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• EX: suppose H is a causal, stable discrete-time LTI system 

(filter) with impulse response 

ℎ��� =  �4
5


�
����. 

• Using the DTFT table from the formula sheet on the course 

web site, we can write down the frequency response: 

������ = 1
1 −  �

����� 

• Here is a plot of the filter magnitude response ��������: 
 

 

 

• From this plot, we see that H is a low-pass filter. 

• Using the z-transform table from the formula sheet on the 

course web site, we can write down the transfer function: 

���� = 1
1 −  �

����   , � !: |�|  > �
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• From the denominator, we see immediately that there is 

one pole at � = %
&. 

• Notice that this pole is inside the unit circle, the ROC is 

exterior, and the ROC includes the unit circle. 
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• Here is a 3D plot of |����|: 
 

 

 

 

 

 

 

• Above the unit circle of the z-plane, ���� = ������.   
• This is shown by the orange curve in the figure. This 

orange curve is the same graph of �������� that we just 

saw on page 6.14-A, but now it is wrapped around the unit 

circle of the z-plane as the part of the graph of ���� where 

|z| = r = 1. 

• Notice how the pole at � = %
& ,  just inside the unit circle, 

pulls up the whole surface ���� and thus shapes ������. 
• You may have wondered why we need to have both a 

discrete-time Fourier transform (DTFT) and a z-transform. 

• Here is one reason: a filter designer designs the poles and 

zeros of ���� to shape the frequency response ������. 
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• The poles pull the surface ���� up towards ∞; the zeros 

pull the surface ���� down to zero. 

• But if we only had a DTFT ������, and not a z-transform 

����, the designer could not use any poles to shape 

������… 

� because designing a pole directly into ������ would 

make the frequency response fail to converge. 

� The filter would then be unstable. 

� So instead, we design the poles into ����, in the z-

plane but off the unit circle. 

� Recall: for the filter to be both causal and stable, the 

poles must be placed strictly inside the unit circle of 

the z-plane. 

� There is no such restriction on the zeros – the 

designer is free to place zeros anywhere in the z-

plane, including inside the unit circle, outside the unit 

circle, and even on the unit circle. 
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