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SAMPLING

= Samplng i1 4 way to convert a contuvovs— tive signal
mto  a  discrete - tiwme -sijm\,
-This s done by setfing the discrete time signal xCn3 egual to
uniformly spued samples o€ the conttnoous—time sighal X(t).
- An “ij to digital converter”, of ADC (o caled

an “A t D or an A" cwwer‘(-er) s a device
that can do thrs.

~ Tatwkively, 1€ we <ample x(t) Fast evough', then no
Information il be lost...

— That 5, W Heovy we could recover x(t) foom XCn3 .

?

— Why do thic -

S :
Here dre Some teasouc !

L. You are asked to o\esfju a €lter Yo remove noise
Lrom ap ana‘ag sfgnqlr

Suppese you des.‘gm +he circenit o do it
~— I +he nise ckanjes at ome later time, ya have
o desfjn a hew Circuit,

— I¥ yuy had Sampka/ Hhe 5/:744«/ and wed a dl\gi'(—q,
dilter istead, the change would reguire New 50#4'4/&”‘/‘

!Jct‘/' no+t V[ew' ﬁardwaf&.
2, I‘F ’H\e ana'oj ngﬁa, )(('l') s 'rcprefeﬂfa’ 1”}' saw\pfcs XC“3/

then it doec not degrade over time. Also, it does
no+ degrwle whe n You cpy it |

EX: Audio  Compact Disle.
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~ What s wmeant \0)1 ng\el.*‘qj \\-Q—asjf e,V\ou,j‘/\” ?
o~ D (omsider 4we taree srjna(s X (), Ka(t), aud X3 (t) belows :

Xa(t) x4(t) Xo(t)

~Tf we genemte Xxm3 by “taking a .SaMPLe cvery T sends,
then from xCn3 we  cant el which S\‘jual we sterted with.
“)In%rmaﬁm’\ iS lod duln‘mg §amplﬂ% in Hiis cage .

- Clea('y/ §aluplt“nj every T Secmds fs not Lot %oUﬁl\
Lo thege Sty nals |

/‘\

— When we sample @ ntinvovs—time Sijna) x(+) every TSE(DJQ
we get a discrete-time sigua |

xnl = X(nT)
= So xrol=X(le) , X[13=X(T), x[-13=x(-T)
x[2)= X(zr), x[-2) = x(-27v) . - -

~To answer +he gues%‘m of how fast s “fas+ 9"‘0“3“', 1z
Sample, we need to vepresent the samph‘nj Mﬁ’hema‘h‘at”y.

I
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- To Qo this, we will e a peviod !
ca\led

\\ Al N ’
. a QQW\P\HAJ Function )

pA)= 2 L(t-naT)

h=-v°

 \weulse-train p )

\ !
,.-\TI is called the “ Sampling Pe"‘\@\”) or “S“"‘P’“"j i“—eruq"/'

— The Samp\inj -Cretbueucy 1S Wy = —ZZI—T_F- rad [sec .

— The SawuplecQ sfghal 'S xP(Jc) = X(‘l’)Flf) .

= sinee X(£)d(t-nT) = XGTIE(E-nT) | we can get

the values for xcn3 by “Pfc\u‘nj ofe" the wef‘jﬂ*s
0f Fhe tmpulses in x, ()

— )(?H): iX(nT)d‘(t-V\T)

h=-9°%

P

x{t) —4»%)—* X,{t)

-1 p(t)
HRREEE
0
T x(0) x(M
e 't\\ K TN %t
’ \ TN
A * L B -




- If we can get back X[t ) From xp(t), then +he
Savvxp\ms s ot €V[ou.3\/| > and wno informafion is
ng-\’,

— In other words, X[n1 conturns all of the informalren
that was W x(t).

,//\

~As we saw lest time, the Fourier transform of the wmpule

train g Pt) s tteeld am impulse train in {‘reguencyi

zr("’

Peoy = F 2 ¢ (w-kuws)

o s 's
e [ S S

- Ug(mﬁ,h;fke Lrequency convolution property of the Fourier trastrm,
we see  +uqt

\ [+ @]
Yolw) = 35 X(w) % P(w) = -ﬁ-—g_wX(w——kws)
- So Xf(“’) contarns Ferl‘od\‘c repetitions of X(w))
CCV\‘\"CTCA at ?M’ejer W\u\“h‘P\eS ot ws.

2T
Py S(V\Ce Weg = —:l:— ) SaMF’IVlj -Eﬁ_g——{;e’c‘ ques ‘-H,lese
peviodtc  vepetitions Further apar -
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EX: | | Tn this case

P s Xt) is Bauo\\(‘m{"c&j/
. /\ So that
,,,,,, e T S X(wy=0 y |w| > WO -

—> I we sample ‘\Cas+”) then the periodic repetitons
ot X} do not overlup:

T > Then we can vecover x(t) From Xp(t) using a
low -pass  Filter.

—> 34 wg Sample To0 vawly, then +he periodic repetitions of
M) eveclep and we camed ewver X(t) From xp(t)

= Thic (s CalleA \\al\'asfna i

VRN
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- From the 5}\‘3\&?&5 on paqe 15, we can see how to

\>ﬂ'3\l€\/\"t q\\‘asma X
/\

- we need to have Wi < Ws — op

- Tn o Ther wom\S, Ws > Leom - ﬁi’?éf

e

m
= So We need T<_&)7l\

—> In other woeds, Fhe higher the ‘Freﬁueum/ Conteyt of
the Siqual x(4), the faster we have to sawple To
Prevwﬂ’a\\‘ast‘na (ntormation loss ).

-| Sampling Theorem: ‘
Let x(1) be a band-limited signal with X(jw) = O for |w| > wy,. Then x(7) is uniquely
determined by its samples x(nT), n = 0, +1, =2, .., if

ws>2wa

where
v 2T
s = T

Given these samples, we can reconstruct x(¢) by generating a periodic impulse train in
which successive impulses have amplitudes that are successive sample values. This
impulse train is then processed through an ideal lowpass filter with gain T and cutoff
frequency greater than wu and less than w, — wyy. The resulting output signal will

exactly equal x(r). ]

- ZO)M) the WMinimum Saw\Ph‘wg -p“efbuelc}’ to Prevevfr a\ms?wg,
s caled e \\'N)Hbu“"’ rate ”) or the “Nyﬁur& \cﬂ?ﬁ“&“‘/ !
‘:or the g\‘jmc\, X(‘t) .
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Qe construction
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— Gince the reconstructon Glter is an  deal

low—PaSS
filter, The impulce recponse 1S

SN

L\(t): we T sin wel _ T sinwet

—

Twet Tt

— The reconstructed Sﬁjnql 'S
X¢ H:) = )(P('t)-X—l'\H:)

\l

[i X(nT) o (e-nT) | # K [E)

h=-v

= i X(nT)'f\(t"\T)

n;—OO

oo T'sm[_wcct""T)j
- Z X(nT) — —
~ T (t-nT)

:_—__> I-P Wg 7ZC\)M dV\A WM< C\Jc<°\)s~°"M)

~+hen Xe (t) = X(t) .

NOTE + in practice;, a rea\ iwmpulse-teain can not e jewem*m"

Ins*ead/ A device called a “zero-order hold" is
wsed to mplement +twe A-D converter.

=> This reguires some wmodifrcations t5 the tewnstructian

fiter.  See section 7-1.2 of the beok G the
details . |
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\
\

_t:\O/TE_L N\c\my rea - wor\d S\‘jV\a\s are  not band \twited -

To prevent a\\‘as\‘v\z) a lpw-pass Biter muct be

QPQ\ied p ol 0 A-D Convession o 'baV\A‘l\M;*_
the §(5ha\-

= Such a filter is called an Santi—aliasing & ter "
NOTE ! The reconstruction &iler performs du‘ﬂH’al +- avm'Oj

conyersion - It s C‘\HC’A a \\b to A"convcr+er/

a “pac’ or a W /Al

Discrete- Time Processinj o€ Conbinuous-Time 5\‘3&44 \5

— “TOA‘“// many  continuous-time Sy stewms dre ,iu«p\eMen‘h‘—’d using

A-D CONEXSIN, - 4 diqital sigmal progessor  (dsp) , and
DA  nversion .

~This gives us flexibility, becavse 4he systew properties  can

&C\wnjed 'oy SfM?ly wvi-\’h\j he w 50&-\—ware/ without the
heed Chuingg aty  harduare.

. . . n .
Xeft) =] Conversionto |- | Discrete-time Yo"l | Conversion to
'

discretetime | system " Lcontinous time
Xc(’t') p COV\"’MUOUS""’!‘W\Q iV\Pu'l' S\\ﬂ““l ‘ XAC“] - X (“T)
Ye 4 ! Continvous - Time output Sty ha | 4
X4On) - Aiscrete- time IV\Q\F\’ S\‘jm' Yplnl = )’(, ("\T)

VACnD ¢ Aiscrete- time cutput  Sigual | eaoe 7.9




= More speci Keally

/ D/A
S~ A/ID
M‘\ / s ™~
o xgn] = x, (ﬂTl o gy RU ol =y. (ﬂT); e % ®
% () conversion " System "~ | conversion
! !
T

- The velationship between xyC13 and X (1) obviously depends

on ’H’\Q §¢(W\F“Kj rq‘{'e Ws: __Z_I .

T

! !
1 1
! 1
! Conversionof | !
X ! . Xp (1) impulse train ! x[n] = x, (nT)
c to discrete-time| | ¢

1
] sequence '
'
]

Xp (8 X, (B
T= T1 T= 2T1

-
-
< d

0 Te2T t 0 T 2T t
(0)

-
-

x[n)

[ rtlil

-4-3-2-10 1 2 3 4 n -2-10 1 2 3 4 n

Figure 7.21 smm:mmmummbym
to a discrete-time sequence: (a) overall system; (b) x,(1) for two sampling
mmwmnmms X(1); (c) the output sequencs for the
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-To Sf\-\w\\/ T\o\e d?scre'\’e,*\'l‘me P\‘Dcessinj ot Continuous- Hw\a
stanals,  we must ool at what "\Appews in the

a Prec{)v\e\r\oy dowaiv
-—Tb\us) ‘we  wit) need o ctis—\ﬂ“mjms(/\ between discrete-trme
'y “o\§‘3i+a\" -P\'ecbuevlciﬁﬁ and  contivuous—tiwme  or “avalog ¢
@re(bue\/\cs‘e S .
- The book uses “w” For contmucus- rime Crequency *
X W) € X))y lt) eF Yol
and N for descreve-time Peeguency
o < X (e vy =SANCS
A’l\—)__ul’_c:: I This is backwords from the comveution wost often uced

i the ifevature. Mot authors use “w'' for discrete
@rcbuamcy angd SN B cadiovous-time Pmﬁueucy .

~Recall = Xo(¥) = 7 X (aT)(t-nT)

n=-%
F —iwnT
— Siwncp é‘(t-—wT) 4—-%6_& ) we Wove
00
“ywunT %.
XF(N)'; Z__Xc(v\T)e“) | ( )
n=-v .
-
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“%Y a\eg"\i"\-to"\) the Fourier tYrucfrm of XqCr3 1S

P

_—Cmv\Par(vwk (‘Y- *‘) t5 (:*—) oN ‘aaae 7,”) We <cee ‘Hud—

W
w= T

~ _ n
X&(e)a) - x(;<—1-’-). { “,{)_:aJT"
- Re,Cq (l 'Hmf XF (‘U) Contains Period 'c repe—h“h‘mé ct XC ("") .

. ay
So Xq(€™) is aly pericdic, as it must be since it is «a
olfscre+¢~—-lw‘wne Fourier trans€ocm .

— 21
=7 The perod o8 Xp(w) is = F

= The pericd of Xy(e¥™) s 2T, Qike all Arscrete-time.
Foun‘&rf('rans EForms .

2T
— We see once aqam that the sampling Freguency ws= T

determines the relationship  between ¥, (lu)/ Xp (w)l and
Xq Le¥) .

ProE 117




“Ta fact; as we saw o page 7.4,
Kelw) = T 72 X, (w- kws )

-0
—Se ) )
SERSRNCEE S
T T T
Faster Sampling Slower ‘Sa"‘?\""f)/ ¢ loser o altas “
Xe (jo X, (o)
ﬁ\ 1/l\
Xp () X (jw)
o 1 T=T, 1 T=T, = 2T,
A
'en 00 ? v e
_ZJZT 0 é @ 2w 2‘11’ ®
T1 Ty T, T,
( Xq (1) Xq (i)
, . 1
Jl'/\T1 /\"’ ‘. T, e
] i . .
—27 2n 0 om Py o
Figure 7.22 Relationship between X.(/w), X,(jw), and Xe(¢/®) for two dif-
ferent sampling rates.
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- So the overall Strateqy o tmplementt & continuous -trme
System  H_(w) i

L. Convert input 3\‘3%‘ XCU'-) 1o an wmpulse +rain XPU:)-
2. Comvert Xplt) ¢ o discrete- bime siynal XqCn .
3. Frbcccs XdInT with a o\'\‘scfﬁe-\’l“wxe syg’rew; \—\dLe"“)
implemented with a computer or DSP 4, qet yatn)
4. Cm\"@ﬂ’ YdCr3 to  aw impulse g YPU’) ]
5. \l;e A low-pass reconstructon fler o Convert yP(’C)
¥ the desired Contiwuous—twme output S\‘rjual yc‘(t)
_____________________________ MO
—~ :E ot E

time filter

Figun7.244 Msymmhﬁwwammmm:dm

~The overall S\/S‘ham s a continuous—time Sy Stew .

- The overall {:\‘e(()u&ncy respomse (g \—kc(“).

~ This s implemented Usiug a discrete-trme  systemn
with  feequency respense W, (eddt) .

paceE 7.14




—Ia the frequenty dpwain

Hg (01%), X4 (e!?)

~ Xe (o)
1 .}_ xd &'
) |
-0, O wy w —wyT -0, Qe wyT 2w
(@ (@
p (jw) Hp (jo), X (jw)
/\ /’\ | / | | \ / | l I \
g [0 w oy, __ c oy
(b) (e)
Xq4 (6! He (jw), X (jw)
1 Xe (jw)
e
Hc (]w)
2 i |
Tt T o T=21 0 A
M T T ™M
{c) U]

Figure 7.25 Frequency-domain iliustration of the system of Figure 7.24: (a) continuous-
time spectrum X(jw); (b) spectrum after impulse-train sampling; (c) spectrum of
discrete-time sequence x,,[n], (d) Hy(e'™) and X,(e/®) that are multiplied to form

;.(c’") (c():s;m are multiplied to form Y,(jw); (f) spectra that ars multiplied

—what i the velatimship Be*‘;ween \—\C[W) and HALeS”)?
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= For the oveml| System, Yc(w) = Xelw) e (w) &

< Vor the Aiscrete-time system, Y (et?) = Xl ) [y (ed?).

- Wri‘\‘w\3 wT instead ot IL) we have (re“(“,' _{L=uT’)

Yd (eteT) = Xo\ (e?T) Hd(eiw‘l‘) =3
= But ﬁ(eé“) = X (¥) and \(}es-ﬂ-) =Y, (_f_;.)/as we S on page 7-12.
= % X@™T) = Xo(w) and Y, (eiT) = plw)
~ Tkus) P\ujg g wle  (x+), we \have

Yel0)= Xe(w) by (eT) . (xx+)

= Now, XC(N) and Yc(“")

are jut tue Lundawmewta! perveds
ot X3 (w) and Y

(w). Pluggiug wto  (r++) ; we have
Ve(o) = Xelw) Wy (e3T) | —Frd
~» (ompan‘nj e to (%) a\aoue, we see 'Hm‘t

HC («,) = Luwo\aneni’QI Pev\‘m\ ot \'\\A(e%w—r>
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_T\Aug/ 'HAe ecbm‘\m\en’t \\avm\o% v %e%ue\ncy FCSFay\ge
s equal to Al Fundamental pericd of the "‘o\\‘ji ta

—~
“PTC'()“”‘Y respomse up o a SCaL\iv\j of the c-recbuency axis
Hy (%)
et I e o I e
-, 0 0 2 0 >~—’(L
H (jo)
<
0 f > ud
o+

/:G‘We" A Jesired continuous—time Lregueny response He (w),
ne de*“f\" the discrete-time systen by §e‘H‘«‘nc}

Mt = ) (M)

percod

= 0 Considerimy the pervdicity of {4y (ebn))

Mo\(ezsa) = i Mc(f';_f;ﬂ‘>

k=-w

Note:  multiplying Yct8) by plt) fo get Xplt] T not a

\inear  sWitt iwvariant opex ation - However frovw\ea

—~ ALARE WY Saw\leJ Theorem 16 sutisfied J a: discrete-tme
LST SY s¥ew l—Ld(e*“) can be wsed to \‘MP!em&uf'
§oominuons Hwe LST opcten U, (o) papp 7 ]




EX¢ digital ditferentiator :

D Rewll ¢ GE x () &3 X(w)
Then e Ay () L——i—? yw X(w) |
“ %, a System with @rec()uemy response  Hiw) = jw is

a differentiator:

Xét)mﬂ yctt): f‘l—t’ )(.C[’t)

Tt inut signals () are bandliuited, so Pt X, (w)=0, 10174

Then This can be implemented with 4 Gandlivited Lreguency

Fes ponse
- uc(w): { W) lwl < we

- To ivv\Pl‘a“"‘,ev'~t this  syctem dx‘ji‘fa“‘// we must cample

at a -Crclﬁu@ncy W= 2w or @rea+er

- The \Cuudamqu‘ Per\od of ‘l'he ecéw\/q'ew't' discrete-time
-pre%uency R‘iSFOn(e “S

CaN - .
Ha(e¥™) = 3% | fa]<T

PrROE .16




W (w)

g ()

- [ Hg (i) |
W
- We

4 H, (jw)
I
2
"
-z
2

| He'h |
We
[ ! -
e T " 27 0
4 HEelh
us
N —————— 2
0
. 1 ISR
2
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