . —Then 3_?;'\“ A =0 (a siguel
| , tuat’s eve«yw\«%
] zew),
~Let f be a functional.
| =1 £ s livear, +hen 1 follows
AL that Fl0] = O . L vt
map the “zero signal T 4o the
“.._..._.._.u"‘"be"", 2€r0,

~If f i¢ alsyg continuous, Fhen
1 S - |
Liwn f[xna—)j = f {_f;‘“; X,,,G}j = 0,

K=o

DEF : A dis*ribution ¢ a conBuuous \inear Lunctional.

DEF - x(t) e locally M‘fejra.ble_ i  VabelR 4.+

~o<a<b<oo

) fflxm\aw < o0,

= T other words, if (X®)  has & finite integral
on every £oite  interval.

~One easy way Fo conshruct distributions s by lwner
product with a (ocal(y in‘fefjr‘ai:% Funetion -

EX: ult) s beally integrable. For a signal x ()€ L(R), Hhe
wmner product with ult) s 3!’vevx Ly

(@, uth))y = qucé-*) u¥yat = S XA)Qt = @ number
-0 s

—_—



| (3-16
~The mapping x(t)\—{% <xH), qu)) & A w

continvous linear Functiona) on L' (R) ... a distel bution.

-~ The C\iSfH\Ew\‘iOAS ﬂ/\od‘ can kbe d&@*“’\ﬁ& this way"" by
dot product with q loeally ivx*e-jl‘&ue function... are
called reqular dishributions |

--,T‘nerc are also Per'eeé—!'ly 500d ConTinuous ,l_?vaear —Puvxc-!*?malg

Cdis)rvibwﬁons) Hhat Cannol be expressed as a dot
PY\OAVC{' Wi'H," a ;[oca”y M‘\‘eﬁrql)\e funetion -

g These are called the smguler diskribubiong.

EX ¢ x(@) !——i—%* X (o)
| T T -
a 5!*5v\a) @ numlef

— A/ﬂwugh +his s « Per{:€<+()< gooco Ccontiuuous (MeaV‘
'@uV#C*’t'CCV\a.\} -H,Lefe_ 5 no loca!ly z‘vx‘i”é‘,j v‘cJ)[e ‘Pu.,wd'(‘m \QU')

tha can satis fy . ,
L, £y = § x0T W at = %)

in qenern| (iey fur all te x(t) ).
_ Tt+< Cayy o prove that such @ -@unc—}',fm £(t1) <av /ﬂgj
exist, -
— But this s?nﬁu)ar dfs«‘ri&uﬁ‘o«w is the Dirae delts Cf'C‘(')o.

-~ Y%u shoold et think o 1t as an ordimary function .

~ T+ ¢ a model Lor how al]l the +fny unit—areq PU»“&S hehave

in a det product. | oy
— Muthematically, 1t 15 4 Lunctioual That waps x () ‘o w

the dot product shovld be .



— Ss, i Terms of rigorous mathematics, fhe 5'7"‘"6”,

S¢) rePrejeyﬁ*S a tiny unit-areqa PUL\.SQJ but 1+ has
meaning  oaly whey its M a Jyt product with
a signal ke x(t) or an impulse regponse likke h(+),

— Becavse + models the dot produ,H ot %@ .ith any
Hiny unit—drea pulie, You can't thmk ofF

(%) ¢A) iy = (), o)) = X(0)
% Ok
a8 a Riewann ‘w\lrejml,,. “\J(f: M )

~ What <') SR s + 8 a Mmeapping ‘et Yakes

A Yo the number % (). There (S ho calculus
involved.
h ‘\ \ i Y n (x%*k) 27
- So why do we wvite an wmtegral Sgn |

= It is for convenience, Tt dpes hot wmewn ntegrel
and 1t does et wmply inteqration .

“Bod‘ " Work.'nj with sfjna(s and de‘?af—rifaw}fcws, we will
need +o be azble 4o define opevatiens  on  diste éwh"mf/
' S\)C\/\ a$ ! Scalor Mw\%tpl'\mﬂ'ﬁm) QAJ‘\‘\“@A)
time scaling, differentiation,; e+, ...

+iwme sl/.;Hmj)

— The theory of distrikdims provides a mathematically
Fqovows way o o thig, |

~The Ssymbolic” inteqrul sign (k% %) will help us
o get the right answer when we dp thig, even though

it 1S not an M‘\”eﬁmli



L.X Your anderjrati S\jms ™ Sy§+ems £ooK
id L) = 6.
- It 1§ true,

d
- But what W really means is: & (+)  and 33}“(5") are.
two Siﬂjular' Aistribuhiens ot both wap e,\/er-/,xc-(-)

o the Same nuwber i-e.
: J

{xy, é‘(ﬂ> = <xc+)) guc+)> = X0).

= We say that cS‘C*) and a-uu-) are a%ual in +14€ |
Sewnse cm@' dtS*E'meth,

~To de\'@me an Operaﬁm on a d(S",’r{bu'i‘fmJ +he Q&v\em\
Steateqy s Yo wmove the operation onto the §z‘jnal.

~ For QX&MPIQ) F(t—ts) wmeans +he MQPPimj
{x@, ¢ —t)y.

-In ovder v figure out whal tumber g(t-1) maps
X 4o, we move the operatiny, (fime Shift in Fhis
case) onto the stgnal.

-Then we can fiqure it ovt fram the de finictian ot

the unghifted distpibutian ).




R&C‘l([; a .regular AQS’\T(\M&‘HM \tS deﬁmeo( @
by Inner product with 4 (oc:qHy M+e'3w¢ble Lun c+ion-

{xt), £H)) = S%%G’)'P*C'H At = a nomber
=90 o define an operation on distei butiens:

— F:WS"\‘) we OPO‘IWQ,v7 C&[C%)\LS 1o -CF‘jUFC Ot—d'
how werks +o

© Teguler dighpibuhions,
""T('\CV\/ Cfe'@\'V\Q 1+ 4

| be e same Ly the
S\v\ju\m/" o\\‘S"‘l‘V\wu’l‘{a/\f.

:':__> Since e operetion wil|
both the requl

wovks e Sme Lo

srand singy Ly cbis—\rribuﬁ-\*m@

— H wil be L\elp—@u.,\ ‘o write a ”(:le

aY\°rejm\ S99 for Hee Snquler Qi budions
Jost e L\e,)P ug ’

keep track of the
Wi pu e Hens )

— but &Llwa}‘/Sr rewleml:ﬁr that a Su‘njular ,
d(S’{'F\\'b\,d“ff/‘ [S Mj' f‘ea“y an ,‘m-(re?m'/,.. !‘}'5
“O""AMJ move Hun 4 s

[W\Pie Fule @0(
assfam\wé, Numbers '('o s‘[jna,lf, |



EX > time Shifting, '3-20
The problew given a distribution 10@-)} we want
To define tue dishribution P -t).

- Stert with the reqular dicke! bushions ;

-Let £(4) Lo & loc@)\y integrable Lo cton.
T Then e, £ 15 a regoler dishybudan |

_ So) us\‘vxj A@*rc)t‘v\.wy Calew)

{x (%), FU-4)) =

t—LS/ we lxav&
Sxe £¥ -1 gt

Let D= +‘+o 't':. @-\"{:o
dp=dt dt = 40

W hew 't“*“’) O—

w hen t- .—oc}' 6> —20

- T xtsrt) 2 Yoy 4p - Cutt+), £ (1)),

—

i ST

P

- Note Hud this defines

the new distributian
‘ﬁ(t" to

) W terms of the known dishe | butian ‘QC‘H-

- Nowy £ov @_li Clis‘('V”iE\.d‘faAS/ ?V\c,ludx‘nj both regulay mm/
?MS\JM(‘I we define the S'M"H"'@&! distei butran ~P(7l"+o)

by
<A, $C-10)) = Cx(t+t,) p)y .

—> Note that Hhis moves +he opem‘lfs“a/) Frow the
dis fribution fo the si9ma),




_ Applying his . definition to the Dirat delk, @)
we  have |

Jx&), §E-ts))

(

{xet+), £(5))
x(t+te)

i)

| ,t;o
= 'X(‘t'o) .
this g rees with +he \\SIF-(‘W\j ?mpem‘y"

(@) §Ct-t) dt = % (ta)

5> But his 15 Aot r“e,aNy an i‘m‘f‘&gm[ ./ﬁ/
N 'k wi-ti ‘
Note ¢ givenn The debmidian  <x(t), £y = X(0), we

Can 331’ this  Same answer 33)/ W\ampu.a:ﬁu\j A

fake intesral :

LX), FCE-1e)) = § Xt f—t) At

e
Puke integval
S vx(o+t) £8)do  «( cherte Tie

Vav-ia lc
= (xl(trts), S(¢))

'Xéf'o) 6——( re.«,l matl ... QH;}-)

not  calecuwlu



Produwet ot 401 with a St‘gna\ | |

S0 P®) s o requler diskribution and X ()
1S a  sigual, - |

~ Then xHEE) s alss  a regqular distribubion
(provided thedt xCEVEG) 15 sl locally Mn‘*egml:&).

- Se Lo a 5!3"1&\ 3(,’(“)1 we. have
JY®, x@ew) = S Y [’_fx@c “PC*\')) at

-

i

S:[ NCENCE RGP Ry
= (W), R )

— kpply ing “Hns tp the prduct Xﬁf)d‘&) we 5‘3+

Cyth, XMWY = (4D X¥ (), £¢t) )
= ylo) x* )
= ), %(2)G) ),

’*‘QOJ «\:or (A Si‘jv\a\ XC‘())

L S = 1)

(in the sense of€ dis«{'ribuﬁms>



| | 3-23
- snee §(Y) ¢ 4 mode! T He class of v

Very harvpw  unid- arec pules icentruted af t=0

- We L\ﬂ‘lev ’ﬁ‘u+ *Por' "L beunAeA S’fj\da' ?CC’!{\)}

v % ()pt) = L AEIE) = A
t=20 . 't—%-qo

Derivad‘ive ot — Di_girEfbuftan ,

T A s a focally intesrable functin Had ic
di€ferenticble, 4, | -
TS e e (vt ar
{xt), £nyy = § x(&)&ﬁ’@)} At VRIS
" - u= X&)
| = ' . AM :\X(H‘)OH'
= S U dv | R

-9

= (AV/::\". fooV du

=X - 5 PR et

= A@t;n 7<é+)£=*[+) - L 2R - Com Pt

- 0

- ﬁm q((+ £ () - lw %&)4*&) - e, 9(—05

- Th\S C{Q‘Cmes The C{IS’PLW Ju%lc,ma } o(é’r/ Vd‘ﬁ‘ vVe.



| . E : 3_24
- Note ' the d\(:’(:erc.vxﬁaﬁw\ 1S
moved onto the  sigmal ().

- APFlYMj s Sefinition 4’6 "H«e Siﬁju‘m"
digkeibution S@), we get

(x(), ')y = _f_;”gq ANSE) — f;ﬁmxcﬂd‘&)
' - (e, M)
= 0-0 - %)
= —%'()

— Thes *ponaws 'ﬁrmm The “*To]a ot P- 3~-273.
> % 115 hot vedid  Foc wnbounded signals
(ike e2t,

= I s lled the Sunit dovblet?
| —Hfg&er/orcl@r depivatives o€ ) :

e, £ = e_\)k,ka)(o) |
- Mypre ;wo?erffes ot ()¢ |
Slat) = 3a S)

<) ¥ JE—t) = x(t-ts)
(¥ 8 (t-t) = X/ (£ to)



—The ‘(‘Lxeo\ry o€ dis'}ribwl‘\“ms s set up to 3"?5

wmake it easy o campwﬁi +the Mapping s
that ave made by a distribution +Haat has an
operation applied +o it (ke a dime shift)

— o a s‘mju!af" c‘n‘ﬂm'ﬁpdc‘m, You c:\a "HMS
\3? ,er'h‘nj a \\-po\keﬂ fV\"f‘fejM) for  the
[nney pv*oduc-f' and +hey Mampu‘af}‘fﬂj 17"
L>7' the ov*c{(‘maw)/ rules o4 calewles.

——77\&'\ WL\y am LT wa}%z‘MJ Vouy time 5}/ fc,llrnj 1%
all ot +his 77277

—> Becavse ; g you A(:’arﬁe,‘i‘“’) and You ft/tcarrec—{»lf

+A“’lk 7"1\4{?’ ’fﬂ&ge V-p—ake m'fejrqi St
I\V\ '1"63 V‘aﬂLfM)

gns really. meqn

ﬁTL\QV\ YOW cagn 331"‘ ?"\'f'o Serious ""mul)(e
get serious ly confuged )

and get wj

~

/



1§ an example: 3-76

Here

__yow\(‘ m\c\erﬁmc{ sxgwa.\s N Sys'\femﬁ \aooK

eard s {Cas‘_ﬂ,tg = T [J‘(JL-‘ o) + d‘(lHﬂo)]

— Yoor beok probably ™ proved "His as Bl Uows ;

j_"‘ {—n_ [ HN-Mg) 4 & (*ﬂ“""ﬂo)jg

= 5= 'ﬂ‘[am - 2)+ ¢ avas) ) eﬁ“m
-0 + o
3 ?fﬂg(n.n)a,q_a- de § (1+00) A

This part
we\ ot
C = 7_<€ ; 6~ -”-v)\> +1 <eén{’) g (e )>) = your

r book.
't "‘“ﬂ-@
= %—_e“ o+ é‘@ : = cos,t .
- Buff fL\oSQ ace \\-Fa<e_” iu+€3 y/‘a,‘ In rea,,]\""?'/ 'Hu?/e
S nho calewlos at a_ll in +the aboye

- IR you Mcwrec-(“ly helieve thut they are Te»d[)z
m+€5falsl ’f‘he\/\ You will  conclude that it mus+ be

Focsible 1o ute Riewann (V\’r@jrqﬁw\ o werle out
g w\‘\’eﬂra) as well:

?gwsﬂﬁgg S st e dt = 7

-——-}8»{:%’ I'+ S 7\0’}' ’POSSIA ye and ’_p you "'(‘f‘)/ yan WI”

become hopelessly confused and very likely get
WYY answers,



—The ‘i‘hwpy oé P\{emarm inﬁijml‘im h(“k‘JL you lear‘neo& @
in caledus s noH poweful enouyh + handle

ntesrals  such < | .
integra ve a 3’{@5(&03%)3: Sm coslnt) @ ‘)ﬂtc\t

> As a Riewmann integral, +this 1s d\‘ve,rjem‘ﬁ‘,

_But W an be interpreted and evaluated meaning Pmlly
by care fully applying 20 % century mathewahcs,

- We will wie distribution theory and wrerpret Wt as
o Aistebutional '”m‘mﬁrm\ e That onverges not as a
function, but as a distei bution -

—we will need —the —Po\\owivg importadt resu\t :

QIQMGV}V\"LQBQS‘]KQ Levavwaa (R.LL.)

- The RLL states that) in The sense of c\is-}fv*‘;:bb&fm.S/
. \ Nt
._({‘-‘g:\uoeA = 0.
- T+ means that, clot PFDAM+$ and in systews, the
dicteibution  Lim Qaﬂt hehaves exactly like the

>

reqular Aisteu bution s(t)= 0.

-~ In other vdorc'lﬁ, Lor any x () € L-?(QZ\))
(x), b e = Cx), 07

= S xH)-0 4T = O.
®

and bim smat =0

‘ ' =0 N0
—This cdsg jmflzes ’[‘iud’ _:;_Q_—};w:o CDS—Q-*

in the sense of digtributians.



— For our purposes, the most imper tant 3-28
congequence ot the Qingm- Lebeﬁgué Lewamg 1§ ¢

FAcT . L sin At
A es =g~ = J(t) ®

in the sense o€ Aistpributions,
~ Tt means that, Por any ’XC‘E)&LFCHZ\
O, o ZEED = Lxh), o) = %(6).
- We will also refer t, s importent result 2¢ the RLL.

EX . caleulate Flcosflot§ a5 a dickributiona| Fourier

+rans €or wa «
| _int
Flos0atT = [ cosltt) e At
a, S\t o -yt
S, [5e¥™fadie™™ Je™ 4t

~ _jla-aat
= \ZS < ) at + =
Zo0
A _i(a+)t
Qm _L _\(_ﬂ. -Qo)'t 'Q \
= A 2—% At + Amo%gke At y A
N ~A (AR
A L —— Q:)ul‘"ﬂé)r 3 + Qwm }i{_ : ! )e‘a( o :}
ey L‘SU"“") “ga~n AT -y 1=-A
% ‘z[—-g(n.-ﬁ_o) o * A‘*“E[ —4 ¢+ }
™ e;)uz—n;)A,_e:é(“‘“o)A }t PCENSTN e-S(M“o)A
= “p00 23 (-0 | A‘““ [ 2} (o+,) “J

S



| -29)
— A sln[(a-na)Al N QS (a+an)A ") @ |

Voo A 00 -, A=o00 T N+
: , ,Q‘I\M sSin [A(ﬂ"ﬂa)l " [/ SIV\[AC-”-*‘Q°)]
= L A9 (-1 A e T (14 ALLe)

- T (:gcn--(u) ~+ 5‘(-&*-%)]'
\\ilf\ -H'\e Sense G‘G Cl\S"‘F\!)LL"'CMS .”

= The last Srep Rollows  Lremn 'H\e RLL on P2je 3-25
b)/ Subsﬁ-{—uﬁv\j (-L10) and (a+as) Lor N 't”,

Now back to the Maiin Poiv\‘t' of our 5+ory:

—Tn Chapter 2, we wrote sur 5351'\“‘5 X(#) a¢ linear combinatins

of the naturs) basis {d‘(f‘t")gt e R -

~This 1s called the +ime dowisin repve sentation of X{F),

~ This representetion wmade 1+ easy o see that the cutput

of an LTI systen ig given by +he convoluticn ot the
Mput with the 1mpulse fesponvi s,

— The translates o &) forw a basis Lo 4 very (K‘fﬁe

SPace o€ signals that Includes all of the iy spaces
4s subspaces,

—So even though M) is ot a Punction and does
not tself be]c«\r\j to any of the (F spaces,

—WE Can use Hy;q bas's 1 r‘epr‘esm‘f' ahy Xﬁ’)
that 15 in oany o Hle P spaces.



ki

1 AR N — b
CNow We will Show that, in a dishributional 3-3
Sencé, +\V\e V\ac\’um\ ba.si“g_ M-t

& an O(’f‘éf\{)‘!\orw\a.} bo sis |

—-Le,‘ﬁ" f,) JC—; € K bde ceal constants m\&‘}@ COV\,‘S‘:{"EQF” ‘Hf»@

basis  vectors S(t-&) and F(¥-12),
~ The inner ?Podu‘,c-(—' between thew i jivey\ Eﬁ

(o), P(t-42)) = Y Flt-E) ¥ (e-%2) dt
= 'Sn’i 5‘({*-“'%\) Jé‘t‘"tz'}dk‘%
= tf(‘t\"{‘z.), G@“)

:?I_P tlitz) Thewn Flt-t) and JC‘{Z"QL} are Two

d\(@e\F&/\t loasi% Vectws and

C'{q = Jdlt, -+ ) = d‘(nﬁr%@m) = O
— The dot product between any top  distact

Sas's Ve ctws i gevo . This Shows +hat The

————,

Rasis is 0r“f‘l/\090ma .

= T8 £t then SlE-b) and SlE-t) are two
Aibterent pames Lor the Same basgg VES oy
> Then (%) above 15 the dot ?r'aduﬁ“ O% g besis
vector with reeld, which wmutt be the norw squoral

— Ve hove (W)= d¢t-t.) = 16(0).

/c—narw\ S%uaw:,o(,.. T
Algke i hutional  senl



ATP\(C Sl’\aws ‘Hf\ﬂf _HAQ set OFQ ba_,SfS vectors @
(basis “siqnals® ) ié‘(t—’uﬁt e Ofc ll
5}

mutually orthogona) and, n a dishbudienal
sense, all hawe unit worw.

= Thus, T iS an ovrthonorwal busis M the sense
of divtributions |
yt
el ,
ovthogona)l heiis for- a very lerge space of
€(6V\0\\S +hat also wecludes all of +the 1_‘_’ spa,,ces

and most of the x(4) Hut we care about.
__é But = as M an orﬂ'\anor‘ma‘

1§ an

EACT & the set of 3‘5"‘“‘5, ‘{6

‘:%SQ\SE
—> Tn +the <ense of C\\S*\'r\‘buﬂ‘imi, eaclh vectwr ;CS‘\f}."“")

M This basis has horm V2T , not one.

—Lets Show his

3a.t —-Sﬂzt

. Lot -
<e3@»tt) eb 2 > = Sme < At
| A n,)t
0o -0.)1 _— lnwx g b(ﬂ‘ 2
= (ext ™ty = db
- ~A
I | Sa-na)t A
- A x })(,Q\-—.ﬂ_-,_) e Ye—A
,sz 2 ea(ﬁ,—ﬂ,_‘)A -{-a,)A
T a0 2, —C —
A ! —26




I

Qm  2sin LAl ‘-Q-z)J | 3E-32)

11
S

S R SMAGRA)]) by Hhe
TC A5 —u,(-a.-ftz.), = 2TNg(a,-N2) RLL

[l

—~ T8 2, ¥, , then the dot product i§ zero, which S‘lwwS
+hat the bascs X cr‘(‘koﬁev\m\
—TF 2=flz ) then the dot product IS 2T (0)

,c_wmr‘M 5z6u.atred(
which Shows ‘('(m.“' W\ a c{tS'}'nLu‘H’aﬂa(

Sence, each basis Veeter hus norw \zm

’TR\‘S basis 1S called the SP€C+F4\ Jbas\s M 'Hf\e
“Fourier beascs !
_\/\/V‘f'*"“j 'XC{') as a lineer combination of this bastg

XS Ca\\eal ‘e \‘\—Qreﬁueva do‘w\qw\ V@Pre:_cen{‘aﬁ’a/)
of X&),

NoTE : & we used Hertzion Rreguency “2T¢ " wstead
ot radian Lrequenty O, then the basis would  be

£
iem fgé,k) which 18 orthonorme | |

- But the book wses radian Lrequency, So we will 0.



| 3-33
~-The b\‘3 Gbues%im Now S~ wlf\y would

you want to wnte x(t) as a Sum ot This

S{DQC-\'M\ EmS\‘S (instead of the natuve Eusrs) 772

-The answer $° \)‘US‘F like a Ct\av\je ot COO\“dM@d‘eS O:&HS) |
Sowme times makes a  calewdus problem easey
a cl/\a.vxje 4 He spectral Lasis  sometimes ;,mk_eS i+
eqsier o amdy%e a 5‘6"“») or TS Eeb\anOf“ in an
LTI S\{Sf\'e,m)

Reea\\ ;

SiE A a matrix, D18 A vector; and A€ C 1
A CowS’\‘anh |

—and ¥ AQ = >\u‘-“\,

— Then & IS called an efjenvec+ar ot A
with associated e\‘jen\/;)qe . B

EX: | -3 3 . [}'J
A = [2"231 W= 2

-6 4

23010= 03] = 4d
ATl = 3-S5 3 = = )
AU e—edt][,z] 2

+h asso ciected

a0 R .
—» WS an e\jemvec+qr- ot the matrix A wi
eigemvalue X=4,

—> Mul‘\'\'ﬁnca'ﬁm Ey A do&sv\"{' Ckanje +he divecten o€ .
T4 jusk “ereetehes” the \ength by N



~Fev a continuous - Fime SYS’\‘Q.M H) —H\ere @
may be certain nputs % (1) such that

X (&) ’“”DD“* U= A )

> In This case, we eal| xXt) an el
of the systen, W with

. s \t ’
FACT : the signal @ i5 an e\‘jevx-(lung-h”m ot any
Continuovs- time LTT system.

gen fun ¢+ on

associa ted e\\ﬁenva)ue A

-T/\e es})envq'we cle?enc(s on the Spec(@rc_ \/aiue, e
and on +he specitic systewn (e ) on he) )
Poof : Let 4, €ER and let x(t)= eVt | 4 H be «

Continuovs ~time LTT SYstew Lyith (mpulse Fespange l\(:f)-’

X(f)-—éz L;I' j—éj('f) = %X (4) ¥ L\C"’)

Then 4O = x(¢) ¥h) = Sm'x(t"c)ktt) dT

| - a (e |
= _S«, e’ -C)L\Lt)a\t

) 00 N
= ei®t 5& hit)e ™t ¢
/\»-//"/ ,M

WAL
\CCf) \“ humber... There’s no “t

i .. call it XL
= % x(t)



| o 3-35
—This shows that the spectral basis is & U
basis of eijen@w\c:‘h“ms o any LTI system,

TP We write the systewm mpat x () as 4

sum of
“thece bass vec-farS‘,

= Then every term in the sum s an eigenfunctian.

— the action of +he System is Simply 1o multiply
each +epru, (371 +he appropriate o

@/V\qkfnj & ct\:mje of bas;

+he spectral hassis e

19envalue .

S Lrom the hetural basis to

§ <Conve M‘H‘m into VV\lAH‘i"Pl(\CQﬁ‘CV\f

—On page 3‘3]) WE Saw that He Needed e\ﬁenva?ues are

ivewn \3 = - "\Qo
9 Y X\ §«h(t)eé ¢t

YOU can gee +hat thig s the
o€ h () evaluated .+ <,
The npat signal,

/7
F:O\Jf_ier ’h‘anc@crﬁ
) The -Pre:&uenc)/ ot

= Fn sther words, \"H/\Q elqenva
\37 the System \—Preﬁue.w@y
on ths a Utle later

lues are qiven precisely
VQSPMSe_“.“ Mmor €



~S, lets dake a signal x(#) € LIUR) 3-26

and write him as a wergkfeol sum o+ the
< ro .
pectral  basis {ﬁsnt

nem’

Step 4 Compute the dut Pr‘oa(LLC'(“ of X(t) with
the ™ Lasic Signal :

(ete), ¥t = gm'xﬁt) eV 4t

= & Coewmp lew V\\)W\Le_r ( Lor eaclh
{Daﬁ\”g §\\3V\ql )

= a cwmplex number Lo each () elk

= a cmp(evsavd;lued -pumc%‘fm ot L.

= Thig is called the Fovrier Transtuu

—_/




— You GeX o dot product ( compley numter) (S
Ler-eadn bocic vector,

€. Yo 9etove €ur each N elR.

- % Yoo can ‘Hf\'f"\f\t ot the Fourier Trans Lorm
as a functien of

- We u%ua}\j wrte X(-Q) or
Sometimes A ().

- The second notution Gvises Lroun the

Sact Hut ome often uses a pertial
Craction expansion to invert the
Fouvier dvanslrmn j qou do the

PEE 1 tevus of ‘\B.CL".
— To show XC-O—X ﬂﬂaphfm“g) (dau L\ave,.w%

Ut Sepercte tjmp% e dre real “"‘"9/
;M&,j,’uwy paﬁf“’{”g’)

Oy moure  Comon /7 ,

*’p@’ +he mgjné‘{’ude and plmf@,



Skep 2 1 440 up the dot products (3"35)
B Himes e basis vectors 4 9et o).
> bent Corqet o divide By 2T 6

acceont Loy e Lact Fdt +he basis
s o Moqa/\ka. Lut agt OVVH"U”’LM'

%.(Zt

Y(t) = z‘%’gg (L) ey 40,
®

= This S called tve (nverse tourier
e p———————
Transteran ,

—

e ) g 3’
We write () HXC-Q)

X(o) = FHxwS
)= T'ixes )

No*\’e‘. —Hf\e, WWieqse F.T. (*)%) Cmv@fﬁgg ‘{'o
the Mid?oivﬁ“i ot di‘gcmﬁnuhﬁ“@s

in X() .




AR S o

_F ) e L'CHZ)/ then X(Q) i

C«?‘»’\\rer@@m‘f oS o R\(@W\ann MWLQOW\Q/‘

0% a R’ie,momvw "\W\*ﬁ?@&
Princ: Fi@ Value .

1S con \Je»fgevr'l’
a as q Cauc»ty

~ AU the bass  Lounct

/'cans aye
&3@’\‘0‘4"15+f6¢/}5 OF

The. SUTﬂwm,

pege. 3-34: /
= The el9envalues are Given %4

HE@)= 5 el = FEhark



H{Q) s éalleél The Freguency @
Recpomse  of #e (| TT <yctem H

_yow Can tumk. of the 3mf74 o€ H(R) ac
a tabulation o€ +ha elgen valuea. el are

ﬂésocicc@&i with +o @(“3@” Lunctrons _{_//Idf ?
wate “f the Spectad hass. |

- This whole ideq 15 made precice %L Tha.
“covolution proper t}’ " of Hhe Fourier
Transferua:

i %(t)é—ixcﬂ)) ‘I«Ct)é—i Hen),
and 48 = x) e hlt)

Hen yly) <3 YL = Xca)li(a)

= You sheuld all”eaa(j kng bow b prove

This Lrewn %}r MM@V?W(#{ 91*’9'1&[3
and systems Clacs.



=
X -—»< L:f‘ — )

Y= A *h )
V() = X(Q)(2)

— Y(ﬁ) expresses ‘the. oqhml’ Y 61') aC a

linesr compositian of the spectral
Eag iS5

)= o= Sr&“\‘( (e Un

"X(‘Q) Expresses the Mpurf X(t) a5 a linews
Composition of thy spertval  basis:

L=z G xen) £ 4

—The a'\‘jenva\u\QS Hen) e giy/en Pﬂec’kge//

by the coprdinates g het) with pespect
to the gpechal  bagre,

)= §, ke eyt
he) = 5= i) et



~We think of X&) as q weishted sum (3-42
ot complex  sinucolds :

weights sinusyids

-When x (&) is inpat Ho an LTI system H, eadh
0"\? of these tarme gets Mual/}egg by an |
Eigenvelue whey 1 gues thiowty the System :

Twput 42 | ovtput ten.,
1& ’XHSW —> Makes b— “;t? Y&

() estt > X(adH)ePM T
X(ILZ) e‘bﬂq'k ‘T - X(ﬂz) HCﬂL) 6)?;:—
et XM

» /
4

card we thik oF yl) S being a cum of all
te terms of the Lorm: .
407 55 § Ytajeittyn =z rg X@Hie %



Tn Pictures: ‘ @
hl L Lt LT »

’ 4 LTI y ‘
X[ﬂ.)\OJﬂ*Jc | H [ Xaysn)e™t
Lot =2 h(E) [ X(0) HQ) gyt

Vet = e b Mlan ) v

3 § 7 ;

!

Jt= IS& Ko o) et A

\,6») +He wom‘mﬁeé ot 8&) wH‘% Y‘evsFéc-,L
Yo the Qpec-Prq' Rasis are /v éj

Y(9)= X(Q) H(2Z).



~whet s the effect of multiplying G20

@ sinuspidal mput ey by a  cauplex
6{\5}@/\ value 7

—~ SUppOR the IV\FM‘{’ term ¢
s .
e E - cosfl,t +)Smilt

—suppose the  eljenvelue s
HCJLDJ = Aeée ) where AJS é:fR .

.,’ﬂ/\QJ/\ —h/\l?/ COV‘V‘Q&PMOIN::?% a)+PM+ WM 'S
Ha)ed ™t _ pciepitot

= ped (Rt +0)
= Acos(at +8) + jAsin (.6 +6)

€:f]f I +He MathLua(es ot Yte real m,,,{
maginary parks get sealed by

The Majnier\e ot the e,i‘jenva‘/ué/

and the phase cefs sWifted by Hhe
dnj% of the e.ﬂfﬁenva/ué'



_ it the wmpulse respense s @
,_r:g_al) then the &f"jvea(ue\g (\@fegju@nc;

r‘%P“"S*’/) are conjugxte gymmeﬁm“‘c

and there s a  correcpondy result- {Ef

Y\ea\ Sihuids -
A(ﬁ e R — H(2) = H%[‘*Q*) ,
- £ the M/suf s [04'-@0[3/ Then the
Oufpu‘(’ /S
ﬂ(ﬂv L () ces Dot i
= b+ [ L™t Le?’ Jr]
T
= %H)%e)‘“ﬂt L) £ € K
L s ety Loy €

_ %_lH'(.ﬂo)) h(—ﬂ,,t‘l'ﬂm H(Qo]
2,)| e};[ <Nt + any H(-1) |
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