§——I0 \:fet\ueva Dowmain J\V\a\yﬁg ot Discrete—Time

Sn'ﬁna\S awnd gYS'\'BW 5_~.

~whem  we shudied Aiscrete -tiwe Sigynals and  cyctems

Weothe  fige dowain, we wrote +he sighals as

inear  combinations of the basis CO"Lg'\SJ‘""éc
ok all wteger Yranslates of the

- deltar ]
| ?d‘[n i1 ggel.

'kn)mc\ce.r“

~Using the proper¥es ¢ o systews, e
concluded fef¢ outpuTs  eare the convolu tions
ot theiv unit pulse responses With  tleie ‘nputs.

- La C.\tqp“‘ers 5 QV\A \O} we will usé \70595
made up ot Aiserete-

time  ompley exponentiel
S(ﬁhq\S.

= This witl evable ws 4 Adevelop  Freguemcy

Rowmain amalysu‘s +échm‘1ues for discrede-time
éq\jnqls aV\A syshw\S,

PAES-10.)




E '(3 enfun (ton Tnter Pre:Y QT\ on F’rewbue,ncy Q&SPOMQ )

e

Ml Tvaws fer Fuaction

-tet H be a Aiscvete- Hwme ST svS~\em wiTh
unit pulte response WnTy |

- When the systewmn aput S Xtny, +he o.,ﬁ?uf'
Yl':'\j is 3‘“\,3“ (oy

90
yOnl= XOnEhGY = 2 % CkIhln-k)

~—

K=
@
Z_ n-«J WK .

- for somc'(mr-\?cu\a\r Lixed value of w, suppose
The input v xomy= eé“"\

w(rn-k
“Twen  yoo= 2 e RN
KeZ

b“""‘ Z "bwk l\Ek‘]

e

The ivput A complex nuwker o
any Fixed o .

:::> ANY complex  exponenta| is an e\‘3evu'—umc4r‘w
ok any discrete-tiwe L3I syshem.
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. e
—Twe set of e\‘ﬂev\va\qes Z,k[k]e ¥

keZ

;,,\ W And  om e wnit pulse response L CI\JJ |

— B auny given  Systeun H/ we  will wrfe 4le
e\‘<3emua\ues +o3e+her fam al( values of w aS

H(e?) = Z l«[k]e’awk

keZ
. \ 1)
:% Heel*) s called thue -Cvc.zuemcy respease o+
™e discrete-Yiwme o1 systew W
NOTE 5

The  dowmain ot L\[kj cand X Tik) aVle
yeel (s Z.
> Tke Adowmain o H(e—sw> 15 ]R %‘A’
= % Hlew) s bid of like a

Continupus—time wgual -

PACE  5-10. 3




N

—Now consider a dscrede- time LSI syctewm @b
Howith paik ?\L\Se Fesponge WCnd .

- This +\‘me) for  spme par-ﬂcw\ar -@\\Kecﬁ = & (EJ
let the ‘\V\‘Pu't be XIn} = Z".

T The outpuT yoa3 s given by

Y3 = XCnJk i) = D 2" KWTk)
LeZ

Z" 7 h[Klz K

ki_%/\<__/
a ch\PleX huw be

The (wput - for any tixed Z.

I

7 Thus, 2" 2€€, is an ergenfuuckion of
Wy Asereye_time LST systew .

— The associqted eigenvalue depeuds om both the
System and  Hhe PartiCuleyr value of %,

—We can write he e\‘gevwa‘ues +07e+her {or all
values o€ 4 |

o~ H(z): Z l\[KJ 2VK
keZ
PAGE s-10-4




- H(:%) \s CG\\E& “Pwe.dtmv\s Ler ﬁuWC'HC!\_” ot ~H(e
Acscrete- Ywe (st systew 4.

Fovter Taansform of a Secéqemce

~ P any LST discrede—tiwe system H, it IS easy
o Xl how Hhe Syctem  Vesponds To an wput
OG .ﬂde ‘(-\cv—\,v\ Xth]: eiwv\‘

— Thus, Lo an arti-}rafy v{“?.,d' XTnld, tt wil he
wseJu +o wi e XTul as q lvear Cmposi+€c>/\
ok 4 ¢ un

’48 vbug {c& Ybueﬂa.
~

- We do thic as we a\wayS do/ Ly 'f'ab'vzar (v ney—
PV\UduC'\'S bf'huee'\ _H‘e 5|\5Ma( XC_u} Q‘AA \H,(f
Sees s 'FuVIC')—\“wLS : |

| N -
N ~100
(ogemy = 2 xoaet
K=vv ,
= X(et*).
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\ 1
- X'(e?“)) \S CC{“E& ﬂQ\FOuNer TV‘C(VIS'CW“Q

o XTw). | 5
XIn) X&a)
AP éi f/f\ ;
,,LUIL rfl B ff > >n — =~ IS
J)j ﬂl

NOTE * The Prccbumy response  H (edw) \S

e Foocier teans form  of the lwpulse

VespPurse (,\[,,,‘3 .
o0

Hieiv) = 2_ kinle

=~ Qe

’5""“

W s i
) The book  cals X(et) Hhe “Alscrede~Fiwe
Fourier ‘h‘uus'@vrm.

— TWis s wot He sawp g He SAiscrede

Foorier Taunstornn ', o DET, et yee

My have heard o€ .

PACE SHD-6




- On paqes ~ 151-152 o€ the notes, we sow that

— <) all POSS"\HE’ Ascrete  (osines COS(yo N  Can Ye
created usi ng o S/

in the (‘cmfz,t Oswo STC.

—~ all possible Aiscrete sinec

Siwen can be

created “‘5\"} o 4 (N The raw%& ~M <ty £T.

:> T\,\qs/ atl POSS hle COMP(GK exponentials ESM’“
Can lge CrCG\J('CJ US;ﬂj {:re%uen(ieS Weo P
""\'\e raV\‘&L — T < Wo < TL.

S

— For w, outside +hic range, the Signa |

IWe P
e tale the sawme values at every
N as anpthey s.‘?.\ql 83\‘3'0" whe ve
~ g /
Wy € E"K)T(] .
~ In -(:qc% W ow, elk, Then
CosC(%W»zmk)n] = (0% tusn

) )
sin L(Wo'i-zﬁk)n-] = SihwpeWn

eg(wo+z'nk)n 5 o
i )

"FO( av\y k e' Z .

PRGE 5-10.71
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Joebob Havlicek
Rectangle

Joebob Havlicek
Typewritten Text

Joebob Havlicek
Typewritten Text

Joebob Havlicek
Text Box
1.51 - 1.52


—So, wWe “gn*(\gi)riue\y expeck tut X(el”) shuld
be 'Lﬂ, Qeﬁod\‘c N o

~ This 15, W faed, the  ase.

E’."_El Foxtnl s a Aiscrete-tiwme SC*ana( (veel
v Complex "“‘“‘d), then the Fourer tvans b,

X(QW)) 1S Zﬁnpem‘oo\\‘c w w’
x

X(eé(b\w mzn)) - Z X k] e-—;(w+z’ﬁm)K

k=~-o

-+ 7 x[K]edkeiztmk

(w\«ere MGZ).

— Usual/y/ when w"e qraph X(etw) we only
qraph  one period, erther wel~-T,M]
or wel0,217].
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~ But always keep it W your wind et the

¢ N \
Fouciey “(V‘QV\S'(:L\'M o+ a S@%uenc& IS 2T~ pe/r\cch (.
(o ’

—EX: PFrequency responce of o low-pass flte:

|H (e )|

] ) . .
2 ] 0 '
e \[\\ o, j/ﬂ_ e

[ _
Fundamentul  Peciod -

~When does  X(e?) exist (converqge ) K

PACT = g Z_ lxtk][ <o, then X(e*) exists.

KeZ

~ ' z ’/z

FACT . ¢ Z_Ix[k]l] <%, Hhen X(e™) exists.
KEZ

&.OJ-_E_ f Z_'Mh]\*-?% and Z.lx[k]llﬁ 0,
kez keZ

then X(GS‘”’) might o W—\f_ij!IV\_qj ex . -
PRGE 105.9




- For each w, X(e™) s qeverally a complex umber
—~ -—T\'\\ds,z we can  write X(e*“’) ‘n PO\ar {\-urwx
Klei) = \X(ei“’)l exngac% )((ei“’)g
Wwhe C€ {/
z ., (
FEDIE { [ Re {xcer)3 | = [LQMD@“’)S]E

eLry XEei™) = acctan :JM[XCCM]

Re [x(et)] .

—> l)((ei‘“)l Is called the magnitude sperdrum
M d€ Seecirum

of The ogmal YTw),

—> a_tr%)((eb\“’) is called the i&"‘—’c‘l’@_‘ phase
ot xTwn)
Note: the book writes §~X(€5“’) instead o€ acy )((ea‘w‘)'
. 3. Y ; d\ ""
— We write  XTn} &> X(eiw) to iadicale
ol X Tn] and X(eb\v) arfe q Bourex
‘\’travxs(:mn Pqi(: |

PAGE 16-5. 10




"'5‘\'\&&7’ QXOUMP\CS g-\, 5.2} and 6.5 on Faﬁes
362-3bb. These are straiqht focward examples where

sumi Lormulag afe uwied CQMPU\TG disc rete- time
Fourier trans Srme Brom the defimition .

Thvecsion & Discrete -Time Fourer Teans forun

—Once we. kwowo X(ei“’)/ He (codinates of Xn'§

with Cespect 1o the Eag.‘g {@%‘W“z Tl

w e ) we
ca

N wnte XGhl as ap Uncountable linear composition
of the bascs

Ve any period ot length 27

| f n
CXOn) = ,S )((83“")3a> Aw

-

5‘*" wa\

_ 'anS )((e )6 Aw
(V]
AT

= _ZLﬁ S X(e?) e®" dw.,

M

:> T‘m\s is CC{”C&’ ~H\e "vaerse Fvurie(‘ ‘fTanJ'tbruq
ot X(e“(\s‘*‘) .

PAGE S-10- |




~

~

'?e“t\\ ‘“\t{\' ‘\‘\\e coufinuous~"(€\ue wverse F-T.
tonverged Yo the widpoints  of disconhimuities
ot x(t).

— Siwnce COV\'hV\lM."—y 8wt a Pro'Per-‘ry of A\\Scfe"’e"h\ue
S(f)ha\s/ “H{Es C\DES Qe:\' O0CCUr ia d(‘SCVf}e +;m_e.

= if X(et™) = 3% [XU\'S] ) xtkye” wLex«sﬁ

keZ

. .
'H‘\QV\ 3 (X(ﬁbw>3 X(e“") 6&‘0“ (,O: XD\} vn.

—Tl

E_)_(_', XCV\'): dt“] = {i) h=0O

0, otherwise

X(e®) =7 st)ein = 1.e3%= 1

helZ
-
l T fon | ea“wn
Taversion: 3-'l{1_§ = o7 g c Ao = y2Tin -
-Ti
_a eMeeni™ Sin n T
- U\T‘ 2' - h"
)
whe n SneT. _ O .
| h#O) n Tt WTT 0

PACE S-10- 122




wWhen ¥\=0) W Tt — “5‘ ('\wo\ejfe»rm?nq‘fe).

Wie L'\Hospﬁa\'s rale -

- 4
l\W\ Sin “W - lnv\ sin C(Tr - !\M &5\’\0.1(
N0 WU a2 17 &0 3 .
&aﬁ\

s, 37{4§= {1} e = STl

O, 6theruwise

= Thus & Tl <—-}—> 1

NOTE :  the Co\\ou.‘vu& sum  Pocwuld Will be

| use fu L N
\ d#
N g dM — d“z“'l
7_: ” — oy MM
n= Ny

::—> Add +'A;S 'CD('\M\A \4 % yOu( SUm
For mu le Sl\c e+,

PAGE 5-10-13




Ex : j-) |n| Nl
- KOy = {

o, othecwise.
Y quy!

N, =3

— lI\I I\la—»—»o—ﬂh

B R L

~ This s(cy:\a\ s called the discrete-time oncar)
o Scomb -c—unc‘\'fov\ a

X(ew) = 7 xenge” Z .

he 7. h= =N,
-] . N \WoN
-awv\ -3
= Ze v+ 1+ Z:e
h:"”| h:l
Mo ey e g
7__(9 ) I -3
h=| l -e
N o _ i )
- gwh ‘ W e 'E‘/
nz -Ny n=
— >
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¢ - e‘
X(e’bw> - \+ - e w T — \—65\4}

(\-es\?)(\‘e-&w) 4 ((—esu)[.e*swﬂe—g/wcu.ﬂ)}
T oeenXi-eY) T e (e )
(-e ¥ ™ “w(wl-u)]
4 (1-¢ >[€ e’
C\'€~&w) C"‘ e%‘-")

- I -3 \ . —sw (T
- ey e e
LN esw_’egw(mﬂ) - L ot ]
- \ —jw N, jw Vi —&U(N\“‘l) | yw ()
T TS e {e t e - [8 +e
1-e % -e¥ + | ‘

| |
= . —iw ZZCOSN\L\) —-ZcosCMH)w?
2 - (ei~+e’® )

_ LcesNiw - 2cos (M) w cos Nyt — os(pitnw
B B | — coS

2 — Lcosw

— Apply '\'r\‘a \A@\ﬁ'bl sFA = + - '%:COSZAc to denomiunator:

|- osw = Zsin* <
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— Apply Jfr\‘j ‘\dev\‘ti{'y (osh— (osB = Zsm[%(k*s)]sm[li(B"*ﬂ

1o nuwmerator:

cosNyw — os(Nit)w = 25\-‘n[7'_ (au\-u)w]sm)}_cu]
LA e
A B
W
= 7sin [w(uﬁ{):] Sin5
L
T s E T
Lsn* 3 sin %
j;____,,_-:
— TI/\US,
a 1, InleN, 3’ sm[w (vt ]
XTn} = «—>
' ' O, otherwise <in &
EX-
X[nl = a_ﬁ \Ath—}} \q\< 1
| . 00 i
X(ew) = 7 _arume™" = 2_a"e
neZ neO ,
| | \ «
= i ae®) = —aew ) e lae™] <L,
n=0 A
ant{[vt] <—-'-'? I_aésw \q\(j_ .

)
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1

X.n
,41)11\‘1_.),“

nezZ
-1 . ~ :
_ Z a-" e’éw"\ + Z a® e"kwn
Nz -t h=0
20 PRYATY

14 0
\\/\a
AN
(De(_ 3
< .
> ]
. )
+
g
e s
> R
T (o
N’

= . + l ~ae_iw

(1-ae ¥ ) ae’™ s |-ae’"
(1-ae7i )(1-aei*) (1-ae7i*)(1-a€’™)

——

” .

- ae? —a"+{»‘~d€t _ | —a*

| —aed —ae ¥ 4 a* | -2acosw +a*
s
—
-

In| F | —a <.
a &5 — ) lal L

|-2acosw t a*
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Froo‘é 6k Taversion Iv\'\'e,arcxl

Ty {3hmw)] - | Frafe a

——

N A .
- 5‘1—\8 gz xCk] e ok S e du

~-T keZ
= AR LROYOETS
Z X [K] {an e Au} (3\4)
ke Z “M ~ .
N . T
N L waU\*K) _ I __\______ }w(l\"l()
" 2“-81\8 dw = o 500K) ©
\ e'ﬂtb\-k) _e-é'ﬂ'(n-k) -
= Tlak) —~— 2_; —
= SIn T (n~ ) as we SkoweA\M page
Tinery = SUnk]] 503 using
LAHospital’s rule. |
So,
-\
3 %3[“"]]% = (%) = Z XTkJ & Ch-k]

kEZ

= x[0)+ ¢ In’]

= XCnJ \/

PAGE 61018



___é; The -Q\Av\damo/\’ml Fer\“oo\ o€ H(eﬁ“’) 'S 3ivev\ b)’
(e) = { o s e
O, wc<lw|sT.

H Le&» )
4\

G B S
! ! © We T 21 AN

ap——

-3T\'
T We
: \ kwh
\ w yURN joul - ,
W)= ;;LS H(e™) e dw = ZT\S e’ dw
-7 ~W¢ .
| oien \% L edt-e
€ Tn

23

Discrete- Time  Distributiona) Touciec Transtorms

. -0n Page 367, e book gives the Fourier frans(-\vrw\fP‘air

YWo\ 3 z
> ) IN & (w-wo-2TL )

'L:-‘oo L"’_\,\_}
Dirac Deltn

€

without Ckeﬂ‘vu‘wg r‘"

PAGE 5-10.19
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"'IV\‘H\_RS Case, the %mek of X(e™) ks Lite
. X(e™™)

2 2« 2 2W  zx

(.

- T w'b—'z-[( A}o wptZh W4T

which is 2T-periodic, as i+ muwst Lo,

~With our dickeibution theory, we can establish this
trancform  paic dicectly.

—7 Assume \wo‘ <T .

IV\U&"SC Trcms (—‘mﬂm '

Iny o |
e = K[ 3 mMeu-w-2ma) e’ do

L=~00

-

| 00 ‘
=}L€(Z_ g ;X\/d‘(w~wo—2ﬂk) ebw“Aw
f=-0 -T
‘ n yon © (" r sw“d
= S d‘(w—-wo>€ Cdw T Z g Fw-wo=2TL) € </
-t L=\ -T

\ I —

x-—g 0
“ 0

+ S & l-wo 2112 ) €Y Juw

L=-% -7t /
w
— O
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A . oo .
= g &(W—Wo)ea.w“ Aw = X d\(w _wo) ebw'\ A“\J
-T oo
o /
=€ = XOn)

Forwacd  Toans form N

< i(wo”w) )

= ' N .
X‘(eSw) - Zek“%v\e_bwn - /Q\M Z_ e
h=-v o

M-z ne — A

— Let = w-wo
Y ) s we showed

.

T T SR )

_ Lwm S\ [-(“"'""‘0)(;0'\-&‘.;)]

T My
Sin [.‘t‘:_‘*_’e.]
Z

— an-. (¥) s Clearly IT-periodic i W
— Le¥ X (i) be the fundamental ?er\‘oo\:

(%)

')\()(85“’) :lmsm [(w-wo)(M+%)] _Tr< - <TT
Mm% Sin E'_U_'Lﬁe_] )

T e X (etw) = Z_ )A(J(e’biwzm)) Gk #)
A=-v0

PAGE 5-10.2 ]




"‘So, n the i terval - T< w-wp < T,

o= dy oot oo

" w,wo

_ w~ Wo QM sm[—(wwo)CMﬂ‘%:)]

—

Sln(“"———}‘_"o) M50 W - e

, Rn SInAL
= Recall feom Page 410 Aoy o — §(t)

S, l\m Sin [ (M‘l"s;} (w~ wo)] - «-(-Cds (w_ Wo )
) M w— Wo
~r "Wo
So, X(ew)= 22 [ p(w-wo) |
%) ) s ( 22%)

| D 8Bul) xlt)ert) = X(0)d(t) as a dusteibution,

| X(ew) = e T & (w—wo )
Sv, - ;‘ we Ww—Wo «
(ag2) .
9—9 use L Hospitals Ryles
d
W= We Qo W-wo N Liw I, w-Wwo
SIn (L=we = wAwWp Sm(“.’;wg_ W wp d ~
'\("-z ) N =) JZ-JSM(E';_""J'Q)
{
- ﬁ‘M T - W = Z— ’
waWp Ews(ﬁuzn)
== S X(ew) = 2T (w-wo)
EEEE—
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Joebob Havlicek
Text Box
  
 4.10


*P\uﬂ s cesult Lo X(e?’“) ato (%) on page 0~10.2]5
X(ev=) = > %Cescw-zmﬂ)

1:-—\0
- Z z_rrg‘(w—wo——zmt) /
f=-v=
T'l/ﬁs r\‘%orous\y GS*’&L\\\S\ABS the ‘t‘mu {:orw\ Pa((‘
. 3 00
e = 7 2T (w-we-2TL )
L:—oo
—> Later, we will show tHat the Aiscrede-time Fourie
"{'IFQHS(:D(W\ S \imear. FD\’ Now, we wil\ assuwme
that e (o true |
o~

- Tkev\/ USWVJ hH\e fesu H‘ ‘FD\' e%wol\ akoue) we. OE"\‘q}V\
j’[(DSwoy\] - 3—[ Jiegwon + _Lz_ 6._3“0“ ]
= ji}[eswbnl Y %3[e—§won]

2T 6 (wiwo=2TL)

~00

Mg

(t

572 TS (w-wo-2T) + L

>
\
|
8
T

0
Z Tc Z_ [J‘(w—-wo-l’r(L) X d‘(w-\—Wo"Z“-L>] .

—Thy ,

&0
o COS tp N ~’<-—-§3 Tl 2 §(w-wo-2mL) ¥ & (W wo—?ﬂl)g
£:~0’
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E‘r[su\wou] = ;‘"‘ }[eawm] - ';T }[e_gwn]

A o
= L5 Mg (w-wo-2TL) — —213 2 2T8 (wrwy —2TL)

1—.«00 Colal-od

/ 0O
sincoen &—L Ty {&(w—wo'-zw-)-—d\(wwo—zm;(}
=00

T’\e B\\a'\'ﬂm\ Z" *euns for ma

~The bilteral Z-tamsform is like 4 disc rete-time  version
~ o the bildteral Laplace trans form -

— Suppose  XTaJ is & Nygp' sigmal; se thet the Foorver

e (:orM
" X(e&w) = Z_ xck]e‘WK A“V&rﬁes .
ked o

—Perka(>§ we can \\‘C\X "r\uwjg MF lrke we dl‘a' with 7Ll‘|€
Laplece trapsforus .

'Sup(wse we Mu\h“s‘y XU\] ‘oy q neal’V‘(]‘(eA

exPOAenf(q\ se%uev\ce r—V\) where re\R &Uflo{ '(‘7/ 0,
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-If Wiy L) fhen v Jooks Uke

-1t \r\<1) then r " ﬁ00¥9 i(ke
r ",

a * *
p—

'-v_uqt'rffT‘[II S N

— for a Se%ue,txge XCnJ with a Pourer tTranstorwm that
diverqes, Hece may B Cerizin values s€ t  such
Hiat the Fourier teans forwn ot the \\Qxed) up u S(aha}

XCnJ ¢~
does Converge.
= The Pourier teansfoem of XxTnypr-" \S
00 . '
> XGalrhe ¥ (¥) .
A=~

—Let 2= red™ . Then Z is a Complex nuwmber.

—> Rs r and w range over \?\, Z Tanges over C.
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~Tnterms oF &, (&) on page S-10-26 be comes

0 . 09 . \—h
~ 3[xeaen) = x0T e 2 ) xo(re)

n=—-9°° N=~0

Pre)
= 7 Xz ",

n=-v0
—This 1S The Z-Yeunsform of XCnJ !

X(z)= Zthnsf = ] xomz™".

- i z
We write xmn] &5 K(2) o indicate Huad XTny and
X(2) ace Q Z-

Travws for g pair.
- The re\q’r\‘onslAiP between the Z-tranchorm X(z) and the
Fourier +rans & X(eﬁ“’) (S
Xlet«) = X(z) :
z=e%”

—FACT : ed” s a

complex number with wuid magquitude .

___7_”\\;{3, as Fanqes "H\roual\ [R) efs“ maps outl

the « ‘
‘i_"_‘i ¢irele in the wmplex Z—P(ahe-
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2-e ot
—~ ‘m —Re (2]

. ]
‘ Munit cvcle

4
—‘> The fourier “'qus%rm X[e”‘") ok a sequence KIn3
e%uua\ to the Z- 'h”ans(—\orm XCE> QVQ\Ma'te(,o oN He
L\V\\'\’ C\WC\Q
- @ 3ev\m( gtav\a‘ XInd, X (=) wnl| Converqge Foc
fome  values of zorel  (Fer- upper kelped)) and

it wit) A\uerge for othere (I—\xcr~up\>cr kuf*ﬁ).

.-T'A@Se‘l' O{' z {:br which ‘H\e Z"’rransﬁarm U,,\\,epaes
(S ca) ed ﬂe Reg\ov\ o€ CD“UC(\jehCQ 5 or ROC, 0-@ X(Z')

- S“FPOSC X(%): Z{XD\JE tonverges fr a particular
value 2, of Z, with =%,

| welk:
— This wmeans Hat S{x[n] r;-'\z ¢onverges foc all

\Z. Xl e " ‘<w Vewelk.
nezZ
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~ Thos, F o X(=) converges for 225, then X(z) also

Converges For al\l 2 Jy(v\3 on the ciccle l2]= 10 ¢
| Jn[2)

N

X(z) Conyeryes
for al] these 2

7 Thus, He ROC f X (2) a/ways consists ot cireles or
Fngs in the z-plane.

| EA—Q_II The ROC of X(%) does v_\_.:_\' Contain any Po\eg,
EX: XCa}=athutn), aelR.

—~ o n
X(2)= ] arupdz™ = 2 (az*)
i “EZ n=p |
l
| —az!

1

) la) < [z

- z ) \q‘(l%‘.
= Z—a

—> I 12} ,‘»'ql) He +rqn$‘pvrm o\fuerge.s.

=7 X(2) has a Qiest-order zero at 220 awd a Questrovder
pole at z=q.




E_)S; Xthlz - &' \Al’_—n-—\], aelR.

0 _—_l_ .
X (&) - ) _arurw-}2N o — ) atE

h=-o "=
00 > a2\
. —xare = |- L (a'%)
ne | h=0
l
= Tae ) rel<lal
‘ I
- T 1Zz|< la
- ;—:4 , lelcla l
U C2]

Rol

Re (%]

:">T|M‘S 'f‘rmsmcarm L\as 'H,e Same wcunz+:‘ana/ ﬁmm.ﬁf

the one in the lat Example.

"70“‘)’ The ROCY ave Adrélecent.

NOTE - ¢ X(@)= X, (@)t Xz(z)) then +he ROC of

XC%} is thes (ntersection o€ the ROCs of
X(C‘Z') and XaCE)Q

P 51029




~FACT: i XTn) s of fiwite duration, then The ROC

of X&) 1§ the ewtire Z"P\q"e; except Poss;)}'7
the poiV\TS Z=0 and 2= 00 .

“ERCT . TF XDMY G5 rig\t-sided ank the ROC of X(2)

Cnteins the circle || 20|, then the ROC

\ .
Qal\o cov\‘fams al\ @(v\H—e Zz with I‘e|>|%o|:

e - "'5_"’%@ — RoC

L L e e

TS B e —

V_‘,M,__"_,,,_,_.__,..: =
T [ ————

’A"E_ET_C_I: I XT3 35 ledt-sided and the RoC o€ X(2)
containg the circle [2]|= )zo)) Hen the ROC also
Covvta?tqs C{H howzeco Z MJH"'\ l%|< \20\ i

XCn

TERCT: 36 ) g two-sided, fhow +ho BoC o€ X&) is

eneralls
3 Aty an M\hu\\m)or r\‘v\%, w the %~p|ane‘~

U T2)
n XCn] RoC

A - -7 Re (2]
T ' PAGE 5-10.30
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"FP(CT e XD r(ﬂ\a‘(—s\“o\ed and X(®) is rational,

. then the ROC of X(3) s the set of all {:\m“\fe 7 ouhside
the ouwtecrmost Po\e ot X®@).

= ITL X] ¢ also

C“"‘“l) XIn)=0 W¥nco, Hen
'H/\Q Roc 0\[5

© CO"\+‘““5 "H\e (:)om‘l’ £=00.

“EACT ; if xead s \eFr-sided and X(2) 1 tational, +hen Hee

ROC of X(E) s the set of all nonzero Z juscde the
linermost pole of X (7).

- I8 Ythi =0 W 70, then the Roc also contuivs
the point +=0.

EX:

EA- . a® , 05 hgN-|
XCn7J = a>o.
0 ) otherwise |

N-) N-|
X@)= 2_are™ = 2 (az)"
h=0 n=0

y |
_ = (az) L z2V-aV
- —— N-l

(!

~> Sinee  X[nJ i of Binite duration, the ROC is

*\'\8 whole Z'P\qne) excep+ POSS”D')( the poM*S

=0 and Z= 00 ,

—_—
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~9 Since XCnY= O VV\<0/ e TRoc ‘\V\cluAgs Z=00 N
‘\'\/\\‘5 case .

—> swe XTn s wonzerm fof some positive values of n,

L
X(2)= Z- Xt g"

n= -

ol
Contams  some regative powers o¢ 2
)

T so the poiut
S noet w the RoC i Hs  case.
= Recall: K(#)= Zv! zzzt-t

= Thece 15 o pole of order N-| at 2z=0O.

~> The roots of Z”-—a“/ are Zk’: QQ&QNK/N

J k:o}l,..-)ﬂ-l'

- Th :
eré js q pole at z=a +that cancelled

l’)’ | the )
¢ro Z . -ae when k=0-

— The remaining N-l  roots
k= 1,2, ..., n-)

wagnitude o

Zr of the nuwerator tor
are Zecos of X(2). They all have

but each one hes a different angle

Figure 10.9 Pole-2er0 patiern for Example 10.6 with ¥ = 16 and
0 <cac< 1.mmuwmmwmud
values of Z except 7 = 8.
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Thversion of B\\d’exa\ %~ trans CUrW\

— X(%> s the Foucier transforn of XCn?) r—V\)
Whexe Z=(edW,

- \ v on
—so, xonr = F i@l = L (T ke 4,
n

s e *
>Then  x[aq = Zﬁg X(2) rhed*" 4o,
-
0 x b
= %a_gﬂ X (&) (res= )" o
—This  says that XCnd can be vecovered Srom X(2) by

i\r\Tfjrq"‘Mg_ X('z) Crciw)n i
- TL-

th respect to w £

—3 This 15 true ‘cor any ¥ such twt the
circle lzl=c W the RoC of X(2).

— InJrejmlm} w frum -T 4, i efbw‘valenf to

wegrating X(2) (re)" = X(2)2" aroumd the

Cl‘rC‘e. = N : 1
IE' r) MDVlV\a N a (ounf@rClDCkW'Se
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—Let us C\/\a.vudL the varia ble o ‘\v\‘tej ration From
w to z ) wWhere it T understood that ll=r

A will Yewam '\:“Ked +‘/\Toujl\m‘t the W\Teﬁ raﬁ‘m .
- Since 2= rei“’)
de - . L e
ERE AL "fsew = yre’t =32
'“'90) df . . - _Lz’\d%
do " YE d‘tf—ala\w) dw = 3 .
T
—leﬂincj this 1nto XTh3= 5\;\8 X(%)(re“’)h duJ, we get
~-T
Xl = -Zlﬁ_ é X(z)z"! dz
~ ) A

which s Hye formal de Linition of the wverse F-tYrausform .

—> The contouny ‘\vﬁeﬁr‘qﬁan can be “aken around any ciccle
lZl=r s the Roc o X(z).

“To prove this

) We V\eed Caqc\ay's \Megrql Jrhearew which
Says that

| . |
Z}FB&C?— dz = FIm-1]  (kronecker della).
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Prok ¢ P & X(#) g™ 'z = Zﬂaé (ZXCK]Z:K> 2 e

KeZ

. 4% > xt)z"k !y

kez

N~k

KEZ C

= 7 XCt) zn &Z Cl= h>¢l2§

keZ /
= 2 XCk] §Lk-n"] = X[nJ* pIn]= X3

keZ

(A.

-~ practice, we ravrely evaluate inverse Z-tran¢forms
T Wing the definition .
'—Ins«kead) we use a table Like t4ble 10 2 on page 176
ot the book . |
= For transforms that are not in the table, we use
parial wcra(*a'oﬂs ahd/or Proper'\'fes like thoce in Table
-1 on page 775 of the book t get terms +that
are  in the table.

— Al+€rﬂﬂ+"ve,)/) We can r8609p\;ie X(&) as +‘\Q POW@{‘

series  Y(z) = J_ xCay 27" , and then Just
Nz

~ \\PrC\C OF'P ' ’t\\e Valups 0{’ XCV\3 .
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EX:
—  X@)= 22(1-42)(+z")(1-2) j ROCH all 2

except 2=0 and 2=o2,
= (=427 )(zt1)(2-1)
= (1-427)(2*-1)
= Z"-’-\i’i':"l‘t"lz’_i—‘f

= 1g*-+2'-1z°« % 2

Jo TN T

Xe2]=1 XxCD=-%  yp)=-1 x0i]=%

l

XIny = #Cnt2 ] -4 Tht(J=4TnJt 5 5Tn-17]

—

,.F:_)S; X (%)= ,Qoa)(l-«—az")) 12| > lal.

- E)&FMA X(Z’) n a Taylor Series:

a0 '
) (__‘)n-tl .
X('Z’)'Z : ha Z,’h
_\ntt ar
XnJ = ™ )y M
O , h&o
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-I€ twe other methods fail, you can aleo —Hy \\,V\Vﬂ’h\ﬂét
X&) by Jong  division :

]
| —az! )

EX: )((z):: 12| > la].
— Since the ROC ic the exterior o+ acfrc’e) XCny i
A vight-sided seguence .

> Tkus, we want ¥p per{orm ‘H\e division sp that we 3C1L
decreasinck Powers of Z in ‘the puotient, since

X(e)= Z_ Xtayz" .
heZ

1+az! +q72 2
Y l_az-ljl

o X(e) = 1z atlta? e+ @272+ .. .

XL—D'] th] x[.zJ xc3] PR

— XIn] = abutn] ..
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EX: X(E):F\]—;‘ , 2] <lal.

T o> Since the ROC s the interioC of a circle; Xta) is
le £+ -sided «

= Thas, we want To pectorm the division sp that we get
increasing  powers of z in the guotient.

\ % -

—
—

| —az? zZ-4a —att

- D3 L, e
~a'z ~atzt ~a 2

- a+z}7:
z __a-'lz?.
-
a'z”
a..‘ ZZ. — a_—Zza
e —
a*z’
a_z 23 . a—g Z Y

a3zt , .

X(2)= ~atz'-grg?-a3zi-g 2% .-
T M

X oxed) xe3) xpew) -

X3 = —a’u[-n-1)

_ > Sthdy the examples i sections 10.1-10.3 of
~ ‘H/\e Eoo‘C..
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Discre:\'e"\'fma Four\ex and Z-—’\'rav\spurw\ PVOP@F+?€§

Linearf*y

1
i £ x,tﬂe—i’ X, (&™)

and Yafn) & Koo
Then }{a\x\cn +azxch§

= a, X( Le*“’) ta, x,(et“‘)

Time Shiftin 9

it xen) Ty X(ew)

Then X Cn-no) (_:3;) e—lwnox(esw)

S

F—(e()u eacy S\t "¢

(Fowie( Tansform Ow l\/ )
(F xon) €35 K(ei)

Then e’”’“xtﬂ €——73- X(eS(w~wa))

£ x o C—E—f? X,(z), ROCR,
and XoIny <25 Xo (), ROCR,

Then Z, ia,x. nl + q, xLCﬂi

= a X (&) ta.X, (2) )

with Roc R, NR, .

Note: The ROC wmay be larger‘ €
Sowme. Poles mancel-

if XCul =5 X(=), Roc R

Tien XCn-no) €55 277 K(2),

with RoC R, except for
eoss}kﬂy the poivts zzp ond
Z=tToo ,

Z"O\owmi 'a) SCQHV\Q

(Z2-transform anfy)
i(f xon) =5 X(z), Roc R

Then Zo")(tn]*ré? X(—% ,
vith RoC 1z(R.
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Conjugation

, Z
\ . X(), Roc R
it o <> X(eww) X K_: Xi)’
S . Th *a ¥) RocR
Then )(’F[n)eje X#(e.w) en X'[W)é—~ X(2 )J
Notes:

L YE XEMD S real-

valued, Hey, X(edw) s conjugecte Symmetric.
2. &{xen§ AN Re[XCef"")]

3. 04 xemy{ 5 Lon [ xCew)]

Time Reversa |
_\"_\—\___—.

it xony 2y X(e*) Fxony e-?-; X(e), Roc R

Then X[ @}9 x(e-gu) Then XE~h]<-§'-9 XC:'{), Roc "{{‘

Time ExPa nSion
N

g ¥ Atscrete h‘w\e) Y doesn't make sense to talk. about
The 9f3“4\ XLan] when Nan! is not an intege .

~Bul There & 2 related doserete- Hime property called
\\‘h‘me 6)(Fans:‘or\"l

or N upsampling !

- Foe . «
T a SISV\A\ XD\]/ consider e \4\>$aw\|3'ed s«‘jnal

XCE) L
X(k)['\j:{ "t ";Z
O ¢z

)oK

w\r\ere keZ.
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«me‘ws &3[“3 'S e%uiva\eﬂf o inser+m(7_ k-1 zers
between each sample of X[nJ.

S

E)(; 3 XE')]
= . 2
| } . ] .
oo l I I ‘——H—Q—' —N
-y-3-2-1 0 1 2 3 450
3 X5y L]

’\0"9"5")"6‘5"1"3'24 o1 2345861¢% 9otz 13

tf xcnd 6—3"? X(eiw) F XIn) <~%) X(z), RoC R
f F .
| /\ﬂen X(k)[ﬂ — X(eakw) Then )Q(k)[u](—)l'z'—? X(ik)} RoC R'!Z
Convo lution
X, On3 (-217 X, Le*“‘) i X Tn) G}Z—? X, (), RoC B,
ank X, [n) Q}L_)X ( egu) and Yo Tn] &5 X2 (2), ROC R,
2

Thewn X CrJ% X, 0n7]

" Then X(Ta) ¥ Xy (0]
: (.*zj—'? X( (E) Xz (%), ROC R. (“22 .

(~—:t? X.(ei“)’Xz(esw)
Note: The ROC wmay be biager i &
Fr%ueva Convolution some poles cauncel .

(E'N'rfer Trang form only )

it wm) eLy X, (o)
k%01 ¢ x, (eiv)

M
Tken ¥‘an thnj € 3‘7_ {‘ig X' cei.) Xz(eS(w-—B)) de
S PRGE 5-10.4)




Frez()oa\cy and Z-dowatn D ifterentiation

‘ 3 L
~E xTny & X (edv) f xnd e—‘ia X(z), Roc R
T ey 3‘ . y
h nXIn) & Xﬁ)x(ew) Then nxpnl @?_9 _;_z-ﬁ X(&), RoC R .

Time ) fHerer\cu'nj

—

f XIN e X(e) e xom e X(2), ROCR

Then v 4 Then =
XTil— X [n-1] 6> (1-€77) X(e™) ond - xen- &= (1-271) X(2),

with RoC at least R N Z'Z|>OS

Time Accunmiulation

——

" xoaey X(e)

\ W .
T then Zn—,xfk] <> e X (e') + WK(e¥) 3 s(w-2tK)
- I T
K:-o‘
\ Z
'f xo3 e X(=), RoC R,
N ' |
Then 5 Xx[k) e—g—y e X(2) withROC at least
Thitia) Value T\v\eorfi_/\__
(2-transborm only )
If xcnje?-a X&) and xm=o Vn<o,
—~ -’(ken XTol = Lim xcz) .

A
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Parseva.\'s Formu \tl

RN

( Fourier Teans formn m\\/ )
~

f xtﬂc—i X(e¥) and xXCn) 15 apericd iC )

nd 2 L (" LT
then Z_IXCn')l = ‘Z—Ej ‘X(ew)l O\bu

- ’n

_'_\_)21-_6;" F H ¢ a discrete-time LST systen with
UntT palse respense WIW, wiput x oI, avd outpul yTn?

XD\J——-)[\-E——% Ytn) = Xxta3d * hon) ,

Then Y (ei)
~ X(e+)

- H (ea‘w> &— System J}re:buemy response. _

,\_(E)__ - H(_%) €E—— System 'krans-(:er puuc"’«‘ors.
K(z)

Constant (oeficient Linear T ference E‘buaJﬂ‘MS

—Reall: in cmtinuous-time, (f the input x(t) and output y (+)
ot an LST syctem are rel

ated by A constanl rci
iwear Aiffecentia| equatic anl coefficient

)
= Then
+the SyStem @m{)vet\cy Yes ponse S Fa‘h‘om' in W

—) The
System Yvuws fer function s ratonal Mn S,
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-—S\‘m\\arly, & the Wpul XTnd and ouh)\i‘( YyTn} of an LS
drserete- Yime S\[';-\CW\ are related \\y a  constant coe f€icient
\inear d: Eerence. eq}uaﬁo'/\

A YT + @, yTn-1) + A YIn-2]+ .-+ a, YyIn-N)
=b,xCnd 4 |, XCn~Y+.,. + l-,Mx[n-Mj)

N M
- ore Z“kYE"~KJ = ZLAXE“’U ) ()
=0

k=0

':)Tker\ ‘H\e, S\/Sf\'ew\ -Precﬁuency rcsponse S (‘a’(’\‘wq‘ 1) e_au
> and the systen tansfer funcion 18 vational 271,
, ~qum3 Fovr\ef' ’\‘runS-Porms oN \‘ao‘HA StC\eS O'F C‘Y') weé o\)"’mn
M
: NRY & .
z:akew Vi) = 3~ bett X (ein)
=0

M

. - .ul
aw b e ¢
H(e3«) = Y(e-) - &
X(e}w) wle
iake 3
-"-'o

—-Takmg Z #““5{:0‘\"'”‘5 we OL"'QIV!
Z_akz"“ Yiz) = Z bzt X(*)

k=0
M _;
— H( ) - Y(%) Z::B b&z
X@ > 4 2K
k=0
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Fourier Tronstorm "Am\ysis of Discrete-Time LSI Systems

/_\

- Cascade ConpectHion :

XT3

—

W,

e

H

Y ‘-\l

b,

> yInd

W = L O #h, 00 = ho D3 b [n]
Hiew) = H, (et~ H, (e?)

~facalle| Connection :

XCh] —

H

Winl= L, [n]+ Lz (n]
H (es“’) = H (ed~) + H,(e®™)
- Feid back Gnnection:

+

. H (e¥v)
Jw) = —
Hee ) \+ U, (e H,(e*)
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- Suppose XOM i e sum ok a desirable part Xy Tnl and

an wndes rable pact X, Tn7: XOvI = X3 T & X, Cn]

= X)) might ke 4 dx‘ai\‘a\ Yelephone conversation and
Xa Ty migWT  be noise.

-If Kgled) and Xu(e¥) 4, not overlap, then we can

Aes?%v\ 2 Hitter \Cre‘b"e"‘cy response 4 (edw) 4y rewmove
the npise:
| Xed) | [hees) | | X4 (ed) ‘

IS EED |

e l Xuledw) ‘ i \
O W, i

T The filter uwe

tpulse response hTnd s olesqnu‘ accerding Yo
hEnY= 3 [ Hiew))
~Then yny - XD J#htnd A« A0
~ Filtec Types : o
[u(fis«-)\ . " e “ "
Low ’FQ 55 [ ] “‘\3\‘ ] Fa &
lﬁ. W - «fﬂ 7 to
0 i o
e [ #tev)|

“Bmwlpqss B h " Band §+a'>
L L.
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Z"deml‘v\ LST Systewn AV\a\yét\S

—~" Cascade Coqmec+v‘ol :

hind =L, [n1 ¥ h, In]
XI0Y ——{ i, ot YR He)= W @), @)

H@y= 0 @)ru, (2)

- | hOwY= LDt ho[ny
X 0] —-—E yn]
H,
H

+ —
4 [-'\
X i__\a‘_u‘, yed | H&)“’ H\(Z')
— L+ W @) 1, (2)

- & NOn 5 rig\v\T—sided, Then e
extevior of a of

ROC of H(z) is the
vcle i the Z-plane .

THENDD s caual, Hen  Hezye 5 Oz
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:)Puﬁ\‘nj thece toqether; we  have

FACT : A O\?Scfe‘\'e«\'?w\e LST system H 1o cavsa) £ awd an\)l
v the ROC

—H R e rigwt-sided gna
of Hiz) e exYerior o
Knive poles o4& Hezy,

"@Ao\dina this. e

PACT & A discrete-tive LST system t with rations] 4vane ber

Lvmc‘\'\‘?h Her) i causa| i€ and only if

H(%) S M‘h‘om\, then the ROC
t a ciccle Hot Contaivs al|l He

kave

\» The ROC of Hee) s

the exterior of a circle Hat containsg
— Al the poles o¢ Hcz)y

s 6t lower ovder than the
C'\o poles ot z:w).

“IF His o BIRO stable 4
Z Ity < oo,

ho-o°

c‘SCFe‘)e—‘h‘w@ LSt S‘yS"'eml ‘H\en

= This means Tt the Fouriey Y eans form
= This wmeqns that the unit tivcle

- We have

EACT ; A discrete-

H(eiv) exists.
1S i +the Roc of H(®).

‘HW\e LsT system s BIBO stable

. Foond only it 4he ROC o the transfer Lunction  comtains
| the wnit C\‘rc\e.
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"'Pﬂ\'h\'\ﬂ ‘\’oieﬁé’f evevy-}\nnj j\\-\'v.«\ the \act page, we 38‘,’
the “BLG' result:

FACT: A cavsal discrete-time LST syctem is BIBO

- SYable i€ and only W all
functon |

e mside the (it civcle .

Uni \ateral 2 - transforwn

~There is also a uni leterg | Z-transtoym detined L’)’
00
Xulz) = 2 X1z = Z, gxtﬂg

’,/\""I‘_" be haves pretly much anadogouS’y To "H1€' Unilatere| L“f'“e
’ "\'Vuns%rm .

- There are two SkiHinj properdies

- 2o {2 X, ()« xC-1]

A

- 2 {xoend = ZX((2) - 2X00)

~These properties wake the wnilgteral  Z-transforu useful]
| ﬁm— SO\Uinj coV\S’tM",' COE(:@\‘Cfevd’ d

fherence eguations with
ital  conditions . |

7D We are done with chapters S and (0.
Y

ot ﬂ\e poles of the transcfer
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