C \map’\ 4*

L ———————

Brief review of Eigenvectors X €iqemvalueg

-If A s a matrix n e« vec-\'ar, and NEC s «
Covnp \eY [OV\S‘\&W\’)

— and \P Ad':)\dj

= Then W s called an “e§3envet+or" of the matrix A with
associated eiqenvalue X,

EX A;[I -_i_ 3] S n]
¢ i i [y
r, -3 3
AR = ){; -g 3][::‘: [i]:4d
L~ 4 2 ¢

S U s an eif’envec{’o( 0 £ the watrix A with aSSocfa'hA :

e'\gewalue 2= 4.

a
- MuHip“CQ'HW\ hy A doecn't ckange the direction of “,
=+ Joek ‘stretches’ the \enj'l'k of He vecdor.

me 4.\



— For a system H) Here oy be certain inputs X (%) {XC"‘J;

Such that He oud'?ud’ S a camrle,c Nnumber +imeg +the. ‘MPH"" v

X() = Y s yt) = Axl4)

——

KT S H 1 yTed = A xend

=3 In thece Cases, we call x(t) {X.Cn)i an eijcnﬁun(-h‘ow
of the syckem | with

a¢soc ig ted eigen value X,

FACT ; The sighal Céu‘m

) Sor any Fixed w.é’k) i an
e"\ﬁe,n&md.‘

N Lor any 4
FALT; The siqral ei“"t X
- ) > ) 1€ an

“tve LT system,

——————————y

Yado N\ | '
e’ — (L'S.“I-) —> )\ et

5“' t ﬁ/ I+

X : . ‘t
(Lsz) ‘—'; Aed™e

=> The ,eiﬁenvalue X generally Ae,pen}s o
the cpecitic value ot w, ... .
Given an LST sysdem H, each 0\"{4ere"‘+
choice of we will give yew a distinet inpuct
g‘f/"“’_ with it own A"r#u(-f 8%8"\14/“6;:
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Proo€ Hat 3% i¢ an eigenfunctin of any continuous - time

ST S\/Q‘l’em 3

Let H fe o ntinuous-4ime LST system with impulse
respovse W(t). Let He systewr input be x(t)= cf“""“k Lo

Sowe -C\Kea Wy 6rk

X (t) = g 4* "/———"’3“

Then He ‘Sysjfe“" output i¢ 9
Yyl = x(t) ¥h t¢)

= Cxt-vyhvyat

'ven ‘by

(D o4

t A‘~‘o

Peante \(T) 4T

- 0

) ) «
- e L) e i AT

- o0

)

W

< (t) Chit), x () )
x(t) \

VAR

The input

i

x(t) # h(1)
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Proo€ ﬂ,‘-\' @‘wm S an eigm-Funﬁim of any discrete —time

LSI systew:

Let B be a Adiscrete —time LST systewmnm with impudsc_ respone_
WInD, Led the sysdemn input be XTn3 ‘J-E,bw"n Lor sewme

Lired v, e R.
Xy = @™ -—7\ H | ying= X Wind.

Then the systewn output is given by

YD;) = X[n)¥ hTnl)
= S xta-xIWLK])

K= -%2
_ 5 et
k=~ k
pd “Wg N “Q“"O \\[k‘}
- et e
ks~ o0 _éwpk
s et 2 Wlk]e
- k= -0
= xtn’)<k[h])x[n‘)>
= XTn) A\
The input A complew nuwder Tt depewde on w, .
e np —_—
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Tn Chapters L X2, we wrote sigvmk 2¢ linesr
ombinatins of Ski-F-\'\eA deltas .,

—> Kronecker deltas in the Aiserete-time case

= Dicac deltes i the cantinvous - $oume Cage.

- ¥or an LST system wit\ a k
Y eaty o Lind +he sys

nown wmpulee Cecpovse, ‘H\.‘s w\qde
tem obt'l?uf'-@p( an Qrbi""rary
—%T‘At ou‘\‘pu‘l’,was gc‘vem By 'COV\VOLM.'HCM .

— The © de e

l'nPu.lL.

bases" were easy to +thau k about Beaum

'Hney torresponded +, He N
QV\A iT\I:):E \|V\ rRB.

7 But lonvolu tia, 'S Somew hat mW\P"‘CﬂL"'@( to think. QLO”.+
€tavge + Aoe

\ S not directly g us a cloged Lorm
EXPESSION Lo e syton, attput

“In chapters 4% S we will wrte s'9nal
0% bases wmaje Ceomn sinuspida) compley

— Since Cach Easis sijvml whl| 'H\M Le
ot any ST SYS“'eW\/ +His will wmy

nectural baceg ZT, 33 in RE

"
as linear \c\'omPasﬁ-iaas
CXW'!‘M' 513“4’3 .

an eiqentunction
ke i+ easy 1o
tem response b each Yerm i e

" linear Compositia, !
- Thig Will wsyqall ﬁl‘ve, us Easy cloced Lorm ExXpressicn S

for the $Y “Yewn output in respence 4 any arbi-}-rary
input  sigmal (when the wput is wriffen m teruys
ot eije,wéuut-h‘ms),
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— We wil write wwtinveus - fime sigrals X (1) as lneor
Yot
ombinabions ot Fhe busis se¥  fetf o

-—5‘“\‘3 wil be ADI\Q \A,Siv\ﬂ AO"\' Pfodu("’S as ke-ﬁde.

— Given an LST Sy stem H, We will write +the eijenvalues

Lor all of the busis s.‘f,m\'S ej"’t +03e‘H|e>r'
Funcdion H(w) o6 w.

al a

NOTE © The book wyites HQ“‘), bat Hhis g _'_\_Qj S‘hmc{amlv

-'S‘cw.i\cr'y) {or a Aiscrete—time LST Sy stem H) we will
write Sif)na\s W Yerms 44 the bagis se WA
are onl

Outside of +hig M‘h.'.rva,'/
nle oyer “4gain

—Reaall Pt discrete—time Exponentials o dn
Unigue L we L7, ]
% 09 ger e same g

— For any ST System H) ue will write He ev‘genvdues

$or all "H\e baSo‘S Sijlmls e&wn +af’e'H\er as @ -pun(-!-fm
H(etv) o4 w.

_@ﬁg l'\ "HABS' Case, 'l”ke, Lopkls Y\D+ﬁ+§m HLQ&“) ié S"’anarJ,

- For any LST  system H/ the collecticn ot e?jenva’ues )

or H(ei) s called tne Fre gueney Responste of
‘the syc—i'ew\
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-‘T@kula:\'ca as a -ﬁ\m&‘i’im o W) The @re‘()uehéy respense
g?ves “he eijenvqlue‘s asma‘afeaﬂ with i'j LMP[&_%

ei\:avxov&h\ simwsoic\a,\ Qv\\w&s e%"’t or \g&’*"" .

- The eiqenvalues are jenerally complex.
= So Hw) ¢ a complex number fur each w.
= H(e®) s « complex namher For each .

-Tkus, +he -Crexw%ty Tesponse can be writlen in re't'\'anjulu furm s
Ko = Re [Hua ] ¥y da T ]
Reiw)= Re [Wiei)] +] du [hLet) )

or w rolar #{.rm !

Hw) = h’ﬂ“’), e‘aarg Hus)
H(eau) = \H(ﬁ»")' e}%“ (,Cb‘-’)

QU&YHW\'. 1€ He sy stem imput is .a (aqplex eXPMM"’h’ (ﬂ‘bﬂﬂé““‘+b‘))

how 15 it affecked when h pacses ‘H\nuak e Systew ?

= \v\ otwer wwllsl Since. we Know Fwme ou.'hwd' S o

compley numher Fimes the mput, what dves Hie
N“":u‘\ ;"';\ook like 7

e 47



Answer -

———————

Continvows—time cace - X (4) = e‘bwtﬁ coswt +&S5'\‘-ot

Ylt)= Hed e )
= Ry edt
| k) \e‘wsHW) egwt

-—
-

\H‘N)' e‘b (bt + arg Hew) )

= (e cos[wt v arg Hon ]+ Y [Hew | sin [wt * ery e |

=> EC‘J ar\o\ iw\ajinar/ PU‘\'Q ot )(({:) ea,pk ae'\' 56¢\ec‘
M | and shitred Ly ey i)

"

Discrete-Yime cace - XTnY = efs“‘“‘
y(#)= K(e:) xtny
= H(ei) e
e | i
= |atew) | e Cont erytiei ]

= \\-\Lei"‘)\ (ostwm- aly H(e«‘“)} ‘\’1 (‘H(cj"f)lsm[m ey H(,el'“)j

oSN \-d‘siv\ wn

= Aaaihj He rea| and 0M¢7/‘M"’)’ Pav"’f of the '\‘;"P"d'
eath get sealed bj | Heet=) | and chi éted

\:y vy u((el;“"),

PACE 4.8



- %, if the input 1 an LST systewmr can be written ag q
Suw o{' com plex 3>({>Mevx'\’\‘ds) and the cu‘ﬁanvaluas are.

kvxowv\/ +hewn 1 Wi be eASY Yo caleulete wiat the
SYsXew o\x\'ru‘\' \S .

Riemann— Lebesque Lemmg

p—

~ The theory of &

e ibutims ) also Knowm as j&hcra\ii»ed (—uml‘*c‘mj’
AQSLT\‘\B*S Semals i terw
and in systewms,

¢ of how "’\\ey behave in AD‘{'PN)JW'}'S

~ This E _'lai"Hr\e Same as “Prblehi ,)"}l 'Jl‘S{‘ribuﬁ‘mSz) and the
two should et be conluceel .

~We dont have +ime 1o cover disteibutian theory i
kCE 3793,

- But “U@AD heed one of +he important vesuts and it
WSt (mportant consequence. |

—The Rewmam- Leles
dekeibuticn ¢ y
Aimn esf‘“’t = 0.

w >0

que \ewwna s‘hd'es_ ‘Hm‘b n the tense of

= This implies that Liwn oswt = ‘Q‘M smwt = O

Y -) “w) MW

= Tt wmeans Hut w Ao products and sy 8‘\—e.wus, as w-oa,

+we stojmds e})"“t' cosw‘t, av\d siv\wf all Le\r\kve
Just like The 5‘3”“ x(t) =0.

Pace 4.9



- The most iW\PO\"\'a nt cov\sel()ue/vxcc, of the Rewann —Lebesjue
\ewrma 5 the ‘(:o\\ow\'ha'.

) ‘ sin At - }
EACT 53"@ = = fit).

—We will nw vse these results +o see that the basls
ieau-txwelﬁ WS 0"*"*030'\4\) but not orthonormal |

= When we vse the pt Pradu/-f C write §o‘3nq/{ interms o
"H\e, '\m(i;,

we will  have 4o “fix things up” 1o aocont
for g,

"'RECqI‘: a EQQS 1S 6rthonorma| ¥ the dot Pr"o“”—(' of any

bagis vecta with el is one and 4o dot product o cny
Two different basis vectas ic 2ere.

—For the LaG?S {CS“’tfw eR
)

- The dot preduct

ot any two difterent basis vecturs is Zer,
o the -basis i

Wﬂajm«l

) But “”\e,c/(;-lr Produ(-f ot any 6a$is Ver‘t‘br Wf"ll’o H‘SC"»C :
1S 2T Mstead ot owe, so the bass i net &r'ﬂwnama).

Pr6E 410



- \'\9‘\’@ Shew  this -
L\ \ W * ‘it -‘w,_‘\:

Lom (P jlwi-wadt
= A-)TO_S e At
_ J -
= A= Ao b(}d. k‘;) [e)(,w Wa.)'t]
_ Am l \

= W AL”"“’L)A - (W - A
[ e el )

= A2 235 [_A (wi-w:2 )]

"‘“)1

= 2k S CAGoimws) )
A ("J\"U\. )

2T (V- )
O - W|‘4"uz_
ZT\'(’(OS) wy, =W
T s g _"Lle Nov S%MércA

Y Le-n.j’rl,\: \/"Z";;l

(\

W
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Reall To write a sn‘jud tn terms oF an orPhonormal Bas:‘s}
| here are two steps:

@ Take f\e dotr product of the sigual with each basis
veckor  to cow pute coe€€u‘cicv\+g,

@ Add up He ceflicieds Yimes their respective
basis yectors 1o 99-” Youlr signel,

> With the basis  § e8¢ ?wena all of the wefficients
- ‘ / 7 i
\'J\“ ‘)Q ~\'oo |ar3¢ LY Q (:a,C"'or of ’21‘{} since the Eas.‘s

ls '_‘_(.Z:\— 0(""\0!\ oqu' .

= In step (D), we have Yo divide by 21 R
fr g ) Sthee each basis verty,

Correct

ic alp uo long by V2.

- NOWJ le‘luS Wri+e an arbi"'rary Caw’-?nuaus--l-»‘me 3)‘30!0' X“’)
N +€/rms of +h L | ¢ W t
| "s. e bagis iek Zwel‘k,

—> For ¢onvenien ce,

‘ﬁw SfepCD we will ww‘+¢ ‘H|e reﬁufreal cce-(lé'fc;gnffs

‘bje“f“\er' as a -Cunc‘h‘q\ )((4.\,) ot w
'S‘\'e?®'. m9u+c +\e coe @ch\‘en'h

all

(do products) ;

XW) = (x, €7 = Camettar @)

Ster @ ¢ MA UP The woebficients tmes +heir vecpechive basis

Stqnals 4, 9get X (t). Remember + divide Ly LT sinte
the basic not orthonoria | ;

- Xl)= ﬁg:xtv)eé“to\w (##+)
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-E%\u&?a\ (*) s caled the Fourier Translorm o4 X (1)
(=) = j[x(’c)] = S L )e 3=t gt

,-E,cw-hm (F#) 15 el He lnverse Murier Trawe forrwr,  of Xlw) :

(0 = 3 Wea] = 2 (xayeiot 4,

= The cordinates X(w) o6 the siqnal K(4) with respect +o

: ot
The basis ?,e‘“ S wer afe alled the frequeny dowan
rf,?r%ent-&d'((/\ ot X('t)

NOTE At Fomf‘s where x(t) is c’:scmfmuous 3- [Xlw)j conuerges
Yo the midpoint of +he i

SCm‘l*muo*y
E ', X(‘t’) 3_ 3-_.'
7 T X — T

PaceE 413



NOTE © There are four common ways et people deal
with the facd Hat the beacic iea\*’*;

wer 1S
noY ortonormal,

= This cecults in {oor di€terent delinitions Lo ‘1’\«&
Fourier Ycans loron .

~When you read other books, always be caretul 4 note
whncla Aefumition is Leivg Used .

’T"\e wny ovr l>ook does ot < Fre-Hy much §‘l'ah6'af6‘
" e\ectvical Q2 cowmputer eng 'mecn‘nj ‘. |

X(w) = g:x(t)e'i“t dt

X (t)= 21;‘.‘5:)((.\,) o ¥ Ju ‘
- The other Hyrep ways are ;
Ay Fix UP on the Lorurd Yran focmn -
Kl = 2 S:x(’c)e'fi“i0 At
x®= $"xw) et do '
B) Fix up egually 0'\' forwaed and reverse traucforms:.
Y= = ijur)\.e"j"°t
x(t)= = S:xlu) e 4

& ’ Ny
C) Use the Las‘s {eauﬂ’\-" fem, where -C g \es -C(eﬁuwcly

o€ radl“(ns Thig basis 1S ovthonormal -

X(£)= S:x (t)e-d3zvét 4+

in Hz nskecd

-

X0 = Cx ey 4 PAGE 414



- Bur [ ECE 3793, we wil) always use the Fourier
"\'T‘QV\S‘CO(M O\QC:M‘H“'\ “'\MA' TSN 'HA& Book -

| 0o Ly
)((‘*)) = S X(‘ﬂ e’b A‘\T ((orwarJ ‘vang 'pcrm)

—»

0

Wt
\((%) = iLq' S”X(‘“) eaw “w (ruuse_ ")TQMS(’VM)
— We will »£ven write

x (t) 6—3’? X(u)

3'\[)((“)] Cavw&rjes ‘o ‘HA&‘ Mitfpoinfs of
c\iscmﬂnui"'f@s " x“'),
R&W\&Mbg; Tlv\e Look wri'\'es X(Su) ivu-}e_c.J od X(u)

"">-n1"5 s 'LZZ,'S‘I’andaro[f
S I wil) write X)),

= Yy can write Y(w) or X)),

Phoe 4 1S
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'Gev\em”y, Kw) is  a compleX wumber Lr each .

— = Thus, we can write X(w) ir\‘ (‘ec‘\'ar\?ular‘ *Form.‘.
X(w) = Re[X(wl] +ic,QmC)Uw)]

— OC n Po\ar -(:orwn

()= Aww)ei®)

- Aw) = IXW)]| s Called the “waguitude spectnom"
of X ).

~ ¢pw) 15 called the “spectrul P\"“"e” ot X(t).

.,Qe\qh*a;\gk‘,‘g between rectangular and polar forms:

A(w) = \/{EQEX(w)]fl + {(/Qm[)([w)jgil "

| en £ X))
; ( = - ~ e
Blw) acctan Re LX()]

'

Re[Xe] = Awwy cos[ $tw ]
d[Xe)] = AlW) sin [ét)]

I
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,’/\‘

g"‘e~ (aﬂ,w)fdt

0

-1 - (at)w)t ‘00
= A+ jw t=0
- ‘ l
= “‘" g erimh _ i] = Ty
= Gt LA

-—Tb ﬂ€+ "H/I\\S in FQC'\'QKT&\Q( -'(:pm’ we Coy\jujq""g ‘H\Q dewom}nq“m’:

w

— L e e
X(_w) = 4"'2\“’ q_xw - a*+wt k a‘ftw
a
~ Re[x“")] = Frwt
- —w
. [
- o A
Aoy = x| = e | )
_ a*+ w? _ | \ - _______!_______-
T ) (o) Varewr

pace 424




Alw)

= avctan (

R
.
/

- )
——————

a*tw*

a
artw*

-
a .

-}

———— - — - o - -

R

o= o o - - -

- o - -
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- Xw) 1is »reax\' Va\\keo\ ot case, So

2a

Re[)((w)] = Tw‘ <,wa\,_x.(w)-] = O.
2a
A(w) = artwr 4/500) = O
e X()
A -

14 L

/\L '," o -
. by I« T x (£)
EX:  Xx(t)= ) o
T o , It\xT _
1
CoNote: x(E)= w(t+T) - w(t-T)
I N |
X(w)ls Xt)e At = S‘ e ™At .
~ o -—T
T o ‘
= I coswtdt +§ j sin(-wt) dt
T :w { . integravd is
ZeRes o jaAol .
_ 2sineT
- w

- PAGE 4.20



B,
2 S S (X)) =0

Re[X(w)] =

-

A = x| = S“""T\ B = arg fe) = O

Xlw) ==~
|X6o)) —
$ [2egeer|
‘ 27,
Q@C%o <=
EX -4
EX ‘() - T , It<T x(t) |
6] ) ltl7 T /K
i i

=
-7

~~ T \ -yt
6 \ - jwt % -7) T at
o TR LM RS A th

LR =1

ot et __\__j ~jut

_ (Tear L{te™at ) t€ At

-T ~T

S



T T
XY= §_cos(-wt)at 4§ § snCat)ar
T 3 .
N e
ZERD ... Sine i odd

'J“"):) o ezrwt t..--‘-—- T
T 5

~jwt
+ -_‘ [
t= -7

T ' —Su‘t , ) ’ut‘
A€ | [ e o
:Scasm‘tdti" T[ — (t—%)j) _—T[ (-t— “;")S

,T ._T a
| T . .y
Sinwt Ly —3)__3@ S
:[w ] +T[Z§<U W 7-%
-7 :
-y T | ,
_ L 1€ _ 2 !
T [ PRy (T L) — 'EE(":)]
ST —sn(-wT) | Tl
- 78 T PR C-\—ﬁﬂ')
' T .
_ aeé (‘__;_1__ —
Lo T Tw*
_ , | T -
' JMT bWT . Aﬁ\) .,du
_ 2sinwT + 2, e _ e __ € _
X Tw* W Tw W Tw?

- w2 3

Y : -5 T N1 —""JT
w
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25\ T . 2 _ 2 2
e X T Y T = smwT- —— coswT
1 l j
Cw&ce\ »
2 [ 2
= Tt L|’ COSLOT1 = —‘F:';- [25 2.(%___)]
wT
s (¢
Xlw) = TS
X(w)
X )

! I '

onGE 427



T NVERSION

~ Like the Foorer +mv\5¥orwm , The inverse Pourier trausfnn

ywt

%e\r\erqu)' fequires iv\feg ration.

- The Forword and reverse (mverse) travs forua
"fe‘\lmk ace a\mos’c The sawe.
" o
- ET: et I.ET. : e¥
1L
-~ FET - Sdt LET % [do

- So the Sawe types of integration Technigues are

wsed foc Computing bot h forward  and mverse
Fourier transforms,

VS

- Rl of the preceeal»\nj exawmples can be TFurned mto

eXamples of the inverse Fourier +rans forw by
. Putting ;:‘E out  Leont.

2. Sw\"fc\m‘n} Y11 and N everywhere |

3. Ckamj(lnj e'—smt 4, eswt'
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TABLES

R
- Tn practice, we don't a\wa\/s 'w\Tegmfe Yo compuie

& Fou\rie\r ‘%Taws-corw\ o revéyse 'h"C(VlS'(:DfM-

— In 'Qac‘t; y i should use iv\’rejrah‘on ov\ly as a las}
vesort .
— Wheye EOSSiUe, ‘+"Y to @ino\ the +Vuvts{lom you

need i a fable. Then Yyeu Can just write
Aown the auswer

FouRleR. TRANSFORM TROPERTIES

- we will pow lovk at the man properties
ot the Fourier Yraneform .

— Often, & you need g transform ot is not
N q +4U€, You can use these PFOPQF+5¢’5
To change +he transtorm you need it ome
that Is tie table. (or a combination

o€ ones Hat are i 'H\é '{'ql)le),
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L\'U\ear\"l‘y ;

by 1£) &—i X\ (wB and\ X,_H:) é'j; le“’)

and Ay and Az ave Constands, +wen

a X (t) + a, Xo (£) é_g’__) quIL”)+ azxz(«w) .

\ , o _wt
PY‘(’J‘O‘C ‘ 3_ [d| X, H:) +a,X, (t)] = S{a( X((-};) +azxz(+)‘3€a at

-
0 oo N ,t
-jwt —)w
= Q, S Xc(k)e VAt + q,_g XH)e © dt

= a X, W) + a6, X;e).  QRED .

e————

Time Shifting .
a 4 ”
iF o x(t) & Xt} , then xl(t-to) € Xe)€ ® o

ity [ pu) - tow ]
NoTE: Xiw) €1 = Alw) &1

J
So time s\\'\H'Mj introduces @ livear F\Aasé
Skl‘F4 ‘l\'\ +ke Spec-l’mm.

o ) ot u=t-t, t=utt,
PFUO{:.' }[X(f"to)J = S X("T‘to)e‘k At- duz=dt dt:p‘q

e ~jwlutts)
= S X(u)ek Au

-fﬂ' ” . ,.éu)to e X
e—awfog th)e-’wu Au - X(w)@ - @___'_D

e eacE 4.3

—
———



Fre%uev\ ey Sl\(f-‘h'\a s

: 55 )
\ £ X’(’c) &—> )((w)) then @thx(t) 4—3> X(w-wo)

FY‘OO'(l p
ws w-Wo w=Utug
3 [X(w Wo)] S X(w UO)E Olu) du= dw  dw=dy
L (T ) e litwe) b
- Ut wo
c 3 Xty
-w
- )wot \

w 'wot
L (Xetan = e xlt)., qep .

~The frequency shifting property is wed often in radio

and TV  Comwmunications o shitt a

A\ /
base band
Program up Yo e N

carriey Preguency ot the S;h’h‘on
EX:

+) N .
X() 1S a music S\Shq’ wi'fk Fourier Traus"crm
| X ()

/N

_— W

- T§
+he Station Was an aSSlgueol @resueucy ot Wo )

here s what ‘H\e 'h‘avtsw'ﬁer Can do!

Y
X (t) «—x%»———» ylt) /{).
jwot | | ‘ 3 7
e wo
~ This s called Kvuph'fude Modulation or AM .

-oaer )
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Time SCq\iv\ﬁ y

3
o X)Xy, Hen xlat) <> L X(2) ato

Proot ¢

() Svppese a7 0. Thewn

- (Txay eV At ueal = fi
3'[*(0({:)] B S - du=a adt O\T:';(’
-3 %2uw
= S X(M)eb du
= o0 Y
..a“_lA
‘;'l'ag X)) e Au = %X(%)
-
(ii) s . Th |
; uppese A< 0. Then e at t= 8

}[X(a'\’)] = foox(«f) e—&utdt gus ad¥ df-?%

- ( ( 'sw%a\u | | eI
= | xwye® T2 = - ) xwe'" du
0o -0
. W
- —-a X(Z)

Cow\kfm‘wj parts (i) and C”)

3[x(«+)] = 4 X "’) QRED

a¥Fo.
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Fre%uency SCQ)M% :

j.
¥ X(Jf) X(W)) then |L| X(%) <2 X(Aw)/ aFo.

PL_T)&%;

() Suppsse a»0. Tuem

u
- _ L ® _ h=aw W= 7
3 [X(AU)] - 1“.'S°0X(4LU’)€) dw Au_-:adw AW: d‘%

o 00 ’%t’ 00
=i Xwetttd - Lot ety
t
= -E;X(‘zc)

(ii) Suppose a<0. Then

_ ' a0 ot =
3’[)((%:)] = i‘_ﬁg X(aw) e’ dw du=adw g =

L jat L L (%, ok
= m SOX(w)G'_M 2= g iﬁgx“‘)ea “du
= —xXx(&)

COM‘oMMj par‘}j (\) and (ii))

\3_4[)((”))] = T\Zi )(('E) ) ato. CBE:I_)

NOTE By Cow\!mm\% +the twme Scaling  and Preféuemcy Sh H/w}
Fmeer—hes, we  add:

F wot & W"wo
V F X'({’)é—-? X(w), Hen eb K(‘d’)H ‘“\X( )



DUOL\R‘\‘V L
J F
B X)) > Kw), then Xl € 2Tx(-w),

Proot: since X(f)é’Q;Xlw) by kypo'\'\\es\‘s, we have

o0
)= 3" [X(w)] = {l{ g X(w)eé'Wta\w :

- Qo

> \wt 'g:‘_‘t
5o 2TUx(t)= LXM@ A %dii-d*’ #=w

= 2Tx(-3%) = E X(W)e'swds/)

-

-Nl’w write W instead of % and t instecd o€ SAL

, it _'wt
ZTTX(—w) = S X(f)é5 dt = 3[)((*)]
, o .
Qed
E—X * On Page 4’:2—7/ we S\v\owea[ —H/m-'—

) I, \tleT '3' ZsinwT
x(¥) = {O) telz, T S W

By duality snit F ) |, lwl<W
b 7 Xw)s io) ol W




Tine Pifferentiation
£ ox () <—i X(w)/)rlﬂe,\ ﬁx@c) 4-—&—7 J‘MX(“).

| o
Crook s By hypothesis  x (4)- T X0 = itv'bfxf‘“}@”w\”i/w

o A A > ‘ot '
S | &%’Xé&) = d—_‘E{il‘F( JMX(N)€3 Aw% (ﬂ\irzf 'C:\lj? 23\6

= 3n
<

= 21

= e {pxefeitdo

= 31"@@; Xw)f‘ QED .,

- AP’)‘yI’Iv 'ﬁ'ﬁS PI‘DP@Ft)’ oVer QV\A over N 'f,'meg/ we je+
n F N,
d x (+) «e—> (=) X()

————S——

dt”

Frequency Differentiation
£ o) €5 X(), then

tx(t) éi;éj; X()

— T
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SN

Prot: by hypthesis, | x()e™Tut = Xwy.

d d * = Ldd
S in Xw) = &:J{-Sw x(t)e d‘t}
«© —ywt
= (-X(f) {C‘é;,ex E,d't
S
= (T x(t) ((it) e ™" 4

~
K, [—st X“‘)]. GED

i

— Applying the Frecouemu/ dit€eventtation 'Pfoper“’y n tiwmeg
Fepeatedly, we get

F_oo4
| Cit)' x () €2 o Xiw)

Con Jugatiow :

3 F
o x () e Xw), ‘H\eh x¥(t) <> X+(—w).

ad ] o
Proof . By hypothesis, xwy=F0un) = [ xtie ™ at.

« ciw # o "
S X*(,‘,): [L’XH—)C d to\t] - j x¥)e? to\t’
| S
— write = 5 for
o0 _."St
X¥(-5)= | x¥@t)e'  at
S

_) WV'E'\'C w 'CD( g .

X¥(-w) = Sux*(ﬂ e at = }[x*‘(tﬂ. QED-
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CNoTE? g x(4) is _EAL , Then x¥(t) = x(¢).
—-Appfyimj ‘H«e, c,angmﬂﬁﬁm ?Pe;pﬁ?;ft“’r}f; we then 3&#{"

X (w)= Fx*n)] - Fxwr] = i),
— In other wowds,

= TE x(t) 15 ceal, then X i C@“ﬁ“jﬁfﬁ S)/Mmﬁj”"ii‘".

— X(w)= X*(-w)
— The real pert of Xlw) ¢ even .
— The cMaﬁgmaw*y pavt of Xlw) gda{

— This implies +hat Alw) = )Xlw)[ s even s

(X ("‘w‘) \[ggg[x(-w)jg + {:LM [x(_‘w)‘}}z‘ﬂ

f{Re[xw)] +{ ol [xaw)]'gz* ‘
J{ReEXC~)3§ {&m[xcw)]"g

— This also implies that gew)= arq X(w) is odd:
Lo [X (-} ]

Re Lx(-+)7]

= arckan ~ S [X09]

| Re E)(é«.;)]

Im | X

?lefgxcwg = —arg X(w),

odd

arg K(-9) = aretan

— —avctan
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FP((:\— (R XUT) 1S a purc\y imaﬁr‘nary §\‘3ha', 'H.er\
X(W) 1S (onjwjod'e av\‘l’\\symme‘\’v‘s“(_l
X(-w) = — )(*(w)

5 Re[Xtw)] is odd.

— Jm[)(l“)l s even .
‘.~> Aw) = X s odd .
- $lw) = arg X(w) is even .

= Recommended Exercise: Show This. —kK

Even gfgm ls -

(£ x(t) s real-valued and even, then Xlw) is
e also  veal awd evem.

‘_D_r_b_o_f_':_ Let X(t) be real aud even. Then

Kiw) = 5 x@ et ae

= [Txl) cos(-wt)dt + S X () sin(-wt ) dt

-

S X (¢) Coswt At — 58 X (tysinwt dt

RBut X (£) is CVC'\) so X(ﬂS\V\w‘t [ odd) and tha
Second \V\'(eﬂm\ s 2eyo!

— X(NSC S KH) COSw’tA‘t} whici g Veo\‘ -

—_—
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Furthermore )

X () = walﬂ tos(-wt)at = gx(t)towta\’c = X(wS)

~ ‘ Zvo e
which establishes +Hhaot ‘X(—w) = XWw). Qe .
o+ \ 3
0% Feal and even &—> rea) and even .
Oaq 5\“@«\94’-_

—In a similar manner; one can show that 1€ X(t) 1s
real and O‘U) Hhen X(W) s Pure «imaginary and odd *

real and odd %‘—3:9 imaginacy and odd -

e @E&mm%ded Exerciye. Swos This. ks(r

NoTE;
~Recall thal any signal X (t) can be uniquely writlen as

the sum of an  even sighal and an odd Stgna |

X(t) = & {xte)f + OA{ x(t)T

where
&;{x(fgf = Ji [x(t) + x(—t—)j
04§ X({—)?} =4 [xey - x(—t)]
/\ -—>
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-—Takivtj The fouriey ‘\’ruV\S(:orW\ ot XH’), we lhaue

3w = Fexw+ 5o\ix(t)§]

pure 3[42@)” + }[ouzx(tﬁ] |

real =

- Re[Xuw] +Nm[x(u)]

pure imaj ,‘“,)/

= 5, ;
| - Re[X(w]] S the Fourdier “trans‘c;rm ot &}EX“:)%

,,7(}‘0”\[)((“]] s the fouriex transkrm o€ (ﬁal{)((t'}—g _

~Now for some examples of e properties we have seen
o Fer: |

EX ' Applying the duality Prope/r—ky 1o the transform
pair we derived on pages 426 and 4.27,

we 361’ |
l lw| <a
sinat Ki B )
| '-’r‘(j: > Xb)= { 0) Iwlwa
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AOE {wswo‘c) |\ < T
c , W7T

Applyw\j the -Preﬁa@vft\/ Shi \C-hncé Proper-})' 1o the
'JrraV\S\curwx Pair  we O‘QF\VCO( on  pPajes 4'Zé and 427

Sln(l«)'ﬂuo)'T

gives us
sin(w-we) T
X ) = — +
W — e s+ Wp
x{t) % (w)
|
4 , :
A "1
[} - .
t o\
[
.
AN N AW /\ JAWN
Vijwy vV 0 V.%VV:
, heed

EX: Applying the duality propecty to the transforwn paic we

decived d‘\" the bottoma o page 429, we 9qet
twl
la ) lwl <Za

24t 3 _ ol
?1" > Xlw)= {
. o \wl 7 Za
xt) s
 X(w)




EX: Applyl‘vla e \cre%ue)/tcy Shtﬁ%in(é'?roper‘\y o the
FreCeeo\n‘uj example) we get |

2 2 ' N }
Zswral oo+ - swat (11. [e_’wo% e"*“"’"]) > Xl
Tat? Mat*
3)((’6)\
X(w)
I
': ““ N\ !
&S ’A ul‘i}@-’-‘ ,I/ \\\ Wo a
VY‘\ IYY e ° e 4a—*
) !
Time. Convolution:
T #
i x () &« Xjlw) and X (t) & XL(‘”)/
4

Then X (1) % X2 () — X((“) Xz(‘*’).

‘__-‘-5
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Proot:

'3[xl(t)¥xz(’c] 3L X, (T) X, (= T—)dt]
S

- ) X (T) X (t- “lu-t
50’ [ _5,, n f—)o\t]e at

o0 a0
Chwang e it
w%?_wm - g X, (T) [S x, (t-t) e At] dT

ordeyr —o° el
Agply Hime -

ity = § %00 €7 X, l0) dT
?rve@r‘\\/ -0

i

%, () § xme T

it

X, (w) X, (w) = X ()X, (w). QED .

NOTE : Ths T ‘
~ WOTE - This i5 one ot the wmoct important properties we

Wil learn thwis sewmester

~ For an LST systewm H

&) — H >y 1) = x(¥) & hit)

i+ says that

Y(w X (w) H(w)

wheye V)= FLyit)]
and  Huw)= JChwy]
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Fre%uew\u/ Convolution

3_
X ) 5 X () and x ) € X, [ ),

F —
then X)X, (v) «— Z_LT\ l_ Xt(w) *- X, ("‘-’)]

Ff‘oo-@ .

W) = 3w ) 3 [thw)]
= [‘\1; S:X (*)E’ﬂa\«][ X (p)e”‘ 0\{3]

“an) & [f X, (%) X, (B) e\“("‘”)ta«] Ap

= 7_1‘(?5”5%{ Saxz(lé))([(‘x)e}(x*p)to\o{ A‘s

oo -0

w= wtp a= w-p

AU:A& ddzAk)
s 20 ‘u‘t
- E\ES‘ 2—'1:([5 X, (p)wa-p)e° c\w] dﬁ

Zoo -0
Change Ocder o b
ot ini}'egraﬁon = 2—%( i"f( [ S x,(p)x (w- ﬁ)clﬁ] e o\uo
) bwt |
= L [X((w)*X(,w]e Adw
2T .

{ [ X ) # xltw)]g QL)
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FargevaVS Formu \a_:

(\{: x(t)é—i? X«(‘*’) and XCw) [§S Q%uare-‘wdegm“e)
then [ [xwl” dt = -Zl;(f | X)) dw

F\'“o 0 £

prp———

0
| wot
By \r\y,:oﬂ\eso‘s) x (t)= 7T § X {w) et dw.

&0
. N2 —wt
So X7 (t) = Z\'ﬁg X¥)e " dw

~o°

i1

Now, S“\X(t)lzalt § X (t) x¥(t) dt

~o°
20 ) ot
= §oxm [;’-ﬁ | Xftwe aw] At
Change Ovder \ e » —jwt
o0& tntegra tion - ZTL S X’F(w) [ S X (t)e & At:l Aud
~o0 -0

= = ( xF) Xiw) du

|

L (" 2
ﬁ.goolx(“lﬂ Auw . XReED |
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Pl

DisTRIBUTIONAL FouRlER TRANSEARMS

- A %e“era‘ 5\\3“&1 Y(t) can be written as

Xlt) = a () + Xp (¥)
wheee
— X (t) s a&periodic

- Xp k) s pe’f\‘oda‘C‘
“TE %) is wet zero, then the Fourier transform

Alw) = :H:K(E)] musy  contarn  Dirae deltas,

=> Tn other words, £ x(t) containg a periodic
component,  tien X(w) will contzin Dirac dletas.

— Before /ook:'nj at perfoc/’/‘c Sig na/s/ lets derive the Foorier
teans form  of  PLE).

Forward Trans form

FLow] = [ awe ™ = e ey = 1

Re\/@TSQ Trcms \Cvrw\

<

o . 4
; ¥ .
31[1] = f vty = [ coswtdus 35 fmetde
2T 2, e
A ' Zevo
— _L. jlw\ { COSb\)‘t OIW ) (oda t‘v.fejrqnd)
- 2T A—ee ”"A‘ s e “;Q
Saw ©
Jo 2swat _ Aw AT _ o) k:‘:gew
= - 00
A me



Q ——_L.—-D-——-O
L Y
e

EX - Applying the Auality preperty to the preceeol"nj Transform

Pair, we obtain

3.
1 > 2 dlw)

x(t) X(w)

, T’

Eﬁf APP’Y’"ﬁ the -pretﬂuency sk;%‘nj Proper+7 + +Fhe
Preceedinj example, we qet

3

ywot
5 2T (w-wo)

e

e 449



EX: X{t)= Coswot.

Using the linearity property amd the result $rom the
Preceedfnﬁ example, we 3»31‘

X(w).; '}[(oswot] = }[.ll_(eswt+ e_"iwot) ]
_\Z}[escootj + _(i}[e-sw"t] |

- %[zm&w-m)} + lz [Zﬂd‘(w+wo)]

= TL[J(w—'wo) +d‘(w+wo)]

X(t) | X(w)
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EX ¢ X(f) = sinwot .
X(w) - 3 [Slhwot] pl 3 [-Z\’s"(e;)“ot_e—swot)]
= e ) -3 3let ]

5\—§ [7_1( d‘(w—-wo)] - —ZL; A d‘(w’rwo):l

i

i\

T flomwe) = T g (wrwe)

A\ TC @ (wiwo) — 'ATL‘N'*”MO)

(!

= }Tc[cs(wwo)— ““""")]

x(t) X(“)

sin wg ¢
: f”5 v
\]%[\7%0[‘ | T

ppoe 451 N



| ) o _t | t>o
undefined ; T =0

s

Note Under an \V\fegm\) S%V\'t \oe\\aves \ike an g_d_gl__ -tuvxC‘l'l‘ovn-

Xtw)= Fxw] = § st e ay

—~—

= (Tsqnt estwt)dt +) §_ st smEwtldt

|
-
Tevo (odd teg nwd)

= __‘égw sgn 1 sinwt At

o 0
= =) S (-1) sinwt At —) g 1 snat dt

~ 00

=3 Csnetdt =3 § st at

00
- -—Z'b So smwt At

4+ con be shown
— But, A piIMbunaisseips that

0 ~ L i the Sense of
sihnwt df = e

j,, | D w Aistribution S.

2

So T

) Xlw) = ”ZSJG~:

b x (o)

r'd
—-—”

@

—~ B /(/u
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EX: x)= uly).

NoTE: wlt) = L+ ¥ sgnt

~Using the linearity property and the result of
the preceeding exampl, we have

Uw) = $lam] = F(Eed sot ]
L3[L] + £ Flsgnt ]

i

= w) + 4
Tl + L
w t) U (w )
4
lrf(t) 'l
X(U)\.’I A
! ,/, LR (w)
t - 7 N
0 > 0 >~

e 4.9




EX, Tiwme \h\'eara(\’\"on Proper‘l’y:

are———

3.
L % (E) € X ) and X, (t)= fxttut,

Fhen X (w) = X, (w) [“M“) N t?]

Pf‘ooc .
t 00

x, ()= § xodt = | xou-t)dt

- Do - 00

= X‘(t)-ﬂé l{(t)

So, by the convelution property,

X, ()= Flew ] = X () Ww)

_ B i
= X, lw) | Tote) + 33

EX: x()= ult) ceswot -

. comama—

~ Applying the fre gvency Shi Fting propevty, we have

Ky = 3uttyoswnt ] = 3 ule) 4 (e ve™ )

l

——e—————

|
- %E[d‘(w—wo)*d‘(w'fwo)] t. z"\(u—wo) + 25‘(”“‘@

™ ‘ yw
= = [d‘(uu—wo>+6'(w1'wo)} + ot

once 4.54



EX: X[t) = W(t) stnwo T .

) zwol —\wo Tt
! o~ X(W):‘ 3[)([{)3 = 3Lu(f) ‘{a( 83 - e d )]

\

o\ __L_—-—-- I S

- I “6\(‘0"00) - J\(‘O*WOB ~2(w=-wo —L(U‘*Uo)
Zy

wtWwo

- Wo

P

-
= '.'1%' {&(w'WD) v-d\(w‘tuJo)] ~+ m 2_(&)1"‘002)

wWo

L [&(w~wv) ~ d\(wao)} +  oE-wt
23

B

— Movre “Fransform patrs that  we don't have tTime

|

a ‘o Adevive:

| —t*/ } w2

et Y e e 3 2

\t\ &7 wt

L Ty (" Fooou L
atr (t) é—’—? } tult) €« é‘ﬁd‘(w)" w™>
L

th — 2Ty = 4'(w)
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*WL\QV\ Ao Bimc AeH‘ns S'r\ow U\P N -H«e,

Fourier trans Corm 7

= F ’X(—t) 1S a PCV‘?OO“C STjV\a‘/ then )((“’)

W\)\\ ke' N\QAQ U\P CXC\\ASI‘Ve)j O'F Df(.\QC

C\eH"qS W o, Tn other uuorc\s) Hrere w”(

be V\O‘H""V\j but ade\“a\ Lunedions” W Y(w),
—_ [C 'XU:) 1S & Pu\rely qper?o&!\\C s\‘le’/ ‘Hf\el/\
Yheve will y_\Pj- Beg_!\_y Dirac deH'4§ |\ X("")

S Fr 4 genera SI‘jna{ X () Hhat has a Pe"'@(’t
P‘,‘"* Xoert) and an aperiodic part Yaper (H/
o Tt XA = Yper ) + Naper (¢)
= The Fourier transform will ke
X(w) = 3%)((%)3

/ = 7 Keper (B) + Aper ()

= }{xq,,e.,&)g + j{xw(t)}

o Dirue deles @3;
PAGE 4.55A
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;Duwc\i)(y |w*erpre+a‘l'€m:

— When a funstian is M«Ae up of ﬂ&’HﬂMj lﬂu‘l'
Divac é\e,\‘\’as, Uau cCan +l4:n|< of H’ al A
CESC‘(C,{'Q ‘GULV\C‘HM) Wl’\ey‘e "H/\g 54;14’)(65 df@

- 6§uﬂ T the weights of the Divac deltas.

EX: xlt) = 30H)+ 28(t-1) + J (+-2)

[ 14" 5 +

o | 2

> T can Fhink of this as 6ef‘nj e,gu/'m’em‘('
1o XLl = 380 + 28T+ S ln-2)

* g
%

o 1 2

EACT : A signal et s peviedic in
one dowain s discrete
discrefe
the other.
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— This s aNn impar‘fant 5!\&4“‘})’ PVoP&f‘f’)/C‘)‘fC
+he Fourrer Frans ormn.

> T4 Says this -

Ly i x(#) is periedic, then X(w) is
Ct\‘scre‘t'f. Cno-thmj but Divacr al&l(‘aS),

- 1€ Ygf] 's discrete Cmo—HA/nj but Divac
Ae\hs)j Then X(«) is periodic.

#AV\O‘H\W way ‘l"o 'HAWI[C o-C +h ‘S

D general, any 5’7”“/ XH) can be %0"54%@7&

as L\d‘\v;ﬂj Qa Perv‘oalic qu+ ')(Per(‘(') ma&( an
Aperiodic payf Xeper (£)  [wore: either part-
might o 28D (N spme Cases j .

= The apem‘aof«‘c Part has q Fourier ‘fran:@rw\ '

or‘c}fnéry Lu neton ... no Dirar

de ltas Cc} i fy ,'éu"LI'MS),

= The periodic Part has a Pw’e’y o
drictrbutienad Fourier tranclorm .
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:’:> Ano‘H’lé’r iv\‘f'erfre‘h‘h‘c(\ of 'HA?S 19 'H'lq_f'i
The pericdic part of X4 dpoenit hove

a Fourier Hrans form Fhats an ora'f““rj
RieManV\ M'll'ejr«j,

—> We can amsider it fo be a
distr butional i”"”ej m/,

— Or wWe can wnte +the P&”O&('\C pmr‘}
Ot AH) jn « Fourier series
nstead o€ 4 Eporier integrad.
= TP e do Hm‘S, the Fourie

Coetficients in Hhe series wil |
be hum:evn“cal(j aﬁuaﬁ o the
VRIS oF He Divac do bes in
the dis tributiona| Epyrier )mLegm/,
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go) 'CO\’ a jememl ’Xél:) or X[w), WE can ‘oreack
1T nto Ports  like this

— A P4f+ ‘H'\CLJF S a Plame o[c‘ gz)uare—iw}fyrqu&
Function in ane downain cervesponds o

a P\av\e alA s%uarc‘—fnfefyab(f Pak‘(‘ '\
e other dowain

— A part that s Periodic in one cowain
corvesponds 4 4 part i the other
dmﬂf'ﬂ 'HM'/’ S Pure/y c//‘n‘n'éu ﬁ’mJ ar o~
V)m“h,‘n? but Dirac e H’af, Th/‘ﬁ cf:‘g—ﬁrilaultfm«ﬂ
P“‘V‘r can alfevnati ve./j be twght of aS

a  ([purier seriegs

—> A Pav-f' “HsaJr \S ,,r\o'Hxinj but D:imc ,Jahlas (

one c{yw\m't’\ ‘Corres,:mclg ’ILO aq PUTC}‘j
Peviedlic Part in the other dowen'n,
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— Final comments on +he

Discrete > Peyiodic
C"ua\ ‘jry PV’DPQT‘('y o€ the Fuumer ﬁ”an;@w‘m;

@ Tn d/\ap{'er 5 we will :Fake Fourter—
‘l’rav\s-Gw—w\g o€ c{uscre‘l'e Sngr\qls X(n).

= We will see Hut thece Fourte~
Trans ferme are cdwa)'s Peﬁodtc

@ When a Sija\al (S Eoﬂy Per\od\c

aV\A OltSC(“e,"f m one clama;&’\}

I‘ILW\US% a'(o l)@ __ﬂ peflCAlC cmc,
'50@1_@ n the other c!z/wnmi’]

= This is called the C{/SCfej'E Fourie
'fmnsfww\ CDFT) T+ s net Co\;@'&:/
\mealfy M the beok.
= The fast Rurier t@nsw@rnq (FFT) is
4 fog+ alg:ri—Hm Gr aomputi the DFT.
Pre 455 F




FREQUENCY DOMAIN DESCRIPTION oF LST SYSTEMS

B 4.3
_ -on paqe 43 e observed that the = Signals

o

Continuous- +time sSystew.

weR 2T all e(rjen{?uwc-\—(ons of any LST

— Griven The e\’cjenvalues Lor each w, it was easy

Yo write down the system output when the
fv\p\k'\' was A COW\P\QK expoﬂen‘h‘ql.

1l |
—On page %, we also  Showed 'H\qf, in A& certarn

‘awt \ A\ "
sense, the set {e Ewen{ s an orthonorwal

basis for «a very |arge Space of signals (.'*P to
that  bothersome 3‘;{ Factoe! )
PN

- We reasoned +L\QTJ gt'uey\ +he e\‘aenvaluesj we Skould

be able to write an arbitrary S‘fjna’ x(t) as

a linear comPosition of this basis and +then wse the
linearity of the system to easily find the outpul
when X&) was the input.

- we wrote R for the set of eigenvalues.

« 4,3
-~ €Peci¥Iqu\){) on page EBD, wWe saw tha T

_é’w’(,

TN

where h{t) was the systew impulse response.
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~Thus, we now cep that the system \Eﬁf@f_‘“j}_’ respmsc,

which gives +he eigen\mluesl is precisely the
Fourier HransLorm oFf te

wmpulse  response :

Hewy = ka (t) e“S“tAt = 3[1\[%)]

-~ VO

H(w) éi% h(t)

—For an LST system H with input  X(t) and output y ()

xity = H p—y 18,

The convelution property of the Tovrier trans form
Tells us that

\((w) = X(‘U) H(,w)) where
Y(w)

 Expresses the output Ylit) as a linear
CmPosition o4 complex sinusoids .

X(w) © expresses +He nput X(t) as a linear
ComPoSition o complex Sinusoids

H(w): Gives the eigenvalues +hat ‘Fe)l Wow
eachh Wwdividual complex Sinusoid qets :
Scaled as v+ passes through the system.

Phoe  4.57



- io we are “’k\‘n,c{nj of () as Beinj a Sum o¥f
erms like X(w\)eé“‘t) X(Uz)e.éwlt) and X(uz)edwzj:
1. e. 20 . |
b= L X w)edvtd .,

— When x ) is input to an LTT SUS’l'eW\ H,
zqcln one of tHrece terme gets multiplied
j an e,*jenva/ue WL\GV) j'(- 399;' ‘/’lﬂ”olljh ﬁe_

53 stem
IV\Pod‘ ‘\'erm Ou"‘P“d» +€V
X (o)) @iwnt X(w ) Hw ) @t
X(Wz) e‘é“‘)Z-‘k X(UZ)H(‘UL)ea'wlt
K (ws) eawﬂt - X(ws) H(‘Us)@;wgt

"'Aho\ we are -‘('lm‘nlcfnj oF jHJ as Lef"j q Sum
of all the terms of this form:

ne _LJ"Z}( yedt], = l—fo;(cw)ch)e"“’JZlu
j'{')’ Zﬂ_vo w W 7—TL’00 ‘ )
l'.€,) \/(w) = X(N)HO‘J).

PAGE 4.57A



_ x
X{) = Nlj\MoX?vm

X(w) @t

_Ev.m-
X (w,) 2
X (1) @35t

uﬁnvu

IN PICTURES:

wt], ill.mll u?v w: ?Vm@EMC

S e

1L n “ ot
Wﬁ\,l —_— XT&VI&EL m@ .
> Z > X(w)H ) el

.&w.mu
5| ht) — X (W) Hws)e?

Lot
J LI
= w Xl Hew) et J

— /\?Q = Xm&Im&v

PAGE 4.578



EX* Hisan LTT systewr with impuke res ponse
ht) = e"‘tut(t)) aelR, a>o0.
The input ¢ XW=e*PL k) beR, b>o,

b+a.
Find y(4). )
_ l
Table - X (Lu) = b‘l’c}‘*-’
Tal:>|€7 HCNJ = ét_:]ra‘—kJ |
|
= X w w) =
\(M) () Heo) (afa'w)C[:-l-J'w)

—> We use a partial Lracrtion expansion tou S\'\Mpl

Y(w) WY a sum of "\'erms that are all in
Table 4,2 |

( ~C>/

I - A B
M& :(aww)CbJra‘u) Aty " bty )

— We have {o solve Lo the constants A and B

i (&),
— [he e%ua'i‘”y n C‘*) has 'f'o L\olcl ‘Pt)(‘g_u_ choices
of W, inc\uclihj Cow\plex cl«\m‘ce&

>
PAGE 4,58



— We Car\ avoicl +he FH’\L\qH{ ot COWIP|€X arithmehc
bj C"\WS"V’j 0\)3"}9 Lor an arhi‘}r&rj DelR.

= EQ. (¥) on PAGE 4,58 then becomes

| . A B
(a+p)(btB) ate T bt (£%)

— Solve (%) for A and R

— To get A, multiply both sides of Cr¥) l_’ﬁ

(a+¢) and evaluate at G-

\
b+ D lbz_ﬂ = AT

| —
(== 4]

both sides of (¥¥) bj
= —-\3 v

RB(a+B)
L+ O b=—-a

—-—)Toje+ B, mulhplj
(5“'9) and evaluate at ©

__\____\ - Mb*e)\ +B
a*.e BZ_L a+t © QZ'L
=R
a—bhb
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—> Now Fl“ﬂ ~the solutions Qr A and B hack
into Eq. (%) on PAGE 4.58 -
A B
o) = s T

| I | |

= hoa atjw T a-h bt

— —’—-

| L
ey at|w h“'(}‘“’]
> By table lookup and Hre l“’\e"‘““‘tf Propef)}')
1 -a -
y t)= 3"{“(&); = B-a (e-e Juty)

mrm———————

av—
am———

EX: Same as befove, except this Yime q;\>.
W(t)= e"‘tuec), X(4)= €7 ult), aer

a>o

a-i-J"«J

Table ©  X(w)= H(w) = =

i -
\((w) = X(2) H(w) = (a&a’w)z'

PAGE 4.5808



= Thes Time Ywo) is i the +6LL)’e) and we
have immeot\'cd'e,\j {’\z\&d’

Y (+) = ¢ 6’4)(& )

-

ava—

NOTE® Tn this case we can Q[{—ermd-,'ve)j get

the answer by qulba'nj the @re%ueij
ditferentiation Properjrg,

- We 4l rea&j know that e‘atut({') 6'%
— We observe Hrat

\((u)= L :.d |

(a-\-d‘u)?‘ ¢ dw a‘*‘a"‘"

atje -

— Applying the Frequency ditterentiation propery
d-WQC‘\*\j o the pair e'“tu&) < 3‘7 a‘:' ‘W )
we_ haye + F ! |
—-é't et U >4 | _ -

4
dw A+t
MM“‘I'[J(/ both sdes f)j d‘ :

a I
tefuw <> CTLF’J_‘ = Y

= yk) = te"‘tc\(t)

-

o
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FiLterING  IvTerprE TATION

~In the \“—re%uewcy C\DW\m‘V\) the output of an LOST gysteumn
' the product of the input with the systew {reqguency

response: .,
Yiw) = X(w) Hw)

— This can oJreq‘Hy stmplity the analysis problem of Eigquring
out what the output s or a given input (as @wmpared
to dOi‘Aj COV\VOlu'h\C’Y\ in the R we domaiy\ )’

~ It 4ls0 simpli Fies +he design problem .

EX 7 On e battleield) there s electromagnetic

e : .
V\eray a+ 'PFC%KCV\C|6§ W be‘\’ween “\)| aﬂd Wz.

“All enemy aircraft use rajar Processors with

oscillators tut eyt energy at +he Frequency we,
. wkere W, < We < w, .

“‘DeSigr\ an LST Syﬁem 15

detect +he presence
°F enemy aircra €t

enemy aiccraft.

el
hattlefield ¢ lutter
/‘/ o
- = M W
‘4)' ‘*-33 wz
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| o]

— Sol tion
~
. w
W e W2
H(w) ’,:3 d(w- Ue)
~use the inverse Fourier dransform To design h(t).
- ywet
hit)= 3" [ etw-we) | = 27
— This Yype of approach is used in wmodern police
radar detectors,
- The systewmn output s \arje when the eue/my
- iS present:
:t:..:_x__i A +ele[>'lwr\e “me s beh\j O\erao\eo\ LY
inter ference Lrom a LOHz AC Power supply.
-Design a filter 1o rewmove the noise.
\H(w)’
4\
o~ bOHz .

=2 This is called a “notch Rilter ’f Page 4—,é|



"§up‘>ose H is an LST system  with -‘Sm%uav\cy response
How)

— SU\FP0§€ X(w) I()Ots like'.
X(w)
NNV
)UDUDU UﬂUﬂV N
~ Then Y(w) looks lite -
- Y(w)
D/ \ ﬂ - W
N U v

— The system passes lou, -Cve%uevxc(es, bat blocks

k\‘%\'\ —Qre%uevxcq‘eg _

— This kind of LST systewm is called o
® L0w~Pq55 -C{H’g( /"
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“‘Fref)uev\cy response ot a \\tj\‘“ pass  Filter:
Hw)

IR AN

Hiw)
[\ e

Wy

‘Series (onnection of 4wo LSIT 3Systewms

up—

p—
X(t) A,\-:LL-——» H, j
h(t) = b (&) % b, ()
Mewy = H (w) Hy (w)

y\/(‘t)

PAGE 4, é?)



Parallel Comnection of fwo LSIT Systewms

—y Y[f)

)= K (4)+ b, (F)
Hw) = H(w) + H, (w)

Thvertible  Systewms

- Suppose G is the inverse syctem of an LST systewm H:

- - = o~ -

/‘\

'4—

{

< () HH‘ ¢ = x [t)

e mr  — e W T

""T\ken F is +he ‘(o\enﬁ“’\/ 5YS+6‘”‘/ and  has
tmpu lse Fesponse  £(t) < &t )

~ Then F(w): 3[6‘“:)] =4
% F)z HWGw) = 4 .

= In other words G N
/ (w) =
- Hoo)

~ Thes, an LST SYS¥em H was an mvere \€ ;&;5- exists .
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\:e eA \;ack Covw\ ect! o\

g F

X&) —Z) a‘ H j : >ylt)
(- ' {
| |

- Prool -

2 (t) = y ) * q(t) g Z(w) = Y(w) G) (¥)
ylt) = [x@®)-2) ] % h (+)
5 Yty = [xt) - 26 Hew)
" Y = [ XY - ) G ) ] Hiw)
\m = X W) H®) = Y Glo)H )
) + Ye)Glw) Hiw) = X () )
Yo) [1+GuaH)] = X(w) Hw)

F\ucj in (%)

H (w)
Flw)= — = 5 v
| X (w) 1+ Glw)H (W) PAGE 4,L4-A



E_)_(_" The i\npud' XH) and ou+|>u‘f' j(f) ofan LTL
System U are related bj the differental efgua‘hbn

ju(_e) + 4»31(-[;) +33 H’) = ’X/(‘(’) t+ 2’)(('(’).

Find Hhe impulse respense h (),

= Taking Fourier +rumsformg o both stdes, we have

s \&
(P ) + 4o Vi) +3Y)) = j Xt + 2K )
]_—_( Sw)z‘t' 4‘0‘0 +3] Y(u)) = [)‘U‘I' 2] X (A\J)
H (w) = \L_l. 5‘\“- a -
X(w) — (Ju§z+ 4.3\..) +3 (3\"”3)( a‘w-\r l)
- Par‘h q\ F‘fabhon/\ S:

-—
-

iw-\-?_

po 812 _ oL - L
B 9+|/9=—3 - otz F
9+'L _ ,l-
B o+3 Ig'—l -
'/2. o
H( ) = J +3 + ;:)TT

h(+)= Le @) *Jie‘t“ k) |
— PAGE 4.65
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EX . \I:o\r the. p\T6ceeAMj exawple, €ind Hhe output 3(+)
en Yhe input \s 9 iven bj % (4] = e'tUL('t) |
Table X (w) = S —

|+ W

\((u) = X(w)H(}g) P e A B C

a——

) : - = v —
(ot Cget3)  gutl T nys w3

F‘“"hk‘ me‘lﬂ'cm'. B+2 A 3
2 - FPRES .
(e+1)"(0+3) orl (o+)* T3

— For ¢ -
) MM,H‘\ l E ‘Hl\ l\Cl
- 'Y both sSides '33 013 and evalqade q*9=-3:

(9+’)z _ - (9+3)A (9
/9- 3 B /9=_3 * @:33?/ + C
ZERD

C - -3+2 iy
= - |
SEADSNCT N

— - |
For B’ M“’hf”? f)o‘H\ sfc'es Lj (Q-H)Zand e\mlud'e aCIL |

0+2 | 6=l
03 |gry ~ (9*')’*/ . +Bt MC
SN, °" lg=-
ZERD B--—"vam
z ERo
-1 +2
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— §h‘a{l’e«3\j Gor A

O multiply both sides by (p4132

= The left side

will have no B+1) in +he
C\ehamfwa+0f

— The ru‘gh'l’ sic\e will have a SR

| B term
wiHn o B (e@‘(‘} o \\CN term +Hhot 'S
%qdrﬁh\ﬁ " (9‘“)} QV\A an \\A” ‘f'e,,fw\
+L\A+ iS [Mear‘ l\V\ @«
| .
@ Take To o both sidec
7 The left side wy)| Stll hove no (B41)
N He Ctemaml'nq,‘{‘ar' | |
T2 On the right sfcle/
— The

B term will be gne. -
7 The ¢ term will shil] have (64)) :

n He Numerator
> The “p"

@ EVa'uﬂﬂLe ,oo‘l’lf\ S|
Slution L A

— THIS STRATEG Y

Terwm will ro lmger hove B,
des at 8=~ + 38+ a

-

ALwAYS WoRk S,

PAGE 4677



—-‘)F\V\A Ab MuH'\Plg ‘\DO‘H’\ S\deS L‘j (Q-H)z ﬁkea&

)
and evaluate at g=-| -

(9t2)(p+])?

_ T4 \
o8 (B+1)'(p+3) = ["‘ (G-H)A:l +2 13
B=- o0 g=-) 96

Nk (9+c)"C]
30 pt3
o

%\LO“'\ ef\f r b(.]e '

— To avoid ULS\V\fJ e © B

TWs i A wa * rewrite
be sl y that H\e P‘fw!u(* Yule" can
3
(36 (626w | = [3 (o o
o L)B ] 1— O+ L(eﬂ) (b+3) Cj

B-
=A+ [(9 H)zé’l)( b+3) % 2(et) (043¢

[ — &

(_(-wz) (-1 (-1+3) 7% (-I+3)-|J At [O ¥ O] C
[ 22_ T 2.] -

-1
= A

((eﬂ)(- N(6+3) “ + 1(9+3’)]

-

q.
A

N

W
-
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- % we haye A:}F) g= 3 C:-z‘}—

!
;\{(w) = _/ + A !/

—

It Gp)® 3w

Table: )= Letupe + Lpe-

w——

fui) -+ ey (t)

w——

Nﬁl}g_; Par tia) -C\“aC’h'MS‘ 1S an [(Ad Hoc”

way to do i+t

The methud Preseni'ed here is called
The ‘(Heavis\‘ae CoVevup N\&‘food,”

It may not he the shortest solutren,
but it aLway5 \i)arkf and 1 qlways

works the  same way .
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— The @evxem\ Lorwm of the input/output

eq)uaﬁrim for an LTI Sy stew auuerm«?c( loj
a conctant coefficients ordinary lines—
di € Lecen tial ecﬁmffm S -

S a
Lot = LG,
k=0 M=o

where Hyo 2 ¥ and £.,5/ ave conslants.

— other worde, a livear combinatron oFf
The derivatives o€ the oc,dpc.d‘- r; egu«l )
A linear combination of +he derivatives of
the. nput.

— By ‘f'alcz'nj Fourier ‘/'raVIS\CWW\S o both Si"cles)
We  can  derive q ge,nem’ sdution fu- +he
‘areﬂue""—j response of any Syf'(em o

—Ml (S +7 Fe )
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k=0 -0
M

EQK}%%K i - ;L“}?.%?”X(H}
N —M\- w
Z_Oaktaw) Y(w) = 3:;\% (=) X ()

N M
Yy LA = X() Yl (3"

K=0 M=0

X(w) N
‘E_a\g(w)\k
K=o

—__:> We_are clme wr Th Cb\ap—’rer 4‘
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