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—on the last page;, there was nothing speci|
a‘oouﬁ \\7_”. |

- \;Jri’\"e “n inS"’eac. ot \\2”:

yil = xEdhhh-en] + X[O]k[n-o:]*—XEl]L[Ml]
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"FTUM ‘H\Q ‘hi&)le)
y2 = xC-OhGB] +xTIh 2]+ XOTh D] + X T2Ik [6]
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é)(_} cﬁ\ro\?\f\‘\ca\ Convo)bL‘\'{OV\ .
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UY\e je “ n-— k\)) i' e.)
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k =-o=
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either Way, bu‘}' Me Wa M:jw' [>€
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@tmc%‘cn 6# k). '
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do this three Steps . |

@A) Grph Ly
Shé4 the 3rqf\'\ " @ Yo the Fff)]n‘t'
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Anphs i @) and , and Hen
aou MP H«e Pfoci"f+ ﬁTﬁPL Lrom K =—==
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| ’ DY n.
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S Tn the lask example, e worked the
swn for each  “n),

=> BuT yen L\O’)e ‘Wafgw Co  examine.
‘e 8!‘61?'«5 %) @ GW\A @ @P\A \ch/
MY a few <4 pressions +hat wil |
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EX XTn) = o(“utn']) 0< oL 4

WD) = U,

—> Sihee X0ln) AQS 7"11@, more CMF//'KQ"'P/

expression, e will P‘“L ﬂ‘ﬁ “k" on X
and  the “a-kM o K.
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YT A
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TN 00! 23456
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—When N< O) we

Mnm

Notes these qraphs are Just intended 45 show
where XY and Win-%) are nenwers.

T+$ easier and clesrer 4o drsw Hem
(:'l<e ,com‘/nwus-‘f/me Tﬁun(‘F/'o’)S even ﬂmugl»

‘fl\ey are really discrete,

— From the qu,oﬁs above, we see H’\")(—/ when
N<o, Ly every k either XTE] =20 or
hin-k) = 0.

— <, the -rwroa'w+ XCEJhTn=I) =0 Y K

when  h<o.
% =
= S0 Yin) = i'XUﬂ hin-) =20 =0
k=" k=

when n<o.
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- W hen N7, 0 we ‘I\&VQ,

A Lk
oL

V/\/ l\l,/\/

AU b

o n

= In +his case the Proo\ut-" XEkjk[“'kB
Wl be nonzero Lram k=o to k=1,

but zero Lo all sher k.
— So the suw Z__’x[kjktn—\e_j hes

K==
non ¢€ro +€rW)§ Lo k=0 -to k=n.
— In this range of Kk, we have
(see arqp‘né on [P23¢e 2.21, 7,22_)

Y (k)= of and Wln-w)= 4,

—> S, fur pvo, we have

N A Kk
YTn) = 5 K4 = D%
kK=o k=0

| N O(N_O(Nl*\
Mplying the sum frwula oot T st
We have ‘jtn]‘: ,\"‘Xnﬂ
= Face 224



- Foc thic problem, thee +wo cates cover
all o0& +he ‘n“s.

_ Puﬂ"'\j w4l ije'Hr\er;
o , n<o
3]:“3 = % \— ANH

| — L ) nN7o
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J T

UTn7 |
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XCW) = ACUTAY g e < |
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[
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hLk)
11119 ' —
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-k 1
| i
[
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n Y O(-k n n( )
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Al Tuﬁ\e/H/\af :
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|l— &

=) NoYe Hut thic aglees with +he Sa[uﬁ"a’t
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-
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S
01238567 ATk --n) = XTatk)

I

—— 4

#———"
u-\ t—e
u-1
u

LAY

lz-‘r’ b
> FA’@E (Z/Zé!l

1-4-
|-u-
LA—-



20?6‘>k
R

Ln ‘H\‘;S

Gse , WlkD “furns the sum on?

k=0  and XTn-k]  “Hurng 1+ of "
at k=n

: no r
ol = Y WD xn) = p_ 51 = ) "
- k=0 K=o K=0

oko— o(m-\ B \—-o(“'”
= | — oL

\

mee 2.26.3




Caéeﬂ.) H*‘\-\’, O and n<t : 43in< A
ITn His cuse ACT—ED 4urns ‘
the sum on at k=n-4 E—
and also turne o of€ 4+ ° 3 > é%k
" obf gt k=n, -+ |

Yinl= 2 L‘[k__\”([n—k]

K=n-4

4] n-4
- k o - K
= E o -
| — &

K=n-4

n+\

coseTI) N6 and n-4<7 ¢ bsn<Il:
LK) turns sum on at k=n-4¢ %

and KT Turns 1+ of€ 1 _" >k
at k=06, o % °
¢
Yo = S hTH)Xn-K)
kK=n-4 .
e . WL
= LA T T T
k=n-%
—
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Case. I

6 71\ 5 k
: X
jtn‘) =0
All Tojew"her
O n<o
. gnt
‘,fi oIn<¢
3[“) i dn-‘4::n+! 4<n < é
_.o,_
°§n X L3In<l|
\— oL
n ||

PaGE 2265




EX: XT)= 2"uC-a7]
hinl = Uy

oo
‘j[r\]: AT % bty = Z/thj hTn-k7d
k=~ % k

X Tk o —
- A Qse,‘_r‘) nn<o : 7/77 ok
[[” L - ‘jEn'): Z__Zko’l_ °
6 k=-%0 "R o0t
h k] s e
N = Ao ZAQ Aﬁw =
e

11
«-H+‘-0LL“-]-)k _ ©0~-2 =2nﬂ

—

—— l A s

L\Ck#r—’s’]:htnﬂc] Casaﬂ) nzop /

LIS ’f’/fl L

O
| ) k. o 7
L, yoy = 3 2 |
555 A
let m= —k; k=-m.
hCn—%7 ’

- When k5 -00, M2

when k=0, wm=o.

O
U_LU—LH-on jm:ZTM
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— But this s dus—\ aouu‘mﬁ. Yoq can sum
+he terms in any order 'yau like amc(
T Aoesn' ckanje any Hﬂ;ng,
0 oo m
yoos P2 = () = T
m=0 M=o |

\ =2

All Together :

\
2!\'!’ ) n <o
6@\] - gl ) n>o

PaGE 2,247




Recponse 66 (mbmuos=Tine LST  Systoums

- T‘I\ﬂ S&"\' sa(t’t‘gtem ¥ @& Ea(K ‘CQ( m SP“‘*‘ 0‘6 C”"?H"Wf'-("“é

Signale ().
-Qec«\\ o\eim'\-hém o€ da‘\' pm\uc& -(:o( Soc\:\ Si«jnals ‘.

{Ew,qm > s S.o*“’f) gt dt

- For eacn Losic Q?\X\J) we \eea Yo vse the Ao—\' pmAuC’\' to

0eX a (oetEicient

2«0
{x), &(+-1)) = gm)s(t.tut = x(T)

= Now ada np coe.@@dmk +wag Eacis §.‘9 I\al (I

X(f/) = i‘i’s"; (Coe@)o(\)asrs ﬂ‘yv»@) e g
% _ S“,((t—tsé'll)éw

- oP

i

20
(" x@o(t-v)dT
o T—a b as e as 't s ncexved

W . Mt

2 Wl wdepandad vocicble Vt

a (f‘sﬂ

- Let “ L& an LT Stj(’(m w/ tmpulgg' respovse L\U:)

g wl?—-" W)
- T"\&V\ f{; Hixcuf)g = Lj,“’) ) Hih’u’)‘i = szur) , anA ‘4;6 ﬁfC

congtonts

H{ax.ﬂ)*' Ex,u)i = ag.ln‘)”aj:,(f).

PACE 2.2



ket 16 M syeten oupt when the Mput (s
J = (unswndt 2

y ) = H‘Uma - H {g: K(0) 4 (t-T) 4T g

= | ‘l—\:ithSJ‘lt't)Kal'L
- o0 'LA hww\bM,' —L&MWL K i | e

. (koHisE-0fat
<

= QMX(CSLH-'C) AT lecavse W s SLiéd ivvorieal”
-0 |

= x(t)¥ i)

— "
a si‘_\na\ wl(i\dePW&\f voriable "t

= This. W< the &gl.\nf’ram o€ (M(,olqum \;Cw (MfuhV?vf ~Frwe .
For 0“3 '\'Wosigha'!. X (1) and )(zH)} we call Hn §"3“"‘Q
() xtt-0dt
the © -

comvolutrua of ¥, (+) M\A X (+) ”.

:'_—) e l\ave §‘\a~m ‘("\u" #p( any cov\+mvovs'+ow LTI

Sustow, the owtput ic the camvolubren of The
WMPUT with e systewn Wpulie respmee

PAE 226



—The interpretation ic Ny same ac W wot tn dircreds Tows

| () .
R, Il oiL
t 1, tl

~input terw X&) 8 (t-to) arrives at twa t=te and
canses t)((‘l?o) k[f-‘to) 4o Stert Comng ot @ t’“tb

- N I\ x[t‘)g‘(t-t,) n \ T 2 AR
\ x({\\\\({v‘t.) I\ 0 1 0\ @.t;at,
- N\ n X(‘tz\d\(t’t},) “ W w41, M

noXIN-R) o netet, .

= The total responce \V\c\u)-ts all of these terms md ohhers

- -

Y )= o xla)tb-to) +xlt Vhit-t)+ k(b hit-t) +-

= ‘Wl " 300w~0 do Lind the tord vesponce at Y, we woet
'A.P the individua responses due to ol mp“+ +er1~$

yie)= CxmugDaT

=) This t"h“e dor every tiwe — At juct L., So wure qenére ”j

ylt)= S x(t) h(t-TYAT = xuwue)

- s
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AN TR T O TR T SR T R AL 8RN T T A S R

\\L‘*LE_C L‘u\(—a AK&T&'{’@* *M CW\VOIM{"‘W\, Cal\h\w\,wf- 'h;Vé
tonvolution s oldem Commutative«,
p=t-T AQ = -AT

F )
Y *WW = (XOM-D ar gae-B
- Co-= = ea.?od

- o= 4 0-—)404
o S D PY: o |

- g“mwt—e)w
- of

= hi¥)¥ X({') ,
=> They arg the same Anuwhea @u-e,wt] t.
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EXt x)= ey ), azo.
h(1)= W)

o)
() = x(e) #h €)= [ zLe-cldT

cusel) t<oO:

] /\7‘5,
——
Ji = fwodt--o
-0

(£~ Ir) tvo
= T e
— 7 71 .=
t : s t
X(T) ’ ylt) = ge—atam [6"’}]
al ‘
P | kferts] - ple]
S ,

0, t<o
hu Toogtrep:  f 12 w[1-¢®] , t7o

- “if(l _e—af] b(('f')

arm———E

- — PhGE 2.3




EX * Sowe ’Pfoe ew  tHie “othey wey
W= etult), avo

h4) = w (+) -
E { hT) x(+-T) AT

ued) t<o:
A

yle)= L o dL =O.

— — T
x4-T) cae ) t2%0
~aQ:EL/7 v 4///
—> T | , — T
();f |
| éz—aCt*tJ
h(T) | t

-a (¢-T —at 2T
yte) = je ao = e U

— > T \ P
° J =€ S:e%z
| ‘ Jaeoqf[ea‘cjzig - i_c—a('léaf,(]

=1 [ |- C’“{l

Al(“—@je%er: ylt) = L1 —e‘“'tjua-)\ PAGE 2-32




o o ther

3t <t <3
EX:ox) = fO7) 0N

= egt{ we) - ut-§

- ,%—9{'

—

-2t
-, -l st -2€ ¢ ~
_ , .- ( (t+1) — U (£-1)
h(+) { O, other ™ 14 }
-\ o | Y

yi= § hic) xee-tv) AT

—~

r,ﬁ . (o)

x(ft:wt)eg(m) _ ~1'/"‘ > T

et /e
\ ~C

St 3¢ OF |

A(t-T)
3(+-T)

€
)\1» ->T

3 t

—

PoeE 7.33




CC!S‘?/I) —t—("‘ e [\l )’C
1‘3 t V
- foat =0.

L4

caseT) 1% | apnd +<|: —lSte<ls

3(+-T)
/L, e

-2T

AT

-1

4= §e3“ ")[e'”] a = - {ete”

- —e3’f§ e‘gta\‘& = ‘\§€3t [e_n]i-’-"

teett-ef] = p[eten ]

—
———

?M,g 2.34




Case ) t7|l and t-3< - ya o3t
-t7/ ( dhp{ -L— < 2

. —> 0
| <$t<c2 % t ~
| 1/<_e—7_‘13
3(_(,] - §83(f—'l:) [_e-zt:)ﬂn.}
- .
)
_ 3ff€ Lol = —e3t fe STz
-1 2
- T=-1
— -35’83.‘:’5" %83{7‘!’;
-T
| | | (/Lezft )
Gse W) t-37- and 3<1 J\ ‘
| t% 2 and +<4 I T

| 1 % ¢
2<t <4 -
w_ 2T

4= (e O e o

i3
]
._'C’

et —

£-3
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_ ‘63‘,5 ST = ge?rk[e—rc]
2 =173
B 3¢ -5 _ —5’({'“3)]
- Lete”-e |
+ - -8t _Is
- ett[er-e ]
= LeteS-ete e ]
_ L A,3t-S -2t ét'S - 5
I A L I T
CaseI) t-3 % | t >4
=0
- N o jCH .
»—V 2“3 i‘
All Tyether: ) t<!
Lett-ke’, ciste
L A5 LS lst<Z
)
SH) - 3“83{;——5' _\S_éztﬂs 25 t<4
’7/4
O ) t




Convo\ution With  Delteg

- When You convolve a S\‘«jua\ wth a Diree or a
\<ronecker de\h) You  can oftten write down the
recultr without 401G ﬂ””""d\" the ucue) sheps
ot ca\C\{L\a"((nU ﬂe Convol uti on M‘feﬁraﬂ o Sum,

> Convolutron G, vomecker dedte -
s0
wCnb ¥ dCnY = O_XCkIg[n-k] = xtwd-1 = XC]

K= -0

one vongero
terw) when ¥ =W

-’> CO’\\)D‘Q‘F“A’\ N‘\‘ﬂ\m QL:(\‘\TA kray\ecker Dl¢+61 J\AS“’ 5"‘(‘"5
"fke 533\\0.\ \:3 Ne <uawe aw\puu'f.‘

| - po B |
XCk) ¥ P[] = ) x[n-lJ pEk-2] = wCn-2J

c=-9
" ~ -
OME. WM ZED YErM,

when k=2
NOTE: Thic ‘mplies That xTa-3]#AM-4] = RT-7J.

Mo, Jn-1]% #ln-2) = MTn-31.
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I
NOTE : §™ X[k) & [x-5) = x[s],

k="

2
but D th-)d‘[L'S] =0 ) becavse in the

Kz~
-0 'f‘o

Secomd Case He Sum cv\\j qoes Feon k=
k=2, which doeantt include tHie Place ‘H\q+ the.
delta & ™ turned om '’/

lo. .
Mir, T xCn—*] ple-5] = xCn-5]

= =%
2 easen
(%) FLk5) =0 For the sawe 0
ku-" Kz;__w 1253 GBOVQ

NOTE ¢ xCn3¥ (4T-) + 2 Tn-4] ) = XD -) T XTnTiedTrrY)
— yCa-\) T RCw-YD

2 (pavolution with Divee delta
K(£) ¥ £ (E) = g X(T)(-T) AT = x(£) by te

-

WoiEhing prcpe,r’rg ot
+he Divec ;\eH‘a

xlt)x g(t+5) = g X(t-T)F(T+5AT

= x(t-T) .- = x(t+5).

W(E 2.35B




~ 5o CMUO[LCHM wth o C‘Mé“'\‘&‘ Divee C}e\{‘a J‘us“
chithe He (BMQ &>j e Sawe aweunt,

- As w A‘\‘CVC"'C '\'Cue)

<[5t 5o e4) |
= x (&) ¥4 (t) -5 x(t)¥P(kt4)
= . )((f'l) -Sx(t+ {_)/

to

( x®ac-5)at = x(9),

-~ o7

A
Lt § xt)ae-s)at=o

—w

lme’,,kcm;se, in the SeamA cuse Hwe v*eg\‘av\ 0@ imfeymh‘au\
doer wot indude the place where the delta ¢

“‘“\'m\med, A " |

L\LCwQSC,

| (t-) 8(T-6)dT =

but gzx(t*t)é‘(t'l;)a\t: Q

Y4 —

x (£-5),
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~

CASCADE  COMNECTION OF Two LSL SYSTEMS

- Suppose That U,

with

X (t) ‘A'_/__E_J:

and  H,

are two (SL syStems
wpulse responses b () and b, (t):

BRA2ERIGE INS)

Y. (t) = X)) Hh, (+)

~ Consider a Sys%ew\ H formed ‘lO)( CDWHEC‘H"j .H:

and W,

N Series:

pu——

X ) —

—
’4d

H,

2(t) _

H

H,

—

J

y ()= fo(t)} = H, {w)?

- Question: s H

—

hh&ar .

— y (t)

= H, % H,{utﬂg

7

236" .
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~Let Xi(t) and X, (t) be two arbitrary inputs and

et a, and aq, he consants

~Then H {a.x. (t) + azxz&)} = HZ {H, {a.x,(f)mle(f){j

- Since H, is linear;

H\ {GIX(H) + QLXZ(HS = a,H, {Kc(f)g Ta, Hli*l“ﬂ} )

- So H%a,x((+)+qzxzm}: Hl{q,u,fx.m}+azH,{xzm}}_
~Bul H, s ake \W\eqr/ so

H, fal HExXcH T+ a, B, £ x4 §

= aq, Hz{“t {xi(0)] S ta b, %H, fx’-“);}
= q H{X. l:t)} + a, H {lef)} .
~ Therefore,

Hiax+a,x )] = aHix @] +a,Hix, (t)}}

and ‘He "S‘yf"'em H’ j_é_

‘l'ﬂear

——— "

)
PAoE 2.53




"QUBS*VON is R S\\\H’ '\hvarian*‘z

el

T slet 2()= W Exw) T

“Then ()= W, {z)] - HLEH.{\X([Q};
- Lets mput the shif+ed signal X(t-to) + H -

H{ x (t‘to)} = H, {H. {x(t-tb)g

i fzeea] et s b

invariont.
= y(t-t ‘
)’ o) Lemuse Hz s shi €3+ taveriant.

'Tkere(:ore) H s shigt invariant,

.
= His an LST  system.

—Question: what s the impulke recponse of H7?

Z()= H{xt)f = x(t)% b, (¢)
’»y(t)z Hz{z&)} = z(t)#kz(t)»
= [ xaw)xh, lt)]%l\z (t)

- Sw[xu)*t,,(t)] h (£T) 4T

— RS
| PAGE 2.54




'yvh‘):f [f X(B)‘».(f-e)dajk,(t—t)alu

~ 00

:_L, X(e)[f;‘i‘u (T*B) Lz (‘L—t)dtjde v

¥=T-0 T=¢sp
dP=dT  gr-de

= | xe) [_fk.(w) h ((+-8)- ). sb] do

-

m—

) L,(t—e)*kz(t‘B)Q
= [“ee) [l,,(f—s)-*lu(t-B)] do

= X(t)* [}, (+)*L.L(H]

_Theretcvf‘e). the impulse response of the systew s

T‘h({;): L‘H:)'*L\z(t)
= [hoh v

= [Th(Oh, (t-T) dr

| 259
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NOTE : we have shown that, in geneva l)
EYCERA0) 5 (1) = x,(t)*[xz(f)*xﬁ-):]

NOTE : We could also have Bund h(t) for the cascade

System H by putting in d(t) and Seeing whit
Comeg out :

h(t)= Hioct)f
= HZ{H:fd‘H—)}}
:Fh{hJﬂ}

= h ()% h ()

S UMMARY -

l. Convolution s assecigtive :

(X% xz)%x&: Xk (X, % X5)

. T H is a sys+ewx Formed Ly CQSccw'Mj two LST
SYstems with jwpulse Cesponses  h, and kz) the 1y
R ois an LST  systey, with wmpulse response
h=h eh, .

7.0
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—What £ e switch the order of the connection :

) — i f

W ' ;y(f)

J

~hnswer: The output y(t) is the same.

= The systewm above has impuke response

hit)=h, (t) * h, ()

= L‘(f),{(,[\l (+) , Since Convolution

= The systews

H

and

'S o wmmutative .

X (¢) \,’E%j/% y ()

>y [t]

M

- —
X(¢) “:EMILE

I

kqvc the same (wpulse Fegponse .

—

~~

output y(t).

— For any input X(t), both systems make the same

A
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VI

NOTE - Everything we have just done applies 1 a\"scre+e~+r‘me__
SYStems as  well.

-Suppose My and H. are +wo Aiscrete-time LST  syctems
with unit pulce responses W Inl and b, CnJ

XEnj—m——? N T3 = Xtadkh, Cn]

P a—

XOh3— H. [ W)= XCh3+h, CTn ]

— Consider He systewm H  formed loy Coy\v\eC’Hﬂj u, and
Ho in geries:

e T e [T e e
i \J

“Then y01= W {2t f = B 1 fxon s § = Hixend

- Stnce. Hy and H, are lineary

H g_alet'\] ¥ q‘z Xz['\]} = Hz { H, {a‘xlcﬂ‘f alxzt"]gj

- Hz{a. H){X,D\BE +a, H.Z’(zt'\jngj
= a, H&H.ixu:nﬂg t a, \-l,_{ﬂ{xztﬂ;;

= a o] ta, Hixoo | PRGE 22";;



— So H is linear

g

H{ XCn—no')§ = ‘-L{H\ { XCh-“cﬂ}g

- Hzgztnmolg
= 7’[:"\’“0—]}
S W i shft Wvaviant.

::> H li an LSI SYS’}cW\.

—To find +he impulse response o f H/ we will put in It
and see what  come out.

> We Couu a/_CD oo ‘HUS b)/ Pul‘h‘nj " an dr()erary S‘B"QI
XTnJ an warkimj out ‘the convolutions (as we did

for conti .
r Cor\‘f'fmlous—-‘{'lmg) Qecomme,ndec‘ exererse . 6b’HM\S .
4 ok . —

= I XIm= #n],

Then rAE J‘(n]fl\.[q] = |, f”j comes out ot H, .

So the unit pulse response of H s

| k[ﬂ]: Yyn) = Z[n‘)*.klcn] - l\’ ["j’k"\lD‘l]

2.43
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~ Since. discrete- time  convolution is Commutative,

e, hOI+hTn = | [n 34k, ],

W doesnt watter et

ovder we connect +the
SYstems W, and H,

Up n:
e oA W — 1, > YIn3
_H )
I — |
Gy —L W, —)] H, > Y]
| H
> Ynd s the same in Cither case.

= Both systems haye +i4o Same impule response

W3 = b [T, O] = ho CnJ 44, Cn]

X
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PARALLEL ConNECTION OF TWO LST SYSTEMS

i —————

™ = Suppose ‘that H, and H, ave tTwo LST systems with

mpulse responses  h, ang |, .

—> T continvous=time, the impulse responces are b, () ad h=(t).

= In discrete time, H‘e)’ are hinl and h,[n7J .

X —E_L———) y=x+k,

X"’WE]‘“’ Y= X¥h,

—> The picture is He same V‘\d'\wr (‘\' is o\\scre+e time or

continuous +ime. o

— Consider a system H formed ‘0)’ CO""8(+'"j H,
and H, ia Famllel

| B

—> y:'Y|+YL

— Discrete time: Yf'\] = YiINl+ Y, On]

= Gontinuous time: Y (£)= Y (¥) 4y, (¥) X1 g
PAGE 2.6



— Question: Is H linear !

B H{ax, +42,Xz_} = H,{a.x,nuazxz}ﬂ—lz fa,x,m,xz}
| = QKO QuH, §x,T  becuuse H, is bocar
PAHAKS+ @GH 1T because Hy 1 lnear
= a[H.{x.}-P Hzgx,ﬂ
ta, [Hn et x )
a i +a Wil
~

—> The system H s linear

"'C\%QS'HOI\.‘ Is H shi€+ fhvarl‘an‘f?

Case

H { x(f-to)} = H| Zx(*'t")}*“zg)((f—to)} ( Continvous 'h‘vnﬁ)

=) “”'to) t Yz(t—to) &— becavse M, and i, are shit

Invarra f
= y(t.—to) / nvar/aa
H{XC'P%’J} = H, {XCy\—y\o]g + Hz gXC'\-"o]E (d:kcretisf;‘me)
=Yiln-neJ + Y. Cn-nyT be cavse Hy and Y, are
: §[ﬁ|‘€ i i MT
~ = yCh-n,T / t wveria
~> The syctem H is  shitt tavarient | 24
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—:-> H LS_ an LST Sy5+em.

"'C\)\)ES‘HO/\'- 'wkq‘r IS ‘H\E impu‘Se response of H-

-

—) Discrete +ime:
YO = y,Tnd + y Tn))
= XO0)# hB)+ XOnJ4hOn)
;24;&11\\.&—1:] + f‘_ XTkIh,On-k]

k':.~°o k:-ao

= 3 XCK (L.Cu-k] . ln,_L'n—k]>

k3 +e

‘?L:n]
= hiny = h 0]+ b, [

— We could alse haye found Hhis L))/ P“H?"éi n Jn.

> H' Wou.ld +'I\e/l’\ 0q+PMT Y, Cn] = L\, Eh—J .

= H, weuld then cutpat v, (0] = L, Th]
=>Output of H would be

. hCnJ = yIn3 = hCn)+ h,Cn) |

2.{)
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- (onﬁnuou.s TI‘Mf "‘
- )/({:) = Y lt)+ Y, “:)
= X(t)¥h, (£) + X(E)Fh (F)

_ S”xa—_)k‘ (t-T)4T + ji(t) h;(t*t)dﬁ

—

-9

- _g“x(r) [L\ (t-T) ¢k (‘c-t)] dv
= x(t) * (h ) + "‘7—“’)

—
h (t)

= htt)= hi(t)+ b, [+)

—
&Q,T;E_" Sice addition of req| (and wmplex) numbers
LS (ammufa‘l‘u“vc)
RO = KiTnd 4 W, Thl = heDnd¢ hyCn]
h(t) = h(t)+h, (t) = L\z“’J'l' h, (t])
.,__)T‘\Q \\orolerl’ OF ‘l’ke qu‘q[(el CUV\U\BC'}'/‘OV]
OlOQS V\o+ Wl H‘e(i

2,48
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SYSTEM PROPERTIES REVISITED

“We wil] now look again at several properties like
Capsality  and Stability,

—We will recgtate thege pProperties in termes ot
The unit pulse responge W3 (discrete time ) aund

\'M‘audse veslvoﬂfe ‘/\U’) (con‘Hnuous ‘Hme).

NotE: Too properties linearity —and sl £+ mvariance,

will hot Be revisited .

- Since we will be *Formu[q‘l'iﬂj System properties

i term¢ of h(t) ang hE"]/ it is

(mp’itc’
that we are ta

lking about sycters +hat are

both linear and  sh; £+ (avariant
-\_\__
- T‘m‘f l.S, we  are Concemed I’\E.V‘e wf‘H‘y LSL
Systems .
/V\emory/é’gS

~ A digscrete~time ST gsyctem is mewmoryless | F
and pply (£ |
’ yOnl = K xony

for some  c(onstant K . .bq‘)
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= This implies that hIn] = K#vY |, so that

YyIn) = XT3 £ hTn]
= 2 _x[KIhIn-k1

Kx-o0
- |
= Z_XD(JRJ[""K] & Ohe nongerp 'l"erm)
Koo When n=k .
= kxoy. /
— A conhnuous-time [ST system is meworyless (£ and
only ¢
y(t)= Kx(t)

or come constan t K .

'—TI“\ i res
Pl et hit) = Ko(t) o that
ylt)= x(t) A h (+)
:\f‘:X(CH\[t—t)dc

< [ KO Reryap e T

<

- |
= X(0), Ko(t-t))
= K<x@), a(¢-1) )
= Rx(t) [/

&—— assu ang K G/R .

2.€0
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Cauc,all"l‘y

—~ FACT: a discrete- time ST system H is causal
£ and only ¥ LWmwl=0 V¥ n<o.

Proof:  Since e Statement js Wip 4,4 only it

we have e ‘Mr‘ngs fo  prove:
) hinl=0 ¥n<o — cavsa |
2) Cavsal] —> hTnJ=o ¥n<o.

Juppose  hTay=p Vn<o. Then

YTnd = XCa3 £ hTnJ
o0

_ = Z hTKk) xCn-x7

K=-v

= 7 hKI xCn-k]J .
k=0

So ycay depends on the current inpul XTn3 and
on past inputs XTn-k3J, k>o, but pt ,n
“Pu‘l'ure inputs XEn—lcj/ k<o

The system is therefore causa /,

Now suppose Hhe System s cavsa|, When the input is o’ ln3,
“ \ | .‘
“H'\e output is | raq But dCny=o0 V¥ n <O, and,; since
e systew, ¢ Cavsal, ¢+l wmplies Hat +Hhe cutput
— hTA3  is zerp V N<O. Thus, hInJ=p WYn<o.

QEI‘B : t.f’ e
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FACT : A continuous—time LS system is causa) iF
and only (£ h(¥)=0 Vv t<oO.

/\

Proot : Suppoge. L\H—):O VE<O. Then

y(£)= X(t)+¥ h(t)
= [Thoyxet-t)

= j”ut)x(t—t)dt,
o

T‘NS, y(f) dePendf on the Current fnPuIL )([H and on

Past taputs x(t-t)) T >0, bat hot on future

laputs x(t~t) when T<o. The system s ‘H\ere&re
cavsad -

| Now assume that the SYS+am s (auSQ)r (A}ken 'Hﬂe
input is (), fhe oulput s h(t) But JMt]=0 viE<o.
Since .
ﬁ‘& SYS'l'CM (s CqU$a‘l/ 'H\.‘S {(MP(?es k['l'}:O vteo,
QED
_
)

X
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5‘\’4[\[“'{’\/

& "\:ACT Loa discrete—time LST system H is stable
F and only (F

_ilkml < oo,

(Tt 35, ief hiny e g (z) ).
Pr*ooF'-

Let ’élktﬂﬂ << and let xtw3 be an arhiteary

bound ed thpuT Sijl( Tken 98 G/R, B>/0/ such
tha T ,XC'&]/$B<V,’\€Z' Now)

A yirl = XTal¢htny = ) hCkI xCn-k 7 .
§oj o0 <
‘Y’:"Jl = lZ:LEk] X Cn— k.'l‘
KZ:: )L[k]XEn—k‘] ]
bz,‘\fkll | XCa- k]l
Z lk[k]) R
~ = flk[kj) < 0.
k= 1.3
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Thus, yOnJ is bounded and all bounded iaputs

produce bounded oq‘\'pu‘(’S. The Sys‘\'ew\ \s ‘(’hefewcere
Skable.

o
TYX remains & show Hat stable implies Z(L[kjicw,

k=-on
We  will construct o proot By Contrapositive

That | ‘
ﬂ:f > we  wil Prove that A —p by Showing
a “‘ - W 4
B — A ( B not fW\PI.‘es “A no‘p‘-") The twe
S{’QTC k e |
ments A>3 and R >4 are egw“va/em'f'

T +hi S
L RN e sypk,

s stable and

m f
o, we will show that 2_Ihtny ) =00 implies that

"f‘k h= -0
e §Y§+CVV\ iS '\b'\' S‘\'q k le

'S"t:.«tppose 'HMT Z_H\tn‘)' = oo .

n=-oo
o |
Let XCn]) = hl kCE-:;jl ) h[-nJ#£0
@) ) W-nl =0

Then \X[njlé fl_) S XInl 38 a l)ouvxoleo’ /‘upuf’o

2.5Y
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Let d= {k‘: k[‘k]#‘-Og.

Then 0
YEO-] - Z XEK] L\[.—.O’K]
k=~

=S XCKIh[-K]
K=~

= 2 XUJhT-k] + Y7 xCkIh[-k]

kea ()
¥ kéa both zero
h" -k h[-k]
=7 Ih-k3] T ) O
kea kda

_ lk[-k]l
Kea Thek]| Z—“‘E k]’

L all terms are Zevp

i

Z_“\L'*c] -
2 b \+|«%am k1]

ZILEm31~

M=~

(1

So the bounded input XTnJ produced an output

YInD that s not bounded a4t n=o.
Thereforey, the system s net  stable.

QRED.
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FACT © a continuwous-time LSIT system H is shulle

- <0

Proof : Suppose S:“’\“-')la\f <Ny and let x(t) }o
M arbitrary bounded input.  Then I BelR, B7 o0,
such Hat (et (s g teR. Now,

Y= XChtt) = bty ey 4

- W

50 e d
/ 'Y‘H)‘: l_fwktt)xu-c)dt)
N Smlk(t)x(‘c—t)\ AT
= Tl weny) g4
S T o) B ac
= Bl W)l < o,
Tkus’ Cvery tDml'\deo. nput produces q boundec] aufPuT
M Yo system gy
NUW, Suppose ‘S “\(Hlolt = ©00.
N (-t)
Let  x(¢)= TR h(-t)#0
- t\= 0
O | h(-t) 1(‘
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Then \X(‘c)\ <1 and x@) s a bounded «imguf‘-
Le't a: Et" L\(-t)#-Oz

Then y (o) = waa) h(o-T) v

- S%xa)kbt) AT

" WD h(-T)
a ko))

—

AT + S X(T)h(-T) 4T

R\a,

hety La both zero
-T

- Sa [h(-1)] at + .g 0dvT

R\Q

= J o) 4. [ hen 4o
a R\a L__zero

= htey| yp = oo
Since the Lpunded nput ¥ (t) Prodluced aw output

YH’) Hhat (S Aot lBouV\oleA at t:o/ the Sy stem
s no‘f S{’a“e.

Tkus, Ly va;‘nj 'H«e. \oﬁrs% Iml‘P dc‘rec-)‘l/ amd ﬁte
Secdy\d L\A\{: loy

fon‘fraPoSi‘}‘/'V@, we (’\Me SLIDWVI
that q Continuous—+me LST System 15 S"hzlJ/e

Fand oy ¢ [®oldt < e
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T

Thverti b lity i
T _The continwous—twme LST System with tmpunke response.
Wit} =) ¢ called the (O‘en‘h‘f‘y System .
= The output of +lis system is equal 1o the nput; since
yt)= XEFht) = X(T) IE-T) AT = X (¢).
T——S}'mhob‘c Mfef;f‘oi
— Suppose ‘H""Cf Ho s A  ConTinuwous—+4ime LST SY Ste nn
that 15 nvertible
= Llet H, be the tnuerse Systemn .
~ Ths implies that +o Cascade c¢onnection of H, and H},
s the dentily  gycten -
| ﬁ
KO ] B ] ] > X (t)
~ Thus, in 3ev\e/rq‘, an  LST  syste, \—l, it iwvertble
& There  existe an LST sy steyn H, such Hhat
hiE)*h, () = 4t).
,/-\

EX 2
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—_ L'\\cewise, a dicrete-time LST System with wunit

~ PMse response WIn)= gray 3o called the identity system.

— The o\[\'Fu\J( of Hais S'ys\’eu/\ S e[éuq\ To the iV\P\fb siuce

Y3 = XCD ¢ hTn3 = 2 XCkI P n-k] = XTnJ

=~

~ Suppose that Re s a discrete tiwme nvertible LST.
S"VS“CW\ an ‘H\q‘r H is 'HAQ

mverse system .
~Theny the Cascade

connection of H, an i, wugs
be e Io\em‘ﬁer

~ KCh) YLEF—\%[I ]

/ > X(n)

~Then the Casca,o(e connection must have unit pulse
respense. m)__ hNTnJ £ b Ths = 20T

~—T|/\|S \m9'\eS "Hﬂa"' q d(JCF&+€ +IM€ LS:E S)/S""—e‘l/) /.[

'S wverdible 1€ dhere exists anothey L ST
S\[ﬁ-ke,.\,\ H-L Such "H\QT

WChI k h,Cny = dnT]
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Unit  Step Respen se

N

- We \1\0\\)& Beeﬂ c\/\a

mc’rcn‘amj LSL systems in terms of
thelr i

se Vesponges .

- I i a\so possible 4,
theiy respence to ),
e “unit Step respon

+ iw\pud

Studly LST  sycternc in terms of-

Wt step. T,

s Tesponse (s qulfql
se’ |

SYSten, Hye Unit+ step respon e
when Fhe iwput fs UCn 7.

the unr+ Step
te mput is wit)

UCn -]
SEnNY = uLny & heay 1N l“*”k
= i— hC ]utvv-k]
k=-vw
= Zﬂ_ hlk]
K=-w n Nei
— S’) STh] - SEn-»lj z gyl\[t -—k;k[k]

-l '
= hin] +§: (hik]- k[k])
k=0
= L\Ehj
—> Thew the relationship between Wn3  and SCn)y s

WIn = ST - sTu-) 2.60
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- L'\\C@uige} ‘Cor o Continuwous—+Hwme LST S\/S‘}GW\)

e S(t) = ult) ¥ ht) .____L‘t'.‘]’
; @ > T
= | ho) wit-t) 41 I

= ("hv) at.

""’APP'YMj The Rmclq;nenf'«/ theorem of Ca/cu(us, we

s'ee that the re‘a+TUAGLJ,> Ibefueey) S(‘f) and l\[l’)
(s .

h(t) = f’; S+ |
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| %\Df)(. biaaram Reprecantation - 1§’V adec Svj ctem s

— often, the syctams we are ndevectad M witl hove mputs
and. ofputs Yok gatts Qj \tnesr cometent wetficient
dikkerene ec(}mh\ms oc O €Gerential ecbuafrms:

Koy —3| R YTe)
— Gekui Yo o6 |, GG Ai€terene e(()“‘-‘m;

m=>0

N "
_l__owC“-ﬂ = ) f-’mx["""]
k=0

— o
y Ca-n}

o, YT+ AV P R
XCa=t y+-ot ‘Smxcn-n‘)

= Po XCa) + Fu

X () —-7@-? y lt)

_Lenenad fom ot L.C-C Jréteantiad o4

M "
L ) = I a_ y ()
K=o "=

"(D‘\ ’

.t an”)(t) |

—or (w) )4
¢ deY “et) = {50’4"‘) *@\x (t)t

| 0(0%(1()+o(\‘3‘lf)+-~
£,

NUTE: Tt{ese quu*wé do X S
—_— l—’wam‘,)SSu'c\n %ua\lﬁm/ there are Many Sqstem
it wputs and outprts that satisEy tha
qroem e!()uahm .

eciby the cyctem Uw 3“"‘9’
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— g:W\P\& EMW\?\Q ot 2 A@(ethe_ ﬁ%uuh\w\
\/'CIC)—\— a\j ]:v\-—\’) = \:xtn‘)

= Yoz -aquae) T e
. BLOC\L.B(C!WAW\"

XTI L*;@

-~ Simple Eyample ot < g\i{W‘rmﬂ 66%“?&‘«\ '
v () +ayte) = bx(e)
Blele Diagpam 1. ylt) = - -«\j'lt) + X[f)

J—ej(t’)

' @
a y'ct),

B‘DC“—N‘\W% 7 L,S' (t) = vaﬂéf) + bx (t)
4
\jlt} = g —aylo) + Lxlt)dT

—

Cheg¥el z oWl





